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Abstract. We introduce new adaptive schemes for the one- and two-dimensional hy-
perbolic systems of conservation laws. Our schemes are based on an adaption strategy
recently introduced in [S. CHU ET AL., Appl. Numer. Math., 209 (2025)]. As there,
we use a smoothness indicator (SI) to automatically detect “rough” parts of the solu-
tion and employ in those areas the second-order finite-volume low-dissipation central-
upwind scheme with an overcompressive limiter, which helps to sharply resolve non-
linear shock waves and linearly degenerate contact discontinuities. In smooth parts,
we replace the limited second-order scheme with a quasi-linear fifth-order (in space
and third-order in time) difference scheme, recently proposed in [V. A. KOLOTILOV
ET AL., Comput. Math. Math. Phys., 65 (2025)]. However, direct application of this
scheme may generate spurious oscillations near “rough” parts, while excessive use of
the overcompressive limiter may cause staircase-like nonphysical structures in smooth
areas. To address these issues, we employ the same SI to distinguish contact disconti-
nuities, treated with the overcompressive limiter, from other “rough” regions, where
we switch to the dissipative Minmod2 limiter. Advantages of the resulting adaptive
schemes are clearly demonstrated on a number of challenging numerical examples.

AMS subject classifications: 65M08, 65M06, 76M12, 76M20, 76L05, 35L65

Key words: Adaptive schemes, smoothness indicator, low-dissipation central-upwind numerical
fluxes, overcompressive and dissipative limiters, quasi-linear fifth-order finite-difference scheme,
Euler equations of gas dynamics.

∗Corresponding author. Email addresses: chu@igpm.rwth-aachen.de (S. Chu), pfeng3@ncsu.edu (P. Feng),
kolotilov1992@gmail.com (V. A. Kolotilov), alexander@sustech.edu.cn (A. Kurganov),
ostigil@mail.ru (V. V. Ostapenko).

http://www.global-sci.com/cicp 1 ©2026 Global-Science Press



2 S. Chu et al. / Commun. Comput. Phys., x (2026), pp. 1-29

1 Introduction

We consider hyperbolic systems of conservation laws, which in the one-dimensional
(1-D) and two-dimensional (2-D) cases, read as

Ut+F(U)x =0, (1.1)

and
Ut+F(U)x+G(U)y =0, (1.2)

respectively. Here, x and y are spatial variables, t is the time, U ∈Rd is a vector of un-
known functions, and F :Rd →Rd and G :Rd →Rd are fluxes.

It is well-known that solutions of (1.1) and (1.2) can produce extremely complex wave
structures including shocks, rarefactions, and contact discontinuities even when the ini-
tial data are smooth. This makes it quite challenging to develop accurate and reliable
numerical methods for (1.1) and (1.2). Such methods are typically based on equivalent
integral forms of (1.1) and (1.2) for the time evolution of the computed solution and on
nonlinear limiters, designed to prevent spurious oscillations. For a variety of existing
numerical methods for hyperbolic systems of conservation laws, we refer the reader to
the monographs and review papers [2, 16, 20, 26, 37, 41] and related works cited therein.

In this paper, we focus on scheme adaption methods, which are based on automatic
detection of smooth and nonsmooth (“rough”) parts of the computed solutions and on
applying different numerical methods in the corresponding parts of the computational
domain. The main advantage of such an approach is related to the fact that special non-
linear limiting techniques can be used to accurately capture shock waves and contact
discontinuities only, while smooth parts of the solution may be accurately and efficiently
computed by much simpler, possibly higher-order, (quasi-linear) unlimited methods.

The success of adaptive schemes hinges on the accuracy and robustness of the smooth-
ness indicator (SI) used to detect “rough” parts of the computed solution. A wide variety
of different SIs has been developed; see, e.g., [1, 5, 10–15, 19, 21, 29, 30, 32, 43–45]. Another
critical component of a successful adaptive scheme is a very sharp method used to cap-
ture shock and contact discontinuities inside the identified “rough” parts of the solution.
In this paper, we follow [7] and implement the SI proposed in [29] along with the second-
order semi-discrete finite-volume low-dissipation central-upwind (LDCU) schemes from
[9] combined with the overcompressive and dissipative limiters introduced in [27].

The novelty of the proposed adaptive schemes is twofold. First, we treat the smooth
parts of the computed solutions in a different way. Instead of using the second-order
LDCU scheme with the dissipative Minmod2 limiter (see [27] for the classification of
different limiters) as it was done in [7], we increase the resolution by switching to
the recently proposed quasi-linear fifth-order (in space and third-order in time) finite-
difference scheme introduced in [23]. Following [25], we call a numerical scheme quasi-
linear if it becomes linear when applied to linear hyperbolic systems. As it was shown
in [23], the fifth-order quasi-linear scheme is very accurate since it is fifth-order accurate
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in space in all smooth parts of the computed solution, including those smooth subregions
that intersect with the shock influence domains. However, the fifth-order quasi-linear
scheme does not contain any nonlinear stabilization mechanism and thus, as we show in
Section 4, it can produce spurious oscillations near the interfaces between the “rough”
and “smooth” regions. To suppress these oscillations, one can “enlarge” the identified
“rough” areas, but in this case, the overcompressive limiter would affect the smooth
parts of the solution causing development of artificial kinks and staircase-like structures
or even nonphysical jump discontinuities there.

In order to address these issues, we introduce an alternative approach, which is the
second novel component of the proposed adaptive schemes. To this end, we use the same
SI, but applied to different fields to automatically distinguish between the contact waves
and other “rough” parts of the solution. For example, in the case of Euler equations of
gas dynamics, we take advantage of the fact that while the density jumps at the contact
surfaces, the pressure remains continuous there. After identifying the locations of contact
surfaces, we apply the second-order LDCU scheme with an overcompressive limiter in
their vicinities only, while utilizing the dissipative Minmod2 limiter in the rest of the
“rough” areas. In addition, the overcompressive and Minmod2 limiters are applied to the
local characteristic variables using the local characteristic decomposition (LCD), which is
often used in the context of high-order schemes [31] to suppress spurious oscillations,
but can also be implemented to enhance the resolution of second-order schemes; see,
e.g., [6, 8]. This way, we construct efficient and robust adaptive schemes, which achieve
a very high resolution of both jump discontinuities and smooth parts of the computed
solutions.

The rest of the paper is organized as follows. In Section 2, we first review the 1-D
LDCU scheme from [9] and the quasi-linear fifth-order finite-difference scheme from [23],
and then introduce a new 1-D adaptive scheme, which is based on the dynamical split-
ting of the computational domain into three parts: vicinities of the contact discontinuities,
other “rough” parts of the computed solutions, and smooth parts of the computed solu-
tions. In Section 3, we extend the new adaptive scheme to the 2-D case. In Section 4,
we test the developed schemes on a number of 1-D and 2-D numerical examples for the
Euler equations of gas dynamics. The obtained numerical results demonstrate that the
adaptive schemes contain a substantially smaller amount of numerical dissipation and
achieve higher resolution compared with the adaptive schemes from [7]. Finally, in Sec-
tion 5, we provide concluding remarks.

2 Novel 1-D adaptive scheme

In this section, we consider the 1-D hyperbolic system (1.1) and describe a scheme adap-
tion algorithm similar to the one recently introduced in [7]. The novel feature here is
in the treatment of smooth parts of the computed areas detected by the SI; see Subsec-
tions 2.2 and 2.3.
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2.1 1-D low-dissipation central-upwind (LDCU) schemes

In this section, we briefly review the second-order semi-discrete LDCU schemes recently
introduced in [9].

Assuming that the computational domain is covered with the uniform cells Ij :=[
xj− 1

2
,xj+ 1

2

]
with xj+ 1

2
−xj− 1

2
≡∆x centered at xj =

(
xj− 1

2
+xj+ 1

2

)
/2, we suppose that the

computed cell averages,

U j(t) :≈ 1
∆x

∫
Ij

U(x,t)dx,

are available at a certain time level t≥0. Note that, U j(t) like many other indexed quanti-
ties, which will be introduced below, are time-dependent, but from here on, we suppress
their time-dependence for the sake of brevity.

The computed cell averages are evolved in time by numerically solving the following
system of ODEs:

dU j

dt
=−

FLDCU
j+ 1

2
[U]−FLDCU

j− 1
2

[U]

∆x
, (2.1)

where FLDCU
j+ 1

2
[U] are the LDCU numerical fluxes given by (see [9])

FLDCU
j+ 1

2
[U]=

a+
j+ 1

2
F
(
U−

j+ 1
2

)
−a−

j+ 1
2
F
(
U+

j+ 1
2

)
a+

j+ 1
2
−a−

j+ 1
2

+
a+

j+ 1
2
a−

j+ 1
2

a+
j+ 1

2
−a−

j+ 1
2

(
U+

j+ 1
2
−U−

j+ 1
2

)
+qj+ 1

2
.

Here:

• U±
j+ 1

2
are the left- and right-sided point values of U at the cell interface x = xj+ 1

2

reconstructed out of the given set of cell averages {U j} using a proper nonlinear
limiter; see Appendix A;

• a±
j+ 1

2
are the one-sided local speeds of propagation, which can be estimated using

the largest and smallest eigenvalues of the Jacobian A(U) := ∂F
∂U (U);

• qj+ 1
2

is a “built-in” anti-diffusion term, which needs to be derived for a particular
system at hand.

In this paper, we consider the Euler equations of gas dynamics, which, in the 1-D case,
read as (1.1) with

U =
(
ρ,ρu,E

)⊤ and F=
(
ρu,ρu2+p,u(E+p)

)⊤. (2.2)

Here, ρ, u, p, and E are the density, velocity, pressure, and total energy, respectively, and
the system is closed through the following equation of state (EOS) for ideal gases:

p=(γ−1)
[
E− 1

2
ρu2

]
, (2.3)
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where the parameter γ represents the specific heat ratio. For the Euler system (1.1), (2.2)–
(2.3), the one-sided local speeds of propagation can be estimated by

a+
j+ 1

2
=max

{
u+

j+ 1
2
+c+

j+ 1
2
,u−

j+ 1
2
+c−

j+ 1
2
,0
}

, a−
j+ 1

2
=min

{
u+

j+ 1
2
−c+

j+ 1
2
,u−

j+ 1
2
−c−

j+ 1
2
,0
}

,

where

u±
j+ 1

2
=

(ρu)±
j+ 1

2

ρ±
j+ 1

2

, p±
j+ 1

2
=(γ−1)

[
E±

j+ 1
2
− 1

2
ρ±

j+ 1
2

(
u±

j+ 1
2

)2
]
, c±

j+ 1
2
=

√√√√√ γp±
j+ 1

2
ρ±

j+ 1
2

,

and the anti-diffusion term qj+ 1
2

is given by (see [9])

qj+ 1
2
=α∗

j+ 1
2
qρ

j+ 1
2

(
1,u∗

j+ 1
2
,
1
2
(
u∗

j+ 1
2

)2
)⊤

.

Here,

qρ

j+ 1
2
=minmod

((
u∗

j+ 1
2
−a−

j+ 1
2

)(
ρ∗j+ 1

2
−ρ−

j+ 1
2

)
,
(
a+

j+ 1
2
−u∗

j+ 1
2

)(
ρ+

j+ 1
2
−ρ∗j+ 1

2

))
,

and u∗
j+ 1

2
=(ρu)∗

j+ 1
2
/ρ∗

j+ 1
2

with ρ∗
j+ 1

2
and (ρu)∗

j+ 1
2

being the first and second components of

U∗
j+ 1

2
=

a+
j+ 1

2
U+

j+ 1
2
−a−

j+ 1
2
U−

j+ 1
2
−
[

F
(
U+

j+ 1
2

)
−F

(
U−

j+ 1
2

)]
a+

j+ 1
2
−a−

j+ 1
2

,

α∗
j+ 1

2
=



a+
j+ 1

2

a+
j+ 1

2
−u∗

j+ 1
2

, if u∗
j+ 1

2
<0,

a−
j+ 1

2

a−
j+ 1

2
−u∗

j+ 1
2

, otherwise,

and the minmod function is defined by minmod(a,b) := sgn(a)+sgn(b)
2 min(|a|,|b|).

Remark 2.1. The ODE system (2.1) has to be numerically integrated using a sufficiently
accurate and stable ODE solver. In the numerical examples reported in this paper, we
have used the three-stage third-order strong stability preserving (SSP) Runge-Kutta (RK)
method, which reads as (see [17, 18])

UI
j =Uj(t)−

∆t
∆x

(
F j+ 1

2
−F j− 1

2

)
,

UII
j =

3
4

Uj(t)+
1
4

[
UI

j −
∆t
∆x

(
F I

j+ 1
2
−F I

j− 1
2

)]
,

Uj(t+∆t)=
1
3

Uj(t)+
2
3

[
UII

j −
∆t
∆x

(
F II

j+ 1
2
−F II

j− 1
2

)]
,

(2.4)
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where F j+ 1
2
=FLDCU

j+ 1
2

[U], F I
j+ 1

2
=FLDCU

j+ 1
2

[UI], and F II
j+ 1

2
=FLDCU

j+ 1
2

[UII]. In (2.4), the time
step ∆t is selected adaptively based on the following CFL-based stability restriction:

∆t≤ ∆x
2a

, a :=max
j

{
max

(
a+

j+ 1
2
,−a−

j+ 1
2

)}
.

Notice that in (2.4) we have replaced the cell averages of U with its point values
Uj(t) :≈ U(xj,t). This does not affect the accuracy of the second-order scheme as the
difference between the cell averages and point values is proportional to O((∆x)2) for
smooth solutions. On the other hand, switching to the finite-difference evolution is ad-
vantageous as the LDCU scheme is going to be combined with the quasi-linear fifth-order
finite-difference scheme from [23], for which the point values of the solution are to be
evolved in time.

2.2 1-D quasi-linear fifth-order scheme

In this section, we describe the quasi-linear fifth-order finite-difference scheme recently
introduced in [23]. As this scheme is going to be implemented in our adaption algorithm,
we write it in the fully discrete flux form (2.4).

Assuming the point values Uj are available at a certain time level t, the solution is
evolved to the next time level t+∆t according to (2.4) with the following numerical fluxes:

F j+ 1
2
=Lj+ 1

2
[U(t)], F I

j+ 1
2
=Lj+ 1

2

[
UI], F II

j+ 1
2
=Lj+ 1

2

[
UII]−ωj+ 1

2
(t),

where

Lj+ 1
2
[U] :=

1
60

[
F(Uj+3)−8F(Uj+2)+37F(Uj+1)+37F(Uj)−8F(Uj−1)+F(Uj−2)

]
,

ωj+ 1
2
(t) :=

3∆x
128∆t

[
Uj+3(t)−5Uj+2(t)+10Uj+1(t)−10Uj(t)+5Uj−1(t)−Uj−2(t)

]
.

In the next numerical example, we demonstrate that the described 1-D quasi-linear
scheme achieves the fifth order of accuracy in capturing a smooth solution provided ∆t∼
(∆x)

5
3 .

Example 2.1 (1-D Accuracy Test). We consider the following smooth initial data [22]:

u(x,0)=sin
(πx

5
+

π

4

)
, ρ(x,0)=

[
γ−1
2
√

γ
(u(x,0)+10)

] 2
γ−1

, p(x,0)=ργ(x,0),

subject to the periodic boundary conditions in the computational domain [0,10]. We com-
pute the numerical solution until the final time t=0.1 on a sequence of uniform meshes
with ∆x=1/10, 1/20, 1/40, 1/80, 1/160, and 1/320.
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Table 1: The L1-errors and experimental convergence rates for ρ, ρu, and E computed by the quasi-linear
fifth-order scheme.

∆x ρ ρu E
Error Rate Error Rate Error Rate

1/40 1.84e-07 4.76 6.03e-07 4.76 2.67e-06 4.76
1/80 4.89e-09 4.99 1.59e-08 5.00 7.06e-08 5.00

1/160 1.56e-10 4.98 5.11e-10 4.98 2.26e-09 4.98
1/320 5.05e-12 4.97 1.65e-11 4.97 7.30e-11 4.97

We then compute the L1-errors and estimate the experimental convergence rates using
the following Runge formulae, which are based on the solutions computed on the three
consecutive uniform grids with the mesh sizes ∆x, 2∆x, and 4∆x and denoted by (·)∆x,
(·)2∆x, and (·)4∆x, respectively:

Error(∆x)≈ δ2
12

|δ12−δ24|
, Rate(∆x)≈ log2

(
δ24

δ12

)
.

Here, δ12 := ∥(·)∆x−(·)2∆x∥L1 and δ24 := ∥(·)2∆x−(·)4∆x∥L1 . The obtained results are re-
ported in Table 1, where one can clearly see that the fifth order of accuracy is achieved.

2.3 1-D adaptive algorithm

We now turn to the description of the proposed 1-D adaptive scheme. To this end, we
first compute the density-based SI proposed in [29] (see also [7, Section 2.2]), which is
based on the quantities

E ρ
j =

|ρj+1−2ρj+ρj−1|
|ρj+1−ρj|+|ρj−ρj−1|+ε

(
ρj+1+2ρj+ρj−1

) , (2.5)

which we smooth out in the following way:

E ρ
j =

1
6
[
E ρ

j+1+4E ρ
j +E ρ

j−1

]
. (2.6)

The term with ε in (2.5) plays the role of a “noise” filter, which is added in order not
to refine “wiggles” or “ripples” that may appear due to loss of monotonicity; see [29].
The value of ε depends on the problem at hand and in all of the numerical examples
presented in this paper, we use the same value ε=0.2 as in [7, 29]. We then compute the
pressure-based SI, which is calculated using the following quantities, which are similar
to (2.5)–(2.6):

E p
j =

|pj+1−2pj+pj−1|
|pj+1−pj|+|pj−pj−1|+ε

(
pj+1+2pj+pj−1

) , E p
j =

1
6
[
E p

j+1+4E p
j +E p

j−1

]
.
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As in [7], we identify the “rough” parts of the computed solution with the help of E ρ
j ,

which are large wherever the solution is nonsmooth. To distinguish between shock and
contact waves, we take advantage of the fact that, at contact discontinuities, E ρ

j is large,

but E p
j is small, and design the following adaptive strategy:

• Select a tunable constant 0<C1<1 and mark the cells Ij, in which E ρ
j >C1, as “rough”

cells;

• Select a constant 0< C2 < 1 and mark those “rough” cells Ij, in which E p
j < C2, as

“contact” cells.

After identifying three different parts of the computed solution, we design a novel
scheme adaption approach as follows:

• Area A (neighborhoods of the contact discontinuities): Use the second-order LDCU
scheme (Subsection 2.1) with the overcompressive SBM limiter (Appendix A) with
τ=−0.25 in (A.2);

• Area B (the rest of the “rough” parts of the computed solution): Use the second-
order LDCU scheme (Subsection 2.1) with the Minmod2 limiter, which is, in fact, a
dissipative SBM limiter (Appendix A) with τ=0.5 in (A.2);

• Area C (smooth parts of the computed solution): Use the quasi-linear fifth-order
scheme (Subsection 2.2).

3 Novel 2-D adaptive scheme

In this section, we extend the novel 1-D adaptive strategy introduced in Section 2 to the
2-D case.

3.1 2-D low-dissipation central-upwind (LDCU) schemes

In this section, we briefly review the second-order semi-discrete 2-D LDCU schemes in-
troduced in [9].

We assume the computational domain is covered with uniform cells Ij,k :=
[
xj− 1

2
,xj+ 1

2

]
×
[
yk− 1

2
,yk+ 1

2

]
with xj+ 1

2
−xj− 1

2
≡ ∆x and yk+ 1

2
−yk− 1

2
≡ ∆y centered at (xj,yk) with xj =(

xj− 1
2
+xj+ 1

2

)
/2 and yk =

(
yk− 1

2
+yk+ 1

2

)
/2, and that the cell averages

U j,k :≈ 1
∆x∆y

∫∫
Ij,k

U(x,y,t)dxdy

are available at a certain time t≥0.
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According to [9], U j,k are evolved in time by numerically solving the following system
of ODEs:

dU j,k

dt
=−

FLDCU
j+ 1

2 ,k [U]−FLDCU
j− 1

2 ,k [U]

∆x
−
GLDCU

j,k+ 1
2
[U]−GLDCU

j,k− 1
2
[U]

∆y
, (3.1)

where FLDCU
j+ 1

2 ,k [U] and GLDCU
j,k+ 1

2
[U] are the x- and y-directional LDCU numerical fluxes

given by

FLDCU
j+ 1

2 ,k [U]=
a+

j+ 1
2 ,k

F
(
U−

j+ 1
2 ,k

)
−a−

j+ 1
2 ,k

F
(
U+

j+ 1
2 ,k

)
a+

j+ 1
2 ,k

−a−
j+ 1

2 ,k

+
a+

j+ 1
2 ,k

a−
j+ 1

2 ,k

a+
j+ 1

2 ,k
−a−

j+ 1
2 ,k

(
U+

j+ 1
2 ,k

−U−
j+ 1

2 ,k

)
+qx

j+ 1
2 ,k,

GLDCU
j,k+ 1

2
[U]=

b+
j,k+ 1

2
G
(
U−

j,k+ 1
2

)
−b−

j,k+ 1
2
G
(
U+

j,k+ 1
2

)
b+

j,k+ 1
2
−b−

j,k+ 1
2

+
b+

j,k+ 1
2
b−

j,k+ 1
2

b+
j,k+ 1

2
−b−

j,k+ 1
2

(
U+

j,k+ 1
2
−U−

j,k+ 1
2

)
+qy

j,k+ 1
2
.

Here:

• U±
j+ 1

2 ,k
and U±

j,k+ 1
2

are the one-sided point values of U at the midpoints of the cell

interfaces (xj+ 1
2
,yk) and (xj,yk+ 1

2
), respectively. As in the 1-D case, these one-sided

point values are reconstructed out of the given set of cell averages {U j,k} using a
proper nonlinear limiter; see Appendix B;

• a±
j+ 1

2 ,k
and b±

j,k+ 1
2

are the one-sided local speeds of propagation in the x- and y-

directions, respectively. They can be estimated using the largest and smallest eigen-
values of the corresponding Jacobians A(U) := ∂F

∂U (U) and B(U) := ∂G
∂U (U);

• qx
j+ 1

2 ,k
and qy

j,k+ 1
2

are “built-in” anti-diffusion terms, which need to be derived for a

particular system (1.2) at hand.

As in the 1-D case, we focus on the Euler equations of gas dynamics, whose 2-D
version reads as (1.2) with

U =
(
ρ,ρu,ρv,E

)⊤, F=
(
ρu,ρu2+p,ρuv,u(E+p)

)⊤,

G=
(
ρv,ρuv,ρv2+p,v(E+p)

)⊤.
(3.2)

Here, v is the y-velocity and the other variables are the same as in the 1-D case. The
system (1.2), (3.2) is closed through the following EOS for ideal gases:

p=(γ−1)
[
E− ρ

2
(u2+v2)

]
. (3.3)

For the Euler system (1.2), (3.2)–(3.3), the one-sided local speeds of propagation can be
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estimated by

a+
j+ 1

2 ,k
=max

{
u+

j+ 1
2 ,k
+c+

j+ 1
2 ,k

,u−
j+ 1

2 ,k
+c−

j+ 1
2 ,k

,0
}

,

a−
j+ 1

2 ,k
=min

{
u+

j+ 1
2 ,k
−c+

j+ 1
2 ,k

,u−
j+ 1

2 ,k
−c−

j+ 1
2 ,k

,0
}

,

b+
j,k+ 1

2
=max

{
v+

j,k+ 1
2
+c+

j,k+ 1
2
,v−

j,k+ 1
2
+c−

j,k+ 1
2
,0
}

,

b−
j,k+ 1

2
=min

{
v+

j,k+ 1
2
−c+

j,k+ 1
2
,v−

j,k+ 1
2
−c−

j,k+ 1
2
,0
}

,

where

u±
j+ 1

2 ,k
=

(ρu)±
j+ 1

2 ,k

ρ±
j+ 1

2 ,k

, u±
j,k+ 1

2
=

(ρu)±
j,k+ 1

2

ρ±
j,k+ 1

2

, v±
j+ 1

2 ,k
=

(ρv)±
j+ 1

2 ,k

ρ±
j+ 1

2 ,k

, v±
j,k+ 1

2
=

(ρv)±
j,k+ 1

2

ρ±
j,k+ 1

2

,

p±
j+ 1

2 ,k
=(γ−1)

[
E±

j+ 1
2 ,k
− 1

2
ρ±

j+ 1
2 ,k

((
u±

j+ 1
2 ,k

)2
+
(
v±

j+ 1
2 ,k

)2
)]

, c±
j+ 1

2 ,k
=

√√√√√ γp±
j+ 1

2 ,k

ρ±
j+ 1

2 ,k

,

p±
j,k+ 1

2
=(γ−1)

[
E±

j,k+ 1
2
− 1

2
ρ±

j,k+ 1
2

((
u±

j,k+ 1
2

)2
+
(
v±

j,k+ 1
2

)2
)]

, c±
j,k+ 1

2
=

√√√√√ γp±
j,k+ 1

2
ρ±

j,k+ 1
2

.

Finally, a description of the anti-diffusion terms qx
j+ 1

2 ,k
and qy

j,k+ 1
2

can be found in [9], and

here, we omit the details for the sake of brevity.
As in the 1-D case, we numerically integrate the ODE system (3.1) using the three-

stage third-order SSP Runge-Kutta method:

UI
j,k =Uj,k(t)−

∆t
∆x

(
F j+ 1

2 ,k−F j− 1
2 ,k

)
− ∆t

∆y

(
G j,k+ 1

2
−G j,k− 1

2

)
,

UII
j,k =

3
4

Uj,k(t)+
1
4

[
UI

j,k−
∆t
∆x

(
F I

j+ 1
2 ,k−F I

j− 1
2 ,k

)
− ∆t

∆y

(
GI

j,k+ 1
2
−GI

j,k− 1
2

)]
,

Uj,k(t+∆t)=
1
3

Uj,k(t)+
2
3

[
UII

j,k−
∆t
∆x

(
F II

j+ 1
2 ,k−F II

j− 1
2 ,k

)
− ∆t

∆y

(
GII

j,k+ 1
2
−GII

j,k− 1
2

)]
,

(3.4)

where

F j+ 1
2 ,k =FLDCU

j+ 1
2 ,k [U], F I

j+ 1
2 ,k =FLDCU

j+ 1
2 ,k [U

I], F II
j+ 1

2 ,k =FLDCU
j+ 1

2 ,k [U
II],

G j,k+ 1
2
=GLDCU

j,k+ 1
2
[U], GI

j,k+ 1
2
=GLDCU

j,k+ 1
2
[UI], GII

j,k+ 1
2
=GLDCU

j,k+ 1
2
[UII].

In (3.4), the time step ∆t is selected adaptively based on the following CFL-based
stability restriction:

∆t≤min
{

∆x
2a

,
∆y
2b

}
, a :=max

j,k

{
max

(
a+

j+ 1
2 ,k

,−a−
j+ 1

2 ,k

)}
,

b :=max
j,k

{
max

(
b+

j,k+ 1
2
,−b−

j,k+ 1
2

)}
.
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As in the 1-D case, we have replaced in (3.4) the cell averages of U with its point values
Uj,k(t) :≈U(xj,yk,t). This does not affect the accuracy of the second-order scheme as the
difference between the cell averages and point values is proportional to O((∆x)2+(∆y)2)
for smooth solutions.

3.2 2-D quasi-linear fifth-order scheme

In this section, we extend the 1-D quasi-linear fifth-order scheme described in Subsec-
tion 2.2 to the 2-D case. The extension is performed in a “dimension-by-dimension”
manner.

Assuming the point values Uj,k are available at a certain time level t, the solution is
evolved to the next time level t+∆t according to (3.4) with the following numerical fluxes:

F j+ 1
2 ,k =Lx

j+ 1
2 ,k[U(t)], F I

j+ 1
2 ,k =Lx

j+ 1
2 ,k

[
UI], F II

j+ 1
2 ,k =Lx

j+ 1
2 ,k

[
UII]−ωx

j+ 1
2 ,k(t),

G j,k+ 1
2
=Ly

j,k+ 1
2
[U(t)], GI

j,k+ 1
2
=Ly

j,k+ 1
2

[
UI], GII

j,k+ 1
2
=Ly

j,k+ 1
2

[
UII]−ω

y
j,k+ 1

2
(t),

where

Lx
j+ 1

2 ,k[U] :=
1
60

[
F(Uj+3,k)−8F(Uj+2,k)+37F(Uj+1,k)+37F(Uj,k)−8F(Uj−1,k)+F(Uj−2,k)

]
,

ωx
j+ 1

2 ,k(t) :=
3∆x

128∆t
[
Uj+3,k(t)−5Uj+2,k(t)+10Uj+1,k(t)−10Uj,k(t)+5Uj−1,k(t)−Uj−2,k(t)

]
,

Ly
j,k+ 1

2
[U] :=

1
60

[
G(Uj,k+3)−8G(Uj,k+2)+37G(Uj,k+1)+37G(Uj,k)−8G(Uj,k−1)+G(Uj,k−2)

]
,

ω
y
j,k+ 1

2
(t) :=

3∆y
128∆t

[
Uj,k+3(t)−5Uj,k+2(t)+10Uj,k+1(t)−10Uj,k(t)+5Uj,k−1(t)−Uj,k−2(t)

]
.

In the next numerical example, we demonstrate that the developed 2-D quasi-linear
scheme achieves the fifth order of accuracy in capturing a smooth solution.

Example 3.1 (2-D Accuracy Test). We consider the following smooth initial data [3, 36]:

ρ(x,y,0)=
(

1− (γ−1)κ2

2γ

) 1
γ−1

, p(x,y,0)=ργ(x,y,0),

u(x,y,0)=1−κy, v(x,y,0)=1+κx, κ=
5

2π
e

1−x2−y2
2

subject to the periodic boundary conditions in the computational domain [−10,10]×
[−10,10]. The exact solution of this initial value problem is given by U(x,y,t) =U(x−
t,y−t,0).

We compute the numerical solution until the final time t= 0.1 on a sequence of uni-
form meshes with ∆x=∆y=1/10, 1/20, 1/40, and 1/80 and ∆t∼min{(∆x)

5
3 ,(∆y)

5
3 }, and

then measure the L1-errors and the corresponding experimental convergence rates. The
obtained results are presented in Table 2, where one can see that the expected fifth order
of accuracy has been achieved.
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Table 2: The L1-errors and experimental convergence rates for ρ, u, v, and p computed by the quasi-linear
fifth-order scheme.

∆x=∆y ρ u v p
Error Rate Error Rate Error Rate Error Rate

1/10 3.35e-04 — 6.01e-04 — 6.33e-04 — 4.85e-04 —
1/20 1.02e-05 5.03 1.82e-05 5.04 1.97e-05 5.01 1.48e-05 5.04
1/40 3.56e-07 4.85 6.36e-07 4.84 6.89e-07 4.84 5.14e-07 4.85
1/80 1.15e-08 4.95 2.07e-08 4.94 2.24e-08 4.94 1.66e-08 4.95

3.3 2-D adaptive algorithm

We now turn to the description of the proposed 2-D adaptive schemes.
We first introduce the quantities [7], which are similar to (2.5):

E ρ
j,k =

√
E1,ρ

j,k /E2,ρ
j,k ,

E1,ρ
j,k =

(
ρj+1,k−2ρj,k+ρj−1,k

)2
+
(
ρj,k+1−2ρj,k+ρj,k−1

)2,

E2,ρ
j,k =

(
|ρj+1,k−ρj,k|+|ρj,k−ρj−1,k|+ε

[
|ρj+1,k|+2|ρj,k|+|ρj−1,k|

])2

+
(
|ρj,k+1−ρj,k|+|ρj,k−ρj,k−1|+ε

[
|ρj,k+1|+2|ρj,k|+|ρj,k−1|

])2,

and to (2.6):

E ρ
j,k =

1
36

[
E ρ

j−1,k−1+E ρ
j−1,k+1+E ρ

j+1,k−1+E ρ
j+1,k+1

+4
(
E ρ

j−1,k+E ρ
j,k−1+E ρ

j,k+1+E ρ
j+1,k

)
+16E ρ

j,k

]
.

The values of E p
j,k and E p

j,k can be computed in the same manner by replacing ρ with p.

Equipped with E ρ
j,k and E p

j,k, we proceed as in the 1-D case:
As in the 1-D case, we use an overcompressive SBM limiter in the contact wave re-

gions of the computed solution, the Minmod2 limiter in the shock wave regions, and
the fifth-order scheme in the rest parts. To this end, we detect the smoothness of the
numerical solution using the 2-D version of the SI proposed in [29]:

• Select a tunable constant 0 < C1 < 1 and mark the cells Ij,k, in which E ρ
j,k > C1, as

“rough” cells;

• Select a constant 0<C2 < 1 and mark those “rough” cells Ij,k, in which E p
j,k <C2, as

“contact” cells.

After identifying three different parts of the computed solution, we design a 2-D
scheme adaption algorithm as follows:

• Area A (neighborhoods of the contact discontinuities): Use the second-order LDCU
scheme (Subsection 3.1) with the overcompressive SBM limiter (Appendix B) with
τ=−0.25 in (A.2);
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• Area B (the rest of the “rough” parts of the computed solution): Use the second-
order LDCU scheme (Subsection 3.1) with the Minmod2 limiter, which is, in fact, a
dissipative SBM limiter (Appendix B) with τ=0.5 in (A.2);

• Area C (smooth parts of the computed solution): Use the quasi-linear fifth-order
scheme (Subsection 3.2).

4 Numerical examples

In this section, we apply the developed adaptive schemes to both the 1-D and 2-D Eu-
ler equations of gas dynamics and compare the performance of the adaptive schemes
from [7] (OLD schemes) and novel adaptive schemes, which will be referred to as NEW
schemes. We take γ= 1.4 in Examples 4.1–4.8 and γ= 5/3 in Example 4.9. In all of the
examples, we use the CFL number 0.4.

All of the numerical experiments have been conducted on a workstation equipped
with an Intel(R) Core(TM) i7-9750H CPU at 2.6 GHz and 32 GB of RAM. The simulations
were conducted in FORTRAN using GCC version 14.2.0 compiler suite. The reported
CPU times were averaged over thirty independent runs to ensure reproducibility and
minimize variability due to system processes.

4.1 1-D examples

In the 1-D examples, the adaptive solutions will be plotted along with the reference
solutions, which will be computed using the second-order LDCU scheme described in
Subsection 2.1 and implemented with the Minmod2 limiter.

Example 4.1 (Shock-Density Wave Interaction Problem). In the first example taken from
[39], we consider the shock-density wave interaction problem. The initial data,

(ρ,u,p)
∣∣∣
(x,0)

=


(

27
7

,
4
√

35
9

,
31
3

)
, x<−4,

(1+0.2sin(5x),0,1), x>−4,

are prescribed in the computational domain [−5,15] subject to the free boundary condi-
tions.

We compute the numerical solutions by the NEW (with the adaption constants C1 =
0.015 and C2=0.15) and OLD (with the adaption constant C1=0.01) schemes on uniform
meshes with ∆x = 1/40 and 1/100 until the final time t = 5. We present the obtained
numerical results in Fig. 1 together with the reference solution computed on a much
finer mesh with ∆x = 1/1000. One can see that, compared with the OLD scheme, the
NEW one produces a slightly more accurate result; see Fig. 1 (right). At the same time,
there are neither oscillations near the shocks (see Fig. 2 (left)) nor “stair-like” structures
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Figure 1: Example 4.1: Density ρ computed on a uniform mesh with ∆x=1/40 by the NEW and OLD schemes
(left) and zoom at x∈ [9,9.8] (right).

Figure 2: Example 4.1: Density ρ computed on a uniform mesh with ∆x = 1/100 by the NEW and OLD
schemes—zoom at x∈ [2,8] (left) and x∈ [9.2,10.4] (right).

in the smooth parts of the computed solution (see Fig. 2 (right)), when a finer mesh with
∆x=1/100 is used.

We then measure the CPU times consumed by both of the studied schemes on a uni-
form mesh with ∆x=1/4000 and the CPU time consumed by the OLD scheme is about
356% larger than the CPU time consumed by the NEW scheme. This demonstrates that
the NEW scheme is not only more accurate, but also substantially more efficient than its
OLD counterpart. We stress that the NEW scheme is highly efficient due to an extremely
low computational cost of the quasi-linear fifth-order scheme.

As mentioned in the Introduction, a simpler adaptive strategy, in which we simply
replace in the smooth regions the LDCU scheme equipped with the dissipative Minmod2
limiter (as in the OLD scheme from [7]) by the quasi-linear fifth-order scheme from [23],
may fail to produce satisfactory results. In such a simplified version of the modification
of the OLD scheme, which will be referred to as the MODIFIED scheme, we use the same
way to detect “rough” parts of the computed solutions as in [7]: If E ρ

j > C1, the cell Ij is
marked as “rough”.
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Figure 3: Example 4.1: Density ρ computed with ∆x=1/40 and ∆x=1/100 by the MODIFIED scheme (left)
and zoom at x∈ [9,10.2] (right).

Figure 4: Example 4.1: Density ρ computed with ∆x=1/40 and ∆x=1/100 by the MODIFIED scheme (left)
and zoom at x∈ [4,8] (right).

We compute the numerical solutions on uniform meshes with ∆x= 1/40 and 1/100
until the final time t=5 by the MODIFIED scheme with the adaption constant C1 =0.01.
We present the obtained densities in Fig. 3, where one can see that compared with the
NEW and OLD schemes (see Figs. 1 and 2), the MODIFIED one produces “stair-like”
structures, which are especially pronounced on the finer mesh solution. The appearance
of these nonphysical structures suggests that the value C1 = 0.01 is too small and hence
the identified “rough” areas, where the overcompressive limiter is applied, are too wide.
We therefore take a larger value C1 =0.1 and repeat the same computations on the same
two meshes. For this value of C1, no “stair-like” structures are formed even when the
mesh is refined. However, the obtained densities, plotted in Fig. 4, contain oscillations
in the vicinities of shock waves. This suggests that now the identified smooth area is too
wide and the quasi-linear fifth-order scheme is used near the shocks. It is noticeable that
the magnitude of oscillations near the shocks does not decay when the mesh is refined.

We emphasize that the need to employ a slightly more complicated, but far more accu-
rate and robust, NEW adaptive scheme is justified by the failure of a simpler MODIFIED
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Figure 5: Example 4.2: Density ρ computed by the NEW and OLD schemes (left) and zoom at x ∈ [−1,0]
(right).

adaptive scheme in this example. Therefore, we will only compare the NEW and OLD
schemes’ performance in the rest of Section 4.

Example 4.2 (Titarev-Toro Problem). In the second example taken from [40] (see also
[38, 42]), we consider the shock-entropy wave interaction problem with the following
initial conditions:

(ρ,u,p)
∣∣∣
(x,0)

=

{
(1.51695,0.523346,1.805), x<−4.5,
(1+0.1sin(20x),0,1), x>−4.5,

which correspond to a forward-facing shock wave of Mach number 1.1 interacting with
high-frequency density perturbations, that is, as the shock wave moves, the perturbations
spread ahead. We set the free boundary condition at both ends of the computational
domain [−5,5].

We compute the numerical solution until the final time t= 5 by the NEW (with the
adaption constants C1 = 0.02 and C2 = 0.3) and OLD (with the adaption constant C1 =
0.01) schemes on a uniform mesh with ∆x = 1/60. The obtained numerical results are
presented in Fig. 5 along with the reference solution computed on a much finer mesh
with ∆x=1/1600, where one can see that the NEW scheme is substantially more accurate
than the OLD one.

Example 4.3 (Blast Wave Problem). In the last 1-D example, we consider a strong shocks
interaction problem from [46] with the initial data,

(ρ,u,p)
∣∣∣
(x,0)

=


(1,0,1000), x<0.1,
(1,0,0.01), 0.1≤ x≤0.9,
(1,0,100), x>0.9,

prescribed in the computational domain [0,1] subject to the solid wall boundary condi-
tions.
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Figure 6: Example 4.3: Density ρ computed by the NEW and OLD schemes (left) and zoom at x∈ [0.55,0.85].

We compute the numerical solutions until the final time t= 0.038 by the NEW (with
the adaption constants C1 =0.02 and C2 =0.3) and OLD (with the adaption constant C1 =
0.01) schemes on a uniform mesh with ∆x = 1/400 and present the obtained numerical
results in Fig. 6 together with the reference solution computed on a much finer mesh
with ∆x=1/4000. It can be observed that both the NEW and OLD schemes are capable
of achieving a superb resolution of the contact wave located at about x=0.6.

4.2 2-D examples

We now turn to the 2-D numerical examples. In Examples 4.4–4.6, we will consider three
different 2-D Riemann problems from [24]; see also [33, 34, 47].

In all of the examples below, we will show the computed densities and the corre-
sponding “rough” areas detected by the SIs. In the plots obtained by the NEW scheme,
we also highlight in red color the detected “contact” subareas of the “rough” areas.

Example 4.4 (2-D Riemann Problem (Configuration 3)). In this example, the initial con-
ditions,

(ρ,u,v,p)
∣∣∣
(x,y,0)

=


(1.5,0,0,1.5), x>1, y>1,
(0.5323,1.206,0,0.3), x<1, y>1,
(0.138,1.206,1.206,0.029), x<1, y<1,
(0.5323,0,1.206,0.3), x>1, y<1,

are prescribed in the computational domain [0,1.2]×[0,1.2] subject to the free boundary
conditions.

We compute the numerical solution until the final time t= 1 by the NEW (with the
adaption constants C1=0.08 and C2=0.2) and OLD (with the adaption constant C1=0.08)
schemes on a uniform mesh with ∆x = ∆y = 3/2500. The obtained results are plotted
in Fig. 7, where one can see that the NEW scheme slightly outperforms the OLD one in
capturing a sideband instability of the jet in the zones of strong along-jet velocity shear
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Figure 7: Example 4.4: Density ρ computed by the OLD (left) and NEW (right) schemes.

Figure 8: Example 4.4: The “rough” areas detected by the OLD (left) and NEW (right) schemes at the final
time-step.

and the instability along the jets neck. In Fig. 8, we show the detected “rough” areas (for
both the NEW and OLD schemes) and their “contact” subareas (for the NEW scheme).
As one can see, when the NEW scheme is used, the SBM and Minmod2 limiters are
implemented only in a small part of the computational domain.

Example 4.5 (2-D Riemann Problem (Configuration 6)). In this example, the initial con-
ditions,

(ρ,u,v,p)
∣∣∣
(x,y,0)

=


(1,0.75,−0.5,1), x>0.5, y>0.5,
(2,0.75,0.5,1), x<0.5, y>0.5,
(1,−0.75,0.5,1), x<0.5, y<0.5,
(3,−0.75,−0.5,1), x>0.5, y<0.5,

are prescribed in the computational domain [0,1]×[0,1] subject to the free boundary con-
ditions.

We compute the numerical solution until the final time t = 1 by the second-order
LDCU (implemented with the Minmod2 limiter), NEW (with the adaption constants C1=
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Figure 9: Example 4.5: Density ρ computed by the LDCU (left), OLD (middle), and NEW (right) schemes.

Figure 10: Example 4.5: The “rough” areas detected by the OLD (left) and NEW (right) schemes at the final
time-step.

0.06 and C2=0.004), and OLD (with the adaption constant C1=0.1) schemes on a uniform
mesh with ∆x = ∆y = 1/600, and plot the obtained results in Fig. 9, where one can see
that the adaptive schemes clearly outperform the LDCU one. At the same time, the NEW
scheme is capable of capturing much more complicated vortex structures compared with
the OLD scheme, which demonstrates higher resolution and lower numerical dissipation
of the NEW scheme. Note that the “rough” areas identified by both the NEW and OLD
schemes are quite similar; see Fig. 10.

Example 4.6 (2-D Riemann Problem (Configuration 12)). In this example, the initial con-
ditions,

(ρ,u,v,p)
∣∣∣
(x,y,0)

=


(0.5313,0,0,0.4), x>0.5, y>0.5,
(1,0.7276,0,1), x<0.5, y>0.5,
(0.8,0,0,1), x<0.5, y<0.5,
(1,0,0.7276,1), x>0.5, y<0.5,

are prescribed in the computational domain [0,0.6]×[0,0.6] subject to the free boundary
conditions.
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Figure 11: Example 4.6: Density ρ computed by the LDCU (left), OLD (middle), and NEW (right) schemes.

Figure 12: Example 4.6: The “rough” areas detected by the OLD (left) and NEW (right) schemes at the final
time-step.

We compute the numerical solution until the final time t = 0.5 by the second-order
LDCU (implemented with the Minmod2 limiter), NEW (with the adaption constants
C1 = 0.03 and C2 = 0.2), and OLD (with the adaption constant C1 = 0.03) schemes on a
uniform mesh with ∆x = ∆y = 1/1000, and plot the obtained results in Fig. 11. As one
can see, the NEW scheme resolves substantially more vortices, arising along the unstable
contact surfaces, than both the OLD and LDCU schemes. As in the previous examples,
the “rough” areas detected by the NEW and OLD schemes are quite similar; see Fig. 12.

Example 4.7 (Implosion Problem). In this example, we consider the implosion problem
taken from [28]. The initial conditions,

(ρ,u,v,p)
∣∣∣
(x,y,0)

=

{
(0.125,0,0,0.14), |x|+|y|<0.15,
(1,0,0,1), otherwise,

are prescribed in the computational domain [0,0.5]×[0,0.5] with the solid wall boundary
conditions. In this setting, a jet forms near the origin and propagates along the diagonal
y= x direction, and the position of the jet indicates the amount of numerical dissipation
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Figure 13: Example 4.7: Density ρ computed by the OLD (left) and NEW (right) schemes.

Figure 14: Example 4.7: The “rough” areas detected by the OLD (left) and NEW (right) schemes at the final
time-step.

present in the studied numerical schemes. In general, schemes containing large numeri-
cal dissipation may not resolve the jet at all or the jet propagation velocity may be affected
by the numerical diffusion.

We compute the numerical solution until the final time t=2.5 by the NEW (with the
adaption constants C1=0.05 and C2=0.1) and OLD (with the adaption constant C1=0.05)
schemes on a uniform mesh with ∆x=∆y=1/2000 and present the obtained numerical
results in Fig. 13. As one can observe, compared with the OLD scheme, the jet propagates
much further in the diagonal direction in the numerical result computed by the NEW
scheme, which demonstrates that the NEW scheme is less dissipative. In Fig. 14, we
show “rough” areas detected by the NEW and OLD schemes. One can see that when
the NEW scheme is used, a sharper SBM limiter is implemented only in a very small
part of the computational domain, which is substantially smaller than the one detected
as “rough” by the OLD scheme.

Next, we measure the CPU times consumed by the NEW and OLD schemes. The
obtained results show that the CPU time consumed by the OLD scheme is about 122%
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larger than the CPU time consumed by the NEW scheme. This demonstrates that like
in the 1-D case, the 2-D NEW scheme is substantially more efficient than the OLD one
though the efficiency gain in the 2-D case is not as big as in the 1-D one (see Example 4.1).

Example 4.8 (Double Mach Reflection Problem). In this example, we consider the double
Mach reflection problem taken from [46]. The initial conditions,

(ρ,u,v,p)
∣∣∣
(x,y,0)

=

(ρin,uin,vin,pin), x<
1
6
+

y√
3

,

(ρout,uout,vout,pout), otherwise,

with the inflow and outflow values,

(ρin,uin,vin,pin) :=
(

8,
17
√

3
4

,−17
4

,116.5
)

and (ρout,uout,vout,pout) :=(1.4,0,0,1),

are prescribed in the computational domain [0,4]×[0,1]. The supersonic Dirichlet bound-
ary conditions are specified at x=0 and the left part of the lower boundary y=0:

(ρ,u,v,p)
∣∣∣
(0,y,t)

=(ρin,uin,vin,pin), y∈ [0,1], (ρ,u,v,p)
∣∣∣
(x,0,t)

=(ρin,uin,vin,pin), x∈
[
0,

1
6

]
,

the free boundary conditions are imposed at x=4, and the solid wall boundary conditions
are applied at the right part of the lower boundary y=0 for x∈

[1
6 ,4

]
. Finally, at the upper

boundary y=1, the exact Mach 10 moving oblique shock is imposed, namely, we set

(ρ,u,v,p)
∣∣∣
(x,1,t)

=

(ρin,uin,vin,pin), x<
1
6
+

1+20t√
3

,

(ρout,uout,vout,pout), otherwise.

This example is designed to assess the ability of the studied schemes to capture the
complex shock and vortex structures generated when a planar shock impinges on a
wedge. In particular, it challenges the schemes to accurately resolve the progressive
sharpening of the shock that connects the contact surface with the transverse wave.

We compute the numerical solution until the final time t= 0.2 by the studied NEW
(with the adaption constants C1=0.004 and C2=0.4) and OLD (with the adaption constant
C1 = 0.01) schemes as well as by the second-order LDCU scheme implemented with the
Minmod2 limiter. The results obtained on a uniform mesh with ∆x=∆y= 1/200 are in
Fig. 15 (left column). As one can see, both the NEW and OLD schemes clearly outperform
the second-order LDCU scheme, and the NEW scheme solution is slightly sharper and
substantially less oscillatory than the one obtained by the OLD scheme. At the same time,
the “rough” areas detected by the NEW and OLD schemes are quite similar; see Fig. 15
(right column).
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Figure 15: Example 4.8: Density ρ computed by the NEW, OLD, and second-order LDCU schemes (left column)
and the corresponding “rough” areas for the adaptive NEW and OLD schemes (right column).

Example 4.9 (RT Instability). In the last example taken from [35], we investigate the RT
instability, which is a physical phenomenon occurring when a layer of heavier fluid is
placed on top of a layer of lighter fluid. To this end, we first modify the 2-D Euler equa-
tions of gas dynamics (1.2), (3.2)–(3.3) by adding the gravitational source terms acting in
the positive direction of the y-axis into the RHS of the system:

ρt+(ρu)x+(ρv)y =0,

(ρu)t+(ρu2+p)x+(ρuv)y =0,

(ρv)t+(ρuv)x+(ρv2+p)y =ρ,
Et+[u(E+p)]x+[v(E+p)]y =ρv,

and then use the following initial conditions:

(ρ,u,v,p)
∣∣∣
(x,y,0)

=

{
(2,0,−0.025ccos(8πx),2y+1), y<0.5,
(1,0,−0.025ccos(8πx),y+1.5), otherwise,

where c:=
√

γp/ρ is the speed of sound. The solid wall boundary conditions are imposed
at x=0 and x=0.25, and the following Dirichlet boundary conditions are specified at the
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Figure 16: Example 4.9: Density ρ computed by the OLD and NEW adaptive schemes.

top and bottom boundaries:

(ρ,u,v,p)(x,1,t)=(1,0,0,2.5), (ρ,u,v,p)(x,0,t)=(2,0,0,1).

We compute the numerical solution until the final time t = 2.95 by the NEW (with
the adaption constants C1 = 0.08 and C2 = 0.008) and OLD (with the adaption constant
C1=0.08) schemes on a uniform mesh with ∆x=∆y=1/1024 in the computational domain
[0,0.25]×[0,1]. The obtained numerical results are presented in Fig. 16, where one can
see that the NEW scheme is less dissipative than the OLD scheme. As in the previous
examples, we also show the “rough” areas detected by the studied schemes; see Fig. 17,
where one can see that in the NEW scheme, the overcompressive limiter is used in smaller
areas compared with the OLD scheme.

5 Conclusion

We have introduced novel adaptive schemes for hyperbolic systems of conservation laws.
The new schemes are based on a scheme adaption strategy recently introduced in [7].
Like any adaptive scheme, the proposed one utilizes a smoothness indicator (SI) to auto-
matically detect “rough” and smooth parts of the computed solution at each time-step.
We then use the same SI to identify vicinities of contact discontinuities within the de-
tected “rough” areas. In the case of Euler equations of gas dynamics, this is achieved by
applying the SI to the density field, which is discontinuous at contact waves, and to the
pressure, which is continuous there.

After splitting the computational domain into corresponding three areas—“contact”,
“rough”, and “smooth”—we apply different schemes inside each of them. In the
“contact” areas, we use the low-dissipation central-upwind (LDCU) scheme with the
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Figure 17: Example 4.9: The “rough” areas detected by the OLD and NEW schemes.

overcompressive SBM limiter, which helps to extremely sharply resolve contact discon-
tinuities. In the rest of the “rough” areas, we use the LDCU scheme with the dissipative
Minmod2 limiter, which helps to both capture shock waves in a non-oscillatory manner
and prevent appearance of artificial staircase-like structures, which may be developed
when the overcompressive limiter is used. Finally, in the “smooth” area, we use a
recently proposed very simple quasi-linear fifth-order finite-difference scheme, which
helps to extremely accurately capture smooth parts of the computed solution.

The new adaptive schemes have been tested on a number of one- and two-dimension-
al numerical examples, which clearly demonstrate the ability of the proposed schemes to
achieve very high resolution, while being robust. We also show that the new schemes
clearly outperform the adaptive schemes from [7], while being substantially more effi-
cient thanks to a very low computational cost of the quasi-linear fifth-order schemes.
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Appendix A 1-D LCD-based piecewise linear reconstruction

In this appendix, we briefly describe a family of SBM limiters introduced in [27], which
are applied to the local characteristic variables to compute the one-sided point values
U±

j+ 1
2
. To this end, we first introduce the matrices Âj+ 1

2
= A

(
Ûj+ 1

2

)
, where Ûj+ 1

2
=
(
U j+

U j+1
)
/2, and compute the matrices Rj+ 1

2
and R−1

j+ 1
2

such that R−1
j+ 1

2
Âj+ 1

2
Rj+ 1

2
is diagonal.

We then introduce the local characteristic variables Γ in the neighborhood of x= xj+ 1
2
:

Γℓ :=R−1
j+ 1

2
U j+ℓ, ℓ=−1,0,1,2.

Equipped with the values Γ−1, Γ0, Γ1, and Γ2, we compute the slopes

(Γx)0=ϕSBM
θ,τ

(
Γ1−Γ0

Γ0−Γ−1

)
Γ0−Γ−1

∆x
, (Γx)1=ϕSBM

θ,τ

(
Γ2−Γ1

Γ1−Γ0

)
Γ1−Γ0

∆x
, (A.1)

where the two-parameter SBM function

ϕSBM
θ,τ (r) :=


0, r≤0,
min{rθ,1+τ(r−1)}, 0< r≤1,
rϕSBM

θ,τ ( 1
r ), otherwise,

(A.2)

is applied in the component-wise manner. Equipped with (A.1), we evaluate

Γ−
1
2
=Γ0+

∆x
2
(Γx)0, Γ+

1
2
=Γ1−

∆x
2
(Γx)1, (A.3)

and then obtain the corresponding point values of U by U±
j+ 1

2
=Rj+ 1

2
Γ±

1
2

.

Remark A.1. The parameters θ ∈ [1,2] and τ in (A.2) can be used to adjust the amount
of numerical dissipation present in the resulting scheme. Generally, larger values of θ
lead to sharper but potentially more oscillatory reconstructions. In all of the numerical
examples presented in this paper, we have taken θ=2.

According to [27], the behavior of the SBM limiter depends on τ in the following
manner:

• When τ≥0.5, the limiter is dissipative, which often leads to strong smearing of con-
tact discontinuities over time;

• For 0≤ τ< 0.5, the limiter is compressive, sharply resolving contact waves within a
few grid points; however, smooth extrema may be slightly compressed, introducing
small kinks in otherwise continuous profiles;

• If τ<0, the limiter is overcompressive, preserving contact discontinuities sharply over
long times but overcompressing smooth regions, possibly producing artificial O(1)
jump discontinuities there.

Remark A.2. The matrices Rj+ 1
2

and R−1
j+ 1

2
in the case of the Euler equations of gas dy-

namics can be found in [4, Appendix A].
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Appendix B 2-D LCD-based piecewise linear reconstruction

In this appendix, we describe how to reconstruct the one-sided point values U±
j+ 1

2 ,k
(the

point values U±
j,k+ 1

2
can be computed in a similar manner and we omit the details for the

sake of brevity). To this end, as in the 1-D case, we first introduce the local characteristic
variables in the neighborhood of (x,y)=(xj+ 1

2
,yk):

Γℓ :=R−1
j+ 1

2 ,k
U j+ℓ,k, ℓ=−1,0,1,2,

where the matrix Rj+ 1
2 ,k is such that R−1

j+ 1
2 ,k

Âj+ 1
2 ,kRj+ 1

2 ,k is diagonal and a locally linearized

Jacobian is Âj+ 1
2 ,k := A

(
(U j,k+U j+1,k)/2

)
. We then compute Γ±

1
2

using (A.1)–(A.3), and

finally obtain the corresponding point values of U by U±
j+ 1

2 ,k
=Rj+ 1

2 ,kΓ±
1
2

.

Remark B.1. The matrices Rj+ 1
2 ,k and R−1

j+ 1
2 ,k

for the 2-D Euler equations of gas dynamics

(1.2), (3.2)–(3.3) can be found in [4, Appendix C].
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