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ABSTRACT

We propose a Bayesian framework for feedback boundary control of hyperbolic balance laws. The
method propagates a probability distribution over feedback parameters using Lyapunov decay esti-
mates as a likelihood. For linear models, it recovers available analytical stability results and extends to
nonlinear regimes where theory is limited. Using first-order local Lax—Friedrichs (LLF) discretisations,
we validate the approach on the decoupled wave system and the linearised Saint-Venant equations,
reproducing known stability intervals and mixed boundary couplings. We then treat nonlinear and
stochastic problems, including the nonlinear Saint-Venant system, one- and two-dimensional Burg-
ers equations, Burgers equation with random initial data, and nonconservative perturbations with
source terms, and show that the inferred stability domains are robust with respect to the indicator
and the prior. Finally, we demonstrate transfer to a second-order semi-discrete LLF scheme and to a
two-parameter feedback model for laser powder bed fusion with power regulation.

1. Introduction

This paper focuses on the stabilisation of hyperbolic sys-
tems, which in the one-dimensional (1-D) case read as

U; + F(U), = S(U), (1)

where x € Q is a spatial variable, ¢ > 0 is the time,
U e RY is a vector of unknown functions, F: R? — R4
denotes the (generally nonlinear) flux and § : RY — R
the source term.

We consider the stabilisation of the dynamics near a
stationary state of the system (1) by means of boundary
feedback control. This topic has attracted considerable
attention due to applications in shallow-water systems,
gas flow, traffic flow, and many other areas; see, e.g. Bastin
and Coron (2016) and Coron (2007). On the analyti-
cal side, a substantial body of work has been devoted to
the design of stabilising boundary conditions and feed-
back laws for hyperbolic systems, typically based on Lya-
punov or energy methods that yield exponential decay
estimates and admissible ranges of feedback parame-
ters; see, for instance, Bastin et al. (2007), Coron (2007)
and Coron et al. (2008, 2007). Further developments,
including the treatment of source terms, nonlinear cou-
plings, and networked configurations, can be found in
Herty and Yong (2016), Li (2005), Li and Rao (2009), Li
et al. (2008), Li and Yu (2003) and Xu and Sallet (2002).
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These continuous results are complemented by analyt-
ical and numerical analyses, as well as discretisations
that are required to inherit the stabilisation properties
at the semi-discrete or fully discrete level; see, e.g. Bar-
dos et al. (1979) and Banda and Herty (2013). Many of
the above contributions develop Lyapunov-type method-
ologies both for the continuous system (1) and, in some
cases, for its numerical approximations, thereby pro-
viding explicit decay estimates and conditions on the
feedback parameters.

Using a suitable Lyapunov function, the exponen-
tial stabilisation inequality (4) has been established for
linear deterministic hyperbolic systems. The analysis
of the Lyapunov function yields explicit estimates for
the feedback control parameter x; see Equation (2).
In the linear case, these estimates take the form of
dissipativity conditions on x that guarantee exponen-
tial stability; see, e.g. Diagne et al. (2017) and Coron
etal. (2008). In the discrete setting, carefully constructed
Lyapunov functionals lead to stability proofs and explicit
decay rates consistent with the continuous theory; see
Banda and Herty (2013), Bastin and Coron (2016),
Meurer (2013), Chu et al. (2026) and Diagne et al. (2012).
The Saint-Venant system for shallow-water flows is a
canonical example, in which source terms and variable
topography are intrinsic. At the continuous level, dissipa-
tive boundary conditions for one-dimensional nonlinear
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systems were established in Coron et al. (2008), and
coupled models such as the Saint-Venant-Exner system
were treated via backstepping in Diagne et al. (2017). On
the numerical side, boundary feedback for non-uniform
balance laws was proposed in Banda and Weldegiyor-
gis (2020).

Although appropriate boundary controls can be
derived for specific systems, most of them concern lin-
earised hyperbolic balance laws. Determining stabilising
controls in more complex settings, such as fully non-
linear, nonconservative, or multidimensional problems,
remains highly challenging. To address this difficulty,
we propose a Bayesian framework. Instead of work-
ing with a single feedback parameter, we numerically
evolve a probability density on the feedback parameters;
see Equation (2). Starting from a prior distribution, we
update this density using Bayes' theorem. As a likeli-
hood function, we employ the observed decay rate of an
L*-based Lyapunov functional; see (4). The resulting pos-
terior distribution identifies the range of stabilising feed-
back parameters. Since this approach requires repeated
simulations of the underlying hyperbolic balance law, we
present the Bayesian framework directly in the discre-
tised setting below. The approach is non-intrusive: it can
be applied to a given scheme and does not require the
design of alternative Lyapunov functionals. We first con-
sider linear deterministic models (linear advection/wave
and the linearised Saint-Venant system) and verify that
the recovered stability domains agree with the theoretical
predictions. We then treat nonlinear problems (nonlinear
Saint-Venant and Burgers), followed by stochastic vari-
ants, a nonconservative case, and a second-order local
Lax-Friedrichs (LLF) discretisation; see, e.g. Kurganov
and Tadmor (2000) and Rusanov (1961). Finally, we
examine the evolution of the thermal field during a
single-track scanning process in laser powder bed fusion
and recover its stability region via the same Bayesian
update. These experiments demonstrate both the accu-
racy and robustness of the proposed method and indicate
its potential for more complex systems.

The paper is organised as follows. In Section 2,
we introduce the Bayesian boundary feedback frame-
work, including the first-order LLF discretisation and the
probability-update algorithm with damping and normal-
isation. In Section 3, we present a comprehensive suite
of experiments: linear deterministic tests (wave and lin-
earised Saint-Venant), nonlinear benchmarks (nonlinear
Saint-Venant and Burgers), stochastic variants, a noncon-
servative case, a second-order semi-discrete LLF discreti-
sation, and the evolution of the thermal field during a
single-track scanning process in laser powder bed fusion,

all assessed within the proposed Bayesian boundary feed-
back framework. Finally, Section 4 contains concluding
remarks and perspectives.

2. A Bayesian boundary feedback method

In this section, we introduce the Bayesian feedback con-
trol method for the studied hyperbolic system (1) with
specific boundary conditions.

2.1 First-order local Lax-Friedrichs scheme

Assume the computational domain is covered with uni-

form cells Cj:=[x,_1,x; 1] with x_ 1 —x,_1 = Ax
J 2 J+ ]+ )
centred at x; = (x 1+ ]+1)/2 j=1,..., Ny and the

cell average Values

— 1
Uj(t) ~ — / U(x,t)dx
Ax G
are available at a certain time level # > 0.
The computed cell averages U; of the 1-D system (1)
are evolved in time by the first-order LLF scheme:

Ui =Ui~ax
where]:jJr

in this paper, we use the central (local Lax-Friedrichs,
Rusanov; see, e.g. Kurganov & Tadmor, 2000; Rusanov,
1961) fluxes

—n+1 —n At —n
= ax (Frep = Fy) + aes@),

1 stands for a finite-volume numerical flux and
2

1, — %) — =
Fip1 = 3 (F(U)) + F(Uj41)) — > (U1 - Uj),

with the local speeds of propagation estimated using
the eigenvalues 11 (A) < ... < 14(A) of the matrix A =
oF

m:
aj+% = max {MI(U])L Ml(ﬁj—i-l)l) cees
124U, 124U}

Finally, the time step At is computed by the CFL condi-
tion, At = CFL

maxj{oc }

Remark 2.1: Itis straightforward to verify that, for linear
systems, the first-order LLF scheme coincides with the
corresponding upwind scheme.

2.2 Evolution of the probability distribution

For simplicity, we work on the one-dimensional spatial
domain [0, 1]. We assume that, in a neighbourhood of
the stationary state of interest, the incoming and outgoing



characteristic fields are well defined. More precisely, let
Ai(A),i=1,...,d, denote the eigenvalues of the Jaco-
bian matrix A = % at the stationary state, and assume
that

Ai(A) > 0,
i=m+1,...,d.

i=1,...,m  AiA) <0,

Then the first m characteristic fields enter the domain
at x =0 and leave at x=1, whereas the remaining d—m
characteristic fields enter the domain at x=1 and leave
at x=0. This assumption is made only to simplify the
presentation of the boundary feedback law; the Bayesian
update procedure itself only requires an admissible feed-
back parametrisation and a nonnegative stability indica-
tor. We therefore impose boundary conditions at discrete
time levels ¢ = " in the form

Uff’) (t") = K(p)ﬁ%’z(tn)) p=1L....m (2
and
TP @) =k DT, p=m+1,...d @)

Here, U®) denotes the p-th characteristic component of
the solution variable, obtained after local diagonalisation
near the stationary state. For diagonal systems, this nota-
tion coincides with the physical components of U. Here,
x®) is the p-th component of the feedback parameters «.
For clarity of presentation, we first describe the algorithm
for a single scalar parameter ¥ and omit the compo-
nent index; the case of several parameters is treated in
complete analogy.

We are interested in those values of x for which the
solution of the closed-loop system (1) —(3) satisfies an
exponential decay estimate in L?(Q), in the following
sense.

Definition 2.1 ((Exponential stabilisation)): Fixa feed-
back parameter x and consider the corresponding closed-
loop system (1) —-(3). We say that x is (continuously)
exponentially stabilising in L2(Q) if there exist constants
C; > 1 and v > 0, independent of ¢ and of the initial
datum U(-,0) € L*(Q), such that

UG DL < e UG gy ¢ 20.

In the semi-discrete setting, this corresponds to

Ny N
Ax D U5 < Qe Ax D IU;O)]15, = 0.
j=1 =1
(4)

In the numerical experiments, this decay is monitored
by Lyapunov-type indicators.
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Definition 2.2 ((Lyapunov-type indicators)): Let
ﬁ;l(K) = (Hj(l)’"(k), . ,ﬁj@’" (x)) " denote the numeri-
cal solution of the LLF scheme of Section 2.1 at time ¢"
in cell Cj, obtained with boundary parameter «. For fixed
constants ¢; > 0,i = 1,...,d, we define the discrete Lya-
punov functional

m Ny

—pixi (=@, 2
Zyapuno\z(’f) = szze HiX; (ujl n(K))

i=1 j=1

d Ny ‘ »
+Ax D D el (ﬁ}’)’”(x)) , (9)

i=m+1 j=1

and the discrete energy

d Ny ' 2
nergy () = AxZZ(ﬁjgo,n(x)) .6

i=1 j=1

Any quantity of the form L£"(x) obtained from (5) or (6)
will be referred to as a Lyapunov-type indicator. In
Section 3 we simply write L£" () for the chosen indicator.
At the same time, one can easily verify

CZ‘CIrfyapunov(K) < gnergy(K) < Cl‘cfyapunov(’c)’ (7)

where 61 and 62 are two positive constants, which are
independent of n and x. Therefore, both indicators can
be used since they are equivalent by (7).

Proposition 2.3 ((Discrete exponential stabilisation for
the LLF scheme)): Assume that the deterministic sys-
tem (1) with boundary conditions (2)-(3) satisfies the
hypotheses of Coron (2007), Banda and Herty (2013) and
that the numerical solution is computed by the first-order
LLF scheme of Section 2.1. Then there exist constantsv > 0
and C > 0, depending only on the system and the feed-
back law, such that for every feedback parameter k in
the corresponding stability domain the numerical solution
satisfies

n (K) < e—vt” £0 (K),

Lyapunov Lyapunov

n>0, (8)

and, in addition, the exponential stabilisation inequality in
the discrete L*-norm

Lhnergy®) < Ce™" " Loy (), > 0. (9)

An analogous statement for stochastic systems is obtained
in Chu et al. (2026). In particular, the indicators (5)-(6) are
consistent discrete realisations of the continuous Lyapunov
estimate (4) and can be used to detect stabilising feedback
parameters.

The estimates (8)-(9) are proved in Banda and Herty
(2013, Theorem 3.2) for deterministic systems and
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extended to the random setting in Chu et al. (2026,
Theorem 4.2). The proofs are based on discrete Lyapunov
functionals with weights e™# and e***, which are pre-
cisely the weights used in (5). We therefore refer to these
references for the details.

Formally, the Bayesian feedback procedure can be
viewed as an iteration on a family of posterior distribu-
tions {P"},>0 supported on a compact parameter set.
At each time step, the decay behaviour of the indicator
L"(x) provides information on whether the chosen value
of x is stabilising.

Definition 2.4 ((Probability distributions of feed-
back parameters)): Letx € [a, b]? denote the feedback
parameters and let P" : [a, b4 = [o, 00) be a nonnega-
tive function. If

Pr(x)de =1, (10)
[a,b]4

then P" is called a probability density function of ¥ on
[a, b]9. To obtain a discrete representation, let {K[}gio -
[a,b]? be a finite grid of feedback parameters and let
w¢ > 0 denote the corresponding quadrature weights.
A vector P"* = (P"(xo), . .., P"(kn,)) with P"(x¢) > 0
for all £ and

Ny
ZCD(P”(K[) =1 (11)
(=0

is called a discrete probability mass function on the grid
{Kg}?jio. For a uniform one-dimensional grid, one may
take wy = Ak, up to the usual endpoint convention. We
interpret P" and its discrete counterpart as the posterior
distribution of x after the n-th update.

Definition 2.5 ((Bayes’ formula)): Bayes’ formula pro-
vides the rule for updating probabilities when new infor-
mation becomes available. Given an event space A € X
and observed data B with P(B) > 0, Bayes’ formula reads
P(A | B) = DBIAEA (12)
P(B)
Here, P(A) is the prior probability of A, P(B|A) is
the likelihood of observing B under the hypothesis A,
and P(A | B) is the posterior probability after taking the
information B into account. If the event space is discre-
tised with the events A,, then (12) leads to

P(B | A)P(Ak)

P(A = ’
(Ax | B) Z&o P(B | A)P(A))

k=0,...,Ng.

In our setting, the hypotheses are the grid values
{K(}?’;O and the data B are the observed values of the
Lyapunov-type indicator at time t"*1.

Definition 2.6 ((Bayesian update operator)): Given a
prior P" as in (10) and (11) and a non-negative likeli-
hood A"t! (r) > 0, the Bayesian update of the feedback
distribution is defined by

A" (i) P (i)
n+1 =
P = Jiapja AP (k) di” "
and
A" (k)P (kg
i _ . 14
) Zﬁkzo O A (k) PP (1) "

Proposition 2.7 ((Positivity and normalisation)): In
the continuous case, assume that P" satisfies (10) and that
the denominator in (13) is positive. Then P"1 defined
by (13) is nonnegative and satisfies (10). In the discrete
case, assume that P" satisfies (11) and that the denom-
inator in (14) is positive. Then P"*! defined by (14) is
nonnegative and satisfies (11). Moreover, if A"t! =1 on
a set of stabilising parameters and A"t = o € (0,1) on
its complement, then the total probability mass assigned to
the stabilising set is non-decreasing with respect to the time
level n.

Proof: Positivity and normalisation follow immediately
from (13) in the continuous case and from (14) together
with (11) in the discrete case. In the two-level case
A"l e {1,a} with a € (0,1), the probability mass on
the stabilising set is multiplied by 1 at each step, whereas
mass on the complement is multiplied by o and subse-
quently renormalised. A direct computation shows that
the fraction of total mass carried by the stabilising set is
therefore non-decreasing.

In the computations below, one can choose the like-
lihood A"*!(x) as simple functions of the indicator

Ef;;unov(zc) and its initial value EOLyapun oy (®). One can
adopt
Arl-l—l (K')
n+1 —pttl s
= {1) ELYaPUHOV(K) < G ﬁLYaPunov(K)’ (15)
o, otherwise,

where a € (0,1) and C; > 0 is a constant. Thus,
parameters with non-increasing indicators retain their
weight, whereas parameters with increasing indicators
are penalised by the damping factor a. However, this like-
lihood is directly applicable only to systems for which
Lyapunov functionals and the corresponding decay rates
are available. For systems whose Lyapunov stability anal-
ysis is very complicated, it is too challenging to use the
method in (15).



To address this issue, we therefore adopt

£n+1 (K) < [:O(K),

L) > LOk), (16)

At (x) == [1’

a,

where £ can be the Lyapunov function Lyyapunov or the

energy function EEnergy. In this manner, one can numer-

ically identify candidate stabilising domains for a given

system without requiring an explicit analytical decay rate.

The numerical results reported in Section 3 show that

both (15) and (16) yield the same stability domains for
K.

In the numerical implementation, the distribution P"
is approximated by a discrete probability mass func-
tion on the uniform grid {Kg}?jio C [a, b]. Given a prior
PO(xr) > 0 satisfying (11), reference indicator values
L%(x¢), a damping factor & € (0, 1), and a tolerance &y >
0, we employ the following algorithm, which is the con-
crete realisation of the Bayesian update (13) with the
choice (16).

Algorithm 1 Bayesian update of the feedback parameter
distribution

1: Choose a parameter grid {K[}I;LO C [a, b]4.
2: Prescribe a prior P(xr) > 0
Z;io CO[PO(K[) =1.

3: Compute reference indicator values £ = £°(x¢).

4: Fix a damping factor & € (0, 1) and a tolerance &9 >
0.

5: forn=0,1,2,...do

6: Random choice of € € {0,...,N,}.

7. Advance UJ(xr) — U]’.’“(Kg) with the LLF
scheme in Section 2.1.

& if L (7)) < L%(x) then

with

9: an-H (Kg) « P (Kg)

10: else

11: PHl(ke) «— a P"(kr)

12: end if

13: Normalise the probabilities as in (14).

14: Compute the variation of the distribution
VL = || P — P

15: if V"1 < ¢y then

16: break

17: end if

18: end for

In all numerical experiments reported in Section 3, we
use g = 1072 and a = % Parameters x; in the unsta-
ble region satisfy P" (x,) ~ 0 in the limiting distribution,
whereas stabilising parameters satisfy P" (x,) > 0.

Remark 2.2: In place of the reference value £°(x;) used
in the algorithm, one may also compare £"*!(x,) with
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the previous indicator value L£"(x,) and modify the
damping step as follows:

if £ () < L7(r) = P (k) <« PM(xr),

it £ () > LMke) = P (kp) « a P"(p).

The subsequent normalisation and the stopping criterion
based on V"*! remain unchanged. In all experiments
presented in Section 3, this alternative update leads to the
same stability domains as the reference-based criterion,
with only minor differences in the number of iterations
needed for convergence.

Remark 2.3: The Bayesian update step does not rely
on strict hyperbolicity itself. It only requires an admis-
sible finite-dimensional feedback parametrisation and a
nonnegative stability indicator. If eigenvalues coincide
or vanish, the construction of characteristic variables,
boundary feedback laws, and Lyapunov-type indica-
tors becomes model-dependent. Once these ingredients
are specified, the probability update and the positivity-
normalisation property remain unchanged.

3. Numerical results

In this section, we assess the proposed boundary-
feedback control on a suite of numerical tests. We begin
with linear deterministic models (linear wave; linearised
Saint-Venant) and verify that the stability domains agree
with theory. We then treat nonlinear problems (nonlin-
ear Saint-Venant; Burgers), followed by stochastic vari-
ants, a nonconservative case, and a second-order LLF
discretisation. Finally, we examine the evolution of the
thermal field during a single-track scanning process in
laser powder bed fusion and recover its stability domain
via the same Bayesian update. In Examples 1-6, we use
the CFL number 1, while in Examples 7-9, we use the
CFL number 0.5.

3.1 Linear deterministic examples

In this section, we consider two linear deterministic
examples — the linear wave equations and the linearised
Saint-Venant system - to show that the stability domains
computed by the proposed method are consistent with
the theoretical results in Banda and Herty (2013).

3.1.1 Example 1 - linear wave equations
In the first example taken from Banda and Herty (2013),
we consider the linear wave equations

m 1 0 €Y) 0
(-6 -0 o
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with the following initial conditions:

uV(x,0) = — u®(x,0) = =

The boundary conditions are given by

uD,1) = k(1 0), u®1,1) =ru®(0,1).

For the initial probability distributions of the parameter
x, we consider the following two cases:

e Casel:x € [-2,2] and P(x) = i;

x—p)?

o Casell: x € [—5,5] and P(x) = e 22 ,with

oc=u=1.

1
o+/2m

We first normalise the probability distributions and
then compute the numerical results on a uniform mesh
with N, = 100 and N, = 800. The obtained numerical
results are presented in Figure 1. Here, the values of
the probability distributions are updated based on the
corresponding Lyapunov function

c (E(l)’ﬁm)

where u; and u; are two positive constants. For more
details, we refer the reader to Banda and Herty (2013,
(33)). As expected, the stability interval (—1, 1) is recov-
ered independently of the chosen prior, which is consis-
tent with (Banda Herty, 2013, Theorem 2.1) and validates
the proposed methodology.

As discussed above, one may also use other Lyapunov-
type indicators to update the probability distribution.
In this example, we also show the numerical results by
measuring the corresponding discrete energy

£ (@, <z>)_sz[( Y’ (u;n)z]. (18)

The numerical results are plotted in Figure 2, where one
can see that the numerical results are consistent with
those obtained using the Lyapunov functional.

We also present the numerical results with N, = 100
in Figure 3. The same stability interval is recovered,
although with lower resolution.

3.1.2 Example 2 - linearised Saint-Venant system

In the second example taken from Banda and Herty
(2013), we consider the linearised Saint-Venant sys-
tem of shallow-water equations, which is motivated by

recent advances in the continuous setting; see, e.g. Coron
et al. (1999), Bastin et al. (2007), Coron et al. (2007) and
de Halleux et al. (2003). The objective is to regulate water
depth and velocity in an open canal or in canal networks.
External factors such as weather variations or uncon-
trolled inflows can cause fluctuations in water depth,
which must be mitigated to maintain a predetermined
target depth h and velocity ¥. As in Coron et al. (2007)
and de Halleux et al. (2003), we neglect the source terms.
The target water state is a constant with h(x) = 4 and
v(x) = % To analyse small deviations from this steady
state, the Saint-Venant system of shallow-water equations

()72 5) =)
R +3r2) ~\o)

h x

where g = hv, is linearised by introducing perturbations
(0h, ov) with h = h + oh and v = v + Jv. The resulting
diagonalised equations for these perturbations are given

by:
u® A 0 (uV) _ (0
4@) To A ) \u®) —\o)°
t X
where

AL =V++/gh, Ay=v—./gh,
u® = sy + \/%5;1, and u® =ov— \/%5;1. (19)

In this example, we consider the following initial condi-
tions:
20

o 0) = — 20 2

1
- sm(nx) -
8 +sin(rx) 2

Sh(x,0) =

subject to the boundary conditions

and u(z)(l,t) = xu(z)(O, f).

(20)
For the initial probability distributions of the parameter
k, we consider the following two cases:

u(l)(O, )=« u(l)(l, t),

o Casel:x € [—2,2] and P(x) = }1;
_ (k= 1)2
e 22 with

e Casell: x € [—5,5] and P(x) =
c=1Lu=0.

1
o2

We first normalise the probability distributions and
then compute the numerical results on a uniform mesh
with N, = 100 and N, = 800. The values of the prob-
ability distributions are updated based on the discrete
energy (18), and the obtained numerical results are
presented in Figure 4. One can clearly see that the



1 Initial Probability Distribution (Case I)

INTERNATIONAL JOURNAL OF CONTROL 7

Final Probability Distribution (Case I)

0.6
0.3} 0.4
0.2} 0.2
0 c— —
0'1-2 Ry 0 1 2 2 -1 0 1 2

Initial Probability Distribution (Case II) Final Probability Distribution (Case II)

0.8

0.6

0.4

0.2

-4 -2 0 2 4 -4 -2 0 2 4
Figure 1. Example 1: Initial (left) and final probability distributions for Cases | (top row) and Il (bottom row).

Final Probability Distribution (Case I) Final Probability Distribution (Case II)
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Figure 2. Example 1: Final probability distributions for Cases I (left) and Il (right).

Final Probability Distribution (Case I) Final Probability Distribution (Case II)
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Figure 3. Example 1: Final probability distributions for Cases | (left) and Il (right) with N,, = 100.
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1 Initial Probability Distribution (Case I)
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Initial Probability Distribution (Case II)
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Final Probability Distribution (Case I)
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0.4+

0.2
() —— L]
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Final Probability Distribution (Case II)
0.6

0.4
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Figure 4. Example 2: Initial (left) and final probability distributions for Cases | (top row) and Il (bottom row) for the boundary

conditions (20).

stability region of the boundary control parameter is
(—1, 1), which is consistent with the one proved in Banda
and Herty (2013, Theorem 2.1), which validates the pro-
posed methodology.

Asin Chuetal. (2026) and Banda and Herty (2013), we
also compute the numerical results using the following
boundary conditions:

uD0, ) = ku® 0,0, uP1, 1) =xuD(1,0). (1)

The obtained numerical results are reported in Figure 5,
where one can see that stability region of the boundary
control parameter is (—0.67, 0.67), which, once again, is
consistent with the one proved in Banda and Herty (2013,
Theorem 2.1).

3.2 Nonlinear deterministic examples

In this section, we consider two nonlinear determinis-
tic examples — the nonlinear Saint-Venant system and
the Burgers equation and compute the stable domains.
It is well known that determining stability domains for
nonlinear systems is challenging, and we now show that
the proposed method provides a feasible route to identify
them.

3.2.1 Example 3 - nonlinear Saint-Venant system

In the third example taken from Chu et al. (2026), we con-
sider the same setting as in Example 2, but with different
equations for the perturbations:

u® V4 ov+ g(ﬁ+5h>
L) T
t 0
V4 ov — g(E+5h) u@) = \o)

where 1M and 4@ are defined by (19). Notice that the
system (22) is nonlinear.

We compute the numerical results on a uniform mesh
with N, = 100 and N, = 800. The values of the prob-
ability distributions are updated based on the discrete
energy (18), and the obtained numerical results are pre-
sented in Figure 6. One can clearly see that the stability
region of the boundary control parameter is approxi-
mately (—1, 1), slightly different from the one reported
in Example 2.
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Final Probability Distribution (Case II)
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Figure 5. Example 2: Final probability distributions for Cases | (left) and Il (right) for the boundary conditions (21).
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Final Probability Distribution (Case II)
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Figure 6. Example 3: Final probability distributions for Cases | (left) and Il (right).

3.2.2 Example 4 - Burgers equation
In this example, we consider the Burgers equation

2
u + (%)x —0 (23)

with the initial conditions:

0.3, ifx <0.3,

Casel:  u(x,0) = 0.2, if0.3 < x < 0.7,
—0.1, otherwise,
0.1, ifx <0.3,
Casell :  u(x,0) =10.2, if03<x<0.7,

0.1, otherwise,

subject to the following boundary conditions:

if u(0+,£) > 0,

otherwise,

u(0—,t) = ku(l—, 1),
u(0—,t) = u(0+, 1),

ifu(l1—,t) <0,

u(1+, t) = ku(0+, 1), (24)
u(l4+,t) = u(l1—,t), otherwise.

We compute the numerical results for Cases I and II on
a uniform mesh with Ny = 200 and N,, = 400, with the

initial probability distribution defined on x € [—2,2] by
P(x) = 1/4. The values of the probability distributions
are updated based on the discrete energy

N
L@) = Ax > @,
j=1

and the obtained numerical results are presented in
Figure 7. One can see that for the Burgers equation
with the boundary conditions defined in (24), the stable
domain of the parameter x depends on the initial condi-
tions, and the stable domains are (—1,2) and (-2, 1) for
Cases I and II, respectively.

We also plot the three-dimensional numerical results
for Cases I and II over time in Figure 8, where one can
see that the stable domains are (—1,2) and (—2,1) for
the Cases I and II, respectively, which further supports
the proposed methodology for the two cases.

3.2.3 Example 5 - 2-D Burgers equation
In this example, we consider the 2-D Burgers equation

(L) £ (2 0.2
u — — ) =-02u
\2),"\2),
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Final Probability Distribution (Case I)

0.4r

0.3}
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0.1}

() c—
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1 Final Probability Distribution (Case II)

0.3
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0.1
0 —
-2 -1 0 1 2

Figure 7. Example 4: Final probability distributions for Cases | (left) and Il (right).

3-D Numerical Results (Case I)

logyy £

3-D Numerical Results (Case II)

Figure 8. Example 4: Evolution of log;, L for Cases | (left) and Il (right).

with the initial conditions:

0.3, ifx < 0.3,

Casel :  u(x,5,0) = 10.2, if 0.3 < x < 0.7,
—0.1, otherwise,
0.1, ifx < 0.3,
Casell 1 u(x,y5,0) = 10.2, if03<x<0.7,

0.1, otherwise,

with the following boundary conditions:

u(0—,y, 1) = ku(l—,y,1), u(0+,y,t) > 0,
u(0—,y,t) = u(0+,y,1), u(0+,y,t) <0,
u(l4,y,1) = ku(0+, 3,0,  u(l=,y,1) <0,
u(l4+,y,8) = u(l—,y,1), u(l—,yt) >0,

u(x, 0+,1) > 0,

u(x,0—, 1) = ku(x, 1—, 1),
u(x,0+,1) <0,

u(x,0—,1t) = u(x, 0+, 1),

ulx,1—,t) <0,

u(x, 14, t) = ku(x, 0+, ), (25)
u(x,1—,t) > 0,

u(x, 1+,1) = u(x, 1—, 1),

subject to the computational domain [0, 1] x [0, 1]. The
initial data are chosen to be x-dependent in order to

compare with Example 4, while the evolution and feed-
back treatment are fully two-dimensional. For simplicity,
and in order to keep the feedback parameter space one-
dimensional, the same feedback parameter x is used on
all four sides of the computational domain.

We compute the numerical results for Cases I and
IT on a uniform mesh with Ny = Nj, = 200 and N, =
400, with the initial probability distribution defined on
k € [—2,2] by P(x) = 1/4. The values of the probability
distributions are updated based on the discrete energy

Nx N)’

L@) = AxAyZZaﬁk,

j=1 k=1

and the obtained numerical results are presented in
Figure 9. One can see that for the Burgers equation
with the boundary conditions defined in (25), the stable
domain of the parameter x depends on the initial condi-
tions, and the stable domains are approximately (—1.4, 2)
and (—2, 1.6) for Cases I and II, respectively.

We also plot the three-dimensional numerical results
for Cases I and II over time in Figure 10, where one can
see that the stable domains are approximately (—1.4,2)
and (=2, 1.6) for the Cases I and II, respectively, which
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Figure 9. Example 5: Final probability distributions for Cases | (left) and Il (right).

logy £

Figure 10. Example 5: Evolution of log,, £ for Cases | (left) and Il (right).

further supports the proposed methodology for the two
cases. The results show that the method can be applied
beyond one-dimensional test problems.

3.3 Stochastic examples

In this section, we consider two stochastic examples to
demonstrate that the proposed method works well for
stochastic systems. At the same time, the stable domain
for the stochastic linear wave equations computed by
the proposed method is consistent with the theoretical
validations in Chu et al. (2026).

3.3.1 Example 6 - stochastic linear wave equations
In this example, we consider the linear wave equa-
tions (17) with the following initial conditions:

1 1

1 1
Do) = — e W@y =—24te (26
w0 =1 -6 uPwo) == +¢ 6

The boundary conditions are given by

uD(0,1,¢) = kuV(1,1,6),
u@(1,1,8) = ku?(0,1,6), (27)

where & is the random variable and & € [—0.5, 0.5].

We take the same initial probability distributions of
the parameter x as in Example 1 and compute the numer-
ical results on a uniform mesh with N, = 100, N,, = 800,
and N¢g = 100. The obtained numerical results are pre-
sented in Figure 11. Here, the values of the probability
distributions are updated based on the corresponding
discrete energy

, (ﬁ(l)’ﬁ(z)) — AXAS %“% [(u;’}c))z + (u;i))2:| )
j=1 k=1
(28)

As one can see, the stability region of the boundary
control parameter is approximately (—1,1), which is
consistent with the one proved in Chu et al. (2026,
Theorem 4.1), which once again demonstrates the valid-
ity and robustness of the proposed method.

Remark 3.1: In this example, the numerical solutions of
the system (17), (26)-(27) are also computed by the first-
order LLF scheme; see Appendix 1.
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Final Probability Distribution (Case I)
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Figure 11. Example 6: Final probability distributions for Cases | (left) and Il (right).

3.3.2 Example 7 - stochastic Burgers equation
In this example, we consider the Burgers equation (23)
with the following initial conditions:

03+¢, ifx <0.3,
Casel :  u(x,0,&) = 10.2, if0.3 <x<0.7,
—0.1, otherwise,
0.1, ifx < 0.3,
Casell :  u(x,0,¢) =1024+0.1&, if0.3<x<0.7,
0.1, otherwise.

The boundary conditions are given by

if u(0+,¢,¢) > 0,

otherwise,

u(0—,4,¢) = ku(l—,1,¢),
u(0—,t,&) = u(0+,t,¢),

u(1+a t, Qt) = Ku(0+) £, é:),
u(l14+,t,¢) = u(1—,1,¢),

ifu(1—,t,¢) <0,

otherwise,

where & is the random variable and & € [—0.5,0.5].

We take the same initial probability distributions as
in Example 4 and compute the numerical results for
the Cases I and II on a uniform mesh with N, = 200,
N =400, and N¢ = 100. The values of the probability
distributions are updated based on the discrete energy

N, Ne¢

L@) = AxAED> D] W

j=1 k=1

and the obtained numerical results are presented in
Figure 12. One can see that for the Burgers equation
with stochastic initial conditions, the stable domains are
similar to the ones reported in Example 4.

3.4 Nonconservative system

In this section, we consider a nonconservative system and
show that the stability domain computed by the proposed

method is consistent with the theoretical results in Chu
et al. (2026).

3.4.1 Example 8 - linearised Saint-Venant system

with source terms

In this example, we consider the boundary damping for
the linearised Saint-Venant system with source terms. We
take the same setting as in Example 2, but with different
equations, which read as

u® Ay O u®
()0 2)(),
(01 0 (uD
- ( 0 0.1) (u(2)) ’

where 4@ and u® are defined by (19).

We compute the numerical results on a uniform mesh
with Ny = 100 and N, = 800. The values of the prob-
ability distributions are updated based on the discrete
energy (18), and the obtained numerical results are pre-
sented in Figure 13. One can clearly see that the stability
region of the boundary control parameter is consistent
with the theoretical results in Chu et al. (2026).

3.4.2 Example 9 - linearised stochastic Saint-Venant
system with source terms

In this example, we take the same setting as in Example
7, but with the following initial conditions:

o0h(x,0,¢) = %sin(ﬂx) (—% + f) R
20 5

v 0,¢) = 8 + sin(7 x) (—% + &) X

11
ce| 33
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Figure 12. Example 7: Final probability distributions for Cases | (left) and Il (right).
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Figure 13. Example 8: Final probability distributions of Case | (left) and Il (right).

subject to the boundary conditions

u(l)(O, t,&) = lcu(l)(l,t,f), and
u?(1,1,8) = ku?(0,1,¢8),

where & is the random variable and & € [—0.5,0.5].

We compute the numerical results on a uniform mesh
with N, = 100, N, = 800, and Ng = 200. The values of
the probability distributions are updated based on the
discrete energy (28), and the obtained numerical results
are presented in Figure 14. One can clearly see that
the stability region of the boundary control parameter
is approximately (—1,1), which is consistent with the
theoretical results in Chu et al. (2026).

3.5 Second-order discretisation

We next employ a second-order semi-discrete LLF finite-
volume scheme with piecewise linear reconstruction and
SSP-RK3 time integration; see Appendix 2. The result-
ing stability domains coincide with those obtained by the
first-order LLF scheme.

3.5.1 Example 10 - Burgers equation
In this example, we take the same setting as in Example
4, but compute the numerical results using the second-
order LLF scheme. The obtained numerical results are
plotted in Figure 15, where one can see that, as in the pre-
vious example, the computed stability domains coincide
with those in Example 4.

We also plot the numerical results for Cases I and 1I
over time in Figure 16, which validate the stable domains
of the two cases for the studied system.

3.6 Feedback control of two parameters

In this section, we consider a more complex system -
heat transfer in laser powder bed fusion (LPBF) - to show
that the proposed method can give the stable domain of
complex systems.

3.6.1 Example 11 - temperature field development in
laser powder bed fusion with feedback power
regulation

In this last example, we consider the evolution of the ther-
mal field during a single-track scanning process in laser
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Figure 14. Example 9: Final probability distributions of Case | (left) and Il (right).
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Figure 15. Example 10: Final probability distributions of Case | (left) and Il (right).

powder bed fusion (LPBF). LPBF is an additive manufac-
turing process in which a laser beam heats the powder-
bed substrate and locally fuses the powder; further details
of the process can be found in Chowdhury et al. (2022).
Figure 17 illustrates the single-track LPBF process con-
sidered in this study. One can see that the process is
carried out on a cuboidal workpiece with dimensions

(I, 1, 1) = (1.2 mm, 0.45 mm, 0.35 mm).

3-D Numerical Results (Case I)

During scanning, the laser beam centre moves at a
constant velocity v = 1 m/s, with (xz(¢), y.(¢)) = (v¢,0).
The laser has a spot radius Ry, = 25um and a Gaus-
sian intensity distribution, with its power regulated by a
feedback control law.

For moderate laser energy input, heat transfer in the
process is predominantly governed by thermal conduc-

tion. The temperature field therefore satisfies the heat

3-D Numerical Results (Case II)

Figure 16. Example 10: Numerical results of Cases | (left) and Il (right).
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Figure 17. Example 11: LPBF process and defined domains at the reference state for power control and Lyapunov function definition.

conduction equation

Ti(x,y,2,t) = a (Txx(x, »zt) + Tyy(xp,2,t)
+ T 7,2.1))
+P(0)fi (x = x.(8),y = yu(0),2), (29)
where a denotes the thermal diffusivity, P(¢) is the laser
power input, and f represents the volumetric laser power
distribution relative to the moving laser position. The

laser power P(t) is determined by the feedback control
law

P(t) = Prer + KO!O(t) ?> (30)

where Ppf = 150 W is the reference laser power and x
is the feedback gain. The quantities ao(f), B(f), and A
are defined in terms of the relative coordinates (', y') =

(x —x(t),y — yL(t)) by

1
ao(t) = —sgn / (T(Vtref + x/,)/> 0, tref)
2 .y)ely;

ref
—T(vt+x,y,0,1) dS),
BO= [ (Tt 500000
(& y)ert,
—Ty(vt+x',¥,0, t))2
+ (Ty(Viret + %' )5 0, trer)
—T,(vt +x,y,0, t))2 ds,

A:/_ vdS.

ref

and

The subscript ‘ref” denotes quantities evaluated at the ref-
erence state, which corresponds to a stabilised thermal
field in the relative coordinate system (x’,y’). This ref-
erence state is generated by applying the constant power
input P(t) = Pys for a sufficiently long time after the
onset of scanning; in this study, the reference time is
taken as tyef = 800 us.

The domains F;:f, [
Figure 17. The melting interface on the top surface, F:gf,
is defined as

and Qe are illustrated in

r;f = {(x/’y/) | T(iref + x/,)//, 0, tref)
= Ty and Ty(x', ¥, 0, tref) > 0},

where T, = 1723 K is the melting temperature. The line
segment I separates the solid-liquid interface T = T,
into melting and solidification regions and is defined as

I ={.,y) | ¥ =min(x" € (".y") e T\),

ref

min (¥’ € (x”,y”) € F:e_:f) < y/

< max(y// c (x//’y//) c l—~+ )}

ref

The domain Q. is the region on the top surface enclosed

Ey F;Zf U T . The volumetric laser heat source is given
Y

fulx = x(),y = y(8),2)
_ 2Adopt exp (_2 ((c=vt)> +5°) + i)

TR? R? dopt

where A =0.27 is the laser absorptivity and dopt =
34 pm is the optical penetration depth.
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The initial condition is set as a uniform temperature
distribution T'(x,y,z,0) = 300K, subject to the speci-
fied following boundary conditions. The bottom face is
maintained at a constant temperature T'(x,y, —I;,t) =
300K, the four lateral faces are assumed to be adia-
batic Tx(x,0,z,t) = Tx(X, Lx, 2, t) = Ty(x, £0.5L), 2, t) =
0, and the top surface is subject to convective and radia-
tive heat losses to the surrounding atmosphere

kT,(x,y,0,t)
=— (h (T(x,y, 0,t) — Too)
+e0 (T(x,9,0,0)* — T%)),

where k = 20.9 Wm~! K~ is the thermal conductivity,
h =20 Wm™2 K™ ! is the convective heat transfer coeffi-
cient, Too = 300 K is the ambient temperature, ¢ = 0.36
is the emissivity, and ¢ is the Stefan-Boltzmann constant.

The resulting initial-boundary value problem is solved
numerically using a finite-difference method on a uni-
form mesh with (Nx, Ny, N;) = (128, 48, 32). Time inte-
gration is performed using a Runge-Kutta scheme with
a time step At = 40ns. The objective of the feedback
power regulation is to control the Lyapunov-type indi-
cator

L(t) = / (Tx(Vtref + x/))/) 2, tref)
(x/))/)egref

~Ty(vt+x,y,z, t))2
+ (Ty(Viret + %', )/s 25 tref)
—T,(vt + ¥,y 2 1)* d¥' dy,

which quantifies the discrepancy between the temper-
ature gradients in the x- and y-directions over a mov-
ing domain that maintains a fixed relative position with
respect to the laser spot. We then apply the Bayesian
update procedure of Section 2.2 (Algorithm 1), using L(t)
as the observed indicator, to update the discrete probabil-
ity mass function over the chosen parameter grid.

In this example, we consider a two-parameter set-
ting in which the Bayesian damping factor a in (29)
and the feedback gain x in (30) are treated as the con-
trol parameters; thus, the Bayesian procedure updates the
joint distribution of (x, ), as illustrated in Figure 18.

To further quantify the decay behaviour of the indica-
tor, we fit the discrete Lyapunov functions from the sub-
region [0, le — 4] x [0, 3.3e — 4] by a power-law model
L(t) &~ Ct~“ by a nonlinear least-squares procedure, and
record the fitted parameters (a, C). The corresponding
top-view plots of the fitted values are shown in Figure 19.

x10™

0
0 0.002 0.004 0.006

KR

0.008  0.01

Figure 18. Example 11: Prior and posterior (purple colour) prob-
ability distributions of the feedback parameters.

To assess the fit quality, we compute the standard
deviation

LS (-1

i=1

€deviation =

where L; = L(t;) and L = % Zzll\] L;. The values of
edeviation and log,  (edeviation) are plotted in Figure 20.

Finally, Figure 21 shows thresholded regions (black)
where egeviation falls below prescribed tolerances, provid-
ing an additional diagnostic for identifying parameter
regimes that exhibit a consistent decay trend.

These results indicate that the proposed algorithm
remains effective in a two-parameter system, with x and
o treated as the unknown parameters to be identified via
the Bayesian update.

4, Conclusions

In this paper, we have introduced a Bayesian feedback
framework for identifying stabilising boundary controls
in hyperbolic balance laws. The core idea is to iter-
atively update a prior over control parameters using
solution-driven diagnostics (Lyapunov functionals or
discrete energies), coupled with a damping and nor-
malisation step that concentrates probability on stabilis-
ing regimes. This yields an efficient, nonintrusive post-
processing layer that can be placed atop standard finite-
volume solvers. On linear benchmarks (advection/wave
equations and the linearised Saint-Venant system), the
method reproduces analytically known stability domains,
including mixed boundary couplings. On nonlinear and
stochastic tests, including the nonlinear Saint-Venant
system, one- and two-dimensional Burgers equations,
and Burgers equations with random inputs, the method
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Figure 19. Example 11: Least-squares power-law fit parameters: fitted decay exponent a (left) and fitted prefactor C (right).
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Figure 20. Example 11: Fit-quality diagnostics for the power-law model: the standard deviation egeyiation (l€ft) and 10g;q(€deviation)
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Figure 21. Example 11: Thresholded regions (black) where the power-law fit error satisfies egeyiation < 107 (top left), eqeviation < 107
(top right), egeviation < 1078 (bottom left), and egeyiation < 102 (bottom right).
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remains robust and reveals the dependence of stabilis-
ing regions on the initial data and boundary feedback
configuration. In particular, the 2-D Burgers example
demonstrates that the Bayesian update can be applied to
a multidimensional balance law with feedback boundary
conditions imposed in both spatial directions. Extensions
to a second-order LLF discretisation and the evolution of
the thermal field during a single-track scanning process
in laser powder bed fusion indicate that the approach is
scheme-independent and applicable beyond purely con-
servative models. Future work will focus on a rigorous
analysis of the probability iteration, including posterior
concentration on the stabilising set and its relation to
decay rates of the indicator, and on extensions to multi-
parameter and constrained boundary controls, as well as
generalisations to networks and multidimensional set-
tings.
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Appendices

Appendix 1. First-order local Lax-Friedrichs
scheme for stochastic hyperbolic systems

We consider the first-order LLF finite-volume scheme for
the stochastic system. Assume the computational domain is
covered with uniform cells Cj := [xj_% , xj+%] X [fk—%>§k+%]
with X1 =X 1= Ax and fk+% _5k—% = A& centred at
(xj’ ¢k) = ((x'_% + xj+%)/2’ (Qrk_% + §k+%)/2)’ j=1...,Ny,
k =1,...,N¢ and the cell average values

— 1
Uis(t) ~ ——

U(x,t)dxd
v J, U st

are available at a certain time level .
The computed cell averages Ujx of the 1-D system (1) are
evolved in time by the first-order LLF scheme:

_ — At
T § 7(
ok P Ax

SN
f Fiprx=Fim1x) + AST),
where F Lk stands for the finite-volume numerical flux

J

Oyl g —
]J;Z Wﬂ-l,k - Uj,k) ,

with the local speeds of propagation estimated using the eigen-
values 1 (A) < ... < 4(A) of the matrix A = ZE:
o414 =max {|21 (Ul 111 (U101,

s 12aU)1 14Ul } -

The time step At is computed by the CFL condition, At =
CFL—Ax

maxjcle, 1)

1, _
Fiplp= 2 (F(Ujx) + F(Ujy10)) —

Appendix 2. Second-order local Lax-Friedrichs
scheme
In the second-order LLF scheme, the cell averages Uj of the 1-D
system (1) are evolved in time by solving the following system
of ODEs:

LS Tl Y

dt Ax i

where 7 1 stand for the second-order finite-volume numeri-

(A1)

cal fluxes

1 - +
Fiy =5 (F(Uj+%) +F(Uj+%))

a1
+1 _

_ JTa Uﬂ‘l -U" ),
2 Jt3 j+3

with the local speeds of propagation estimated using the eigen-
values 11(A) < ... < 14(A) of the matrix A = %:

— - +
@jy 1 = max [|/11(Uj+%)|, MI(U]‘-;-%)"

- +
o 2a(U ), Md(UH%n] :

Here, Ujf_ , are the one-sided point values of U at the cell inter-
3

face x = Xip 1o estimated using a piecewise linear interpolant
2

l~J(x) = ﬁj + Ujx — %)), x€Cj (A2)
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which leads to

- _ 77 Ax + T Ax
Uj+% = Uj + T(Ux)ﬁ Uj+% = Uj—H - T(Ux)j+1-
(A3)
In order to ensure that the reconstruction (A2)-(A3) is non-
oscillatory, one needs to compute the slopes (Uy); in (A2)
with the help of a nonlinear limiter. In all of the numerical
experiments reported in Section 3, we have used a generalised
minmod limiter (Lie & Noelle, 2003; Nessyahu & Tadmor, 1990;

Sweby, 1984):

U-U_ U4 —U_
(U,)j = minmod { gL ———, 22— 21
Ax 2Ax

>

Ui — U
91+ZJ), 0 e 1,2], (A4)
X

applied in a component-wise manner. Here, the minmod func-
tion is defined as

minj{z;} ifz; >0 Vj
minmod (z,23,...) := | maxj{z} ifz; <0 Vj,
0 otherwise.

The parameter 0 in (A4) is used to control the amount of
numerical viscosity present in the resulting scheme, and larger
values of 6 correspond to sharper but, in general, more oscilla-
tory reconstructions. In this paper, we use § = 1.3.

Finally, we numerically integrate the ODE systems (A1) by
the three-stage third-order strong stability preserving Runge-
Kutta (SSP RK3) method (see, e.g. Gottlieb et al,, 2011, 2001),
and the time step At is computed by the CFL condition, At =
CFL___&x

max]'{ajJr% }
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