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We introduce new second-order adaptive low-dissipation central-upwind (LDCU) schemes for 
the one- and two-dimensional hyperbolic systems of conservation laws. The new adaptive LDCU 
schemes employ the recently proposed LDCU numerical fluxes computed using the point values 
reconstructed with the help of adaptively selected nonlinear limiters. To this end, we use a 
smoothness indicator to detect ``rough'' parts of the computed solution, where the piecewise 
linear reconstruction is performed using an overcompressive limiter, which leads to extremely 
sharp resolution of shock and contact waves. In the ``smooth'' areas, we use a more dissipative 
limiter to prevent appearance of artficial kinks and staircase-like structures there. In order to 
avoid oscillations, we perform the reconstruction in the local characteristic variables obtained 
using the local characteristic decomposition. We use a smoothness indicator from Löhner (1987) 
[34] and apply the developed schemes to the one- and two-dimensional Euler equations of 
gas dynamics. The obtained numerical results clearly demonstrate that the new adaptive LDCU 
schemes outperform the original ones.

1. Introduction

This paper focuses on developing new adaptive numerical methods for the hyperbolic systems of conservation laws, which in the 
one- (1-D) and two-dimensional (2-D) cases, read as

𝑼 𝑡 + 𝑭 (𝑼 )𝑥 = 𝟎, (1.1)

and

𝑼 𝑡 + 𝑭 (𝑼 )𝑥 +𝑮(𝑼 )𝑦 = 𝟎, (1.2)

respectively. Here, 𝑥 and 𝑦 are spatial variables, 𝑡 is the time, 𝑼 ∈ ℝ𝑑 is a vector of unknown functions, and 𝑭 ∶ ℝ𝑑 → ℝ𝑑 and 
𝑮 ∶ℝ𝑑 →ℝ𝑑 are nonlinear fluxes.
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It is well-known that even when the initial data are smooth, solutions of (1.1) and (1.2) can produce extremely complex nonsmooth 
wave patterns including shocks, rarefactions, and contact discontinuities. This makes it quite challenging to develop accurate and 
reliable shock-capturing numerical methods for (1.1) and (1.2).

A library of numerical methods for the studied systems has been introduced since the pioneering works of Friedrichs [11], Lax [30], 
and Godunov [16]. We refer the reader to the monographs and review papers [2,15,21,31,43,47] and references therein, where one 
can find a description of many existing numerical methods. In this paper, we restrict our consideration to semi-discrete finite-volume 
(FV) methods, where the solution, represented in terms of its cell averages, is evolved in time with the help of the numerical fluxes, 
computed, in turn, using the reconstructed point values of 𝑼 at the boundaries of the FV cells. Many of such schemes are upwind 
in the sense that their numerical fluxes are based on either exact or approximate solution of the (generalized) Riemann problems 
arising at each cell interface. We, however, focus on the Riemann-solver-free central-upwind (CU) schemes, which provide one with 
accurate, efficient, and robust tools for a wide variety of hyperbolic systems. The CU schemes belong to the class of non-oscillatory 
central schemes, but they have a certain upwind nature as they rely on the local one-sided speeds of propagation, which can be 
estimated using the largest and smallest eigenvalues of the corresponding Jacobians. The original CU schemes from [27,28] contain 
relatively large amount of numerical dissipation, which was reduced in [25] and recently in [4,29], where built-in ``anti-diffusion'' 
terms were introduced. The amount of numerical dissipation can be also reduced by applying the local characteristic decomposition 
(LCD) technique to the numerical diffusion of the CU fluxes; see [3].

In this paper, we use the low-dissipation CU (LDCU) numerical fluxes from [4], and further enhance the resolution of the ``rough'' 
parts of the computed solution by applying a new scheme adaption approach: The point values used to evaluate the LDCU fluxes are 
reconstructed with the help of adaptively selected nonlinear limiters, which are, in general, required to make the reconstructed point 
values non-oscillatory. A variety of limiters are available; see, e.g., [2,21,31,32,36,46,47] and references therein. Many of the limiters 
can be classfied as dissipative, compressive, or overcompressive as it was done in [32]. The use of compressive and overcompressive 
limiters leads to very sharp resolution of discontinuous parts of the approximated solution, while dissipative limiters may smear the 
jumps. At the same time, applying compressive and overcompressive limiters in the smooth areas typically results in the artficial 
sharpening of the smooth solution prfiles, that is, in the appearance of kinks or staircase-like structures, or even non-physical jump 
discontinuities.

We therefore switch between different limiters. To this end, we need to automatically detect ``rough'' (nonsmooth) parts of the 
computed solution with the help of a smoothness indicator (SI). Many different SIs are readily available; see, e.g., [1,5,8,12--14,19,20, 
23,24,26,34,37,39,45,48,50,53,54]. We have tested the SIs based on minmod shock indicators [20,45,53], entropy production [37], 
weak local residuals [5,23,24,26], radial based function [50], and neural network [54]. They all lead to descent adaptive schemes, but 
none of them was truly robust in the sense that we could not achieve extremely high resolution of constant waves without affecting a 
quality of resolution of smooth parts of the computed solution. The only SI, which robustly performed in all of the tested numerical 
examples was the SI proposed in [34] (also see [35]). In the areas identfied as being ``rough'', we use the overcompressive SBM 
limiters from [32], while switching to the dissipative Minmod2 limiter elsewhere. It is well-known that the use of any of these two 
limiters may lead to numerical oscillations in the vicinities of shock and contact discontinuities. In order to reduce these oscillations, 
we perform the reconstruction in the local characteristic variables rather than in the conservative or primitive ones (this strategy was 
advocated in, e.g., [38]). We switch to the characteristic variables using the LCD, which is often used in the context of high-order 
schemes, but can also be implemented to enhance the resolution of second-order schemes; see, e.g., [3,22,38,43] and references 
therein.

The paper is organized as follows. In §2, we review the recently proposed 1-D LDCU scheme from [4] and then introduce the new 
adaptive LDCU scheme. In §3, we extend the proposed adaptive scheme to the 2-D case. In §4, we apply the developed schemes to a 
number of 1-D and 2-D numerical examples for the Euler equations of gas dynamics. We demonstrate that the adaptive LDCU schemes 
contain substantially smaller amount of numerical dissipation and achieve much higher resolution compared with the LDCU schemes 
based on the Minmod2 limiters applied throughout the entire computational domain. Finally, we give some concluding remarks in 
§5.

2. One-dimensional scheme adaption algorithm

In this section, we consider the 1-D conservation laws (1.1) and describe the 1-D adaptive algorithm.

2.1. 1-D low-dissipation central-upwind (LDCU) schemes

Assume that the computational domain is covered with the uniform cells 𝐶𝑗 ∶= [𝑥
𝑗− 1

2
, 𝑥

𝑗+ 1
2
] with 𝑥

𝑗+ 1
2
− 𝑥

𝑗− 1
2
≡Δ𝑥 centered at 

𝑥𝑗 = (𝑥
𝑗− 1

2
+ 𝑥

𝑗+ 1
2
)∕2 and denote by 𝑼 𝑗 (𝑡) cell averages of 𝑼 (⋅, 𝑡) over the corresponding intervals 𝐶𝑗 , that is,

𝑼 𝑗 (𝑡) ∶≈
1
Δ𝑥 ∫

𝐶𝑗

𝑼 (𝑥, 𝑡) d𝑥.

We suppose that at a certain time 𝑡 ≥ 0, the point values of the computed solution 𝑼 𝑗 (𝑡) are available. Note that all of the indexed 
quantities are time-dependent, but from here on, we will suppress this dependence for the sake of brevity.
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According to the semi-discrete LDCU scheme from [4], the computed cell averages are evolved in time by numerically solving the 
following system of ordinary differential equations (ODEs):

d𝑼 𝑗

d𝑡
= −


𝑗+ 1

2
− 

𝑗− 1
2

Δ𝑥
, (2.1)

where 
𝑗+ 1

2
are the LDCU numerical fluxes dfined by


𝑗+ 1

2
=

𝑎+
𝑗+ 1

2

𝑭 −
𝑗+ 1

2
− 𝑎−

𝑗+ 1
2

𝑭 +
𝑗+ 1

2

𝑎+
𝑗+ 1

2

− 𝑎−
𝑗+ 1

2

+
𝑎+
𝑗+ 1

2

𝑎−
𝑗+ 1

2

𝑎+
𝑗+ 1

2

− 𝑎−
𝑗+ 1

2

(
𝑼+

𝑗+ 1
2
−𝑼−

𝑗+ 1
2

)
+ 𝒒

𝑗+ 1
2
.

Here, 𝑭 ±
𝑗+ 1

2

∶= 𝑭
(
𝑼±

𝑗+ 1
2

)
and 𝑼±

𝑗+ 1
2

are the right/left-sided point values of 𝑼 at the cell interface 𝑥 = 𝑥
𝑗+ 1

2
. The point values 𝑼±

𝑗+ 1
2

are reconstructed out of the given set of cell averages {𝑼 𝑗} using a proper nonlinear limiter; see §2.1.1. The one-sided local speeds 
of propagation 𝑎±

𝑗+ 1
2

are estimated using the largest and the smallest eigenvalues of the Jacobian 𝐴(𝑼 ) ∶= 𝜕𝑭

𝜕𝑼
(𝑼 ), 𝜆1(𝐴(𝑼 )) ≤… ≤ 

𝜆𝑑 (𝐴(𝑼 )). This can be done, for example, by taking

𝑎+
𝑗+ 1

2
= max

{
𝜆𝑑

(
𝐴(𝑼+

𝑗+ 1
2
)
)
, 𝜆𝑑

(
𝐴(𝑼−

𝑗+ 1
2
)
)
,0

}
,

𝑎−
𝑗+ 1

2
= min

{
𝜆1

(
𝐴(𝑼+

𝑗+ 1
2
)
)
, 𝜆1

(
𝐴(𝑼−

𝑗+ 1
2
)
)
,0

}
.

Finally, 𝒒
𝑗+ 1

2
is a built-in ``anti-diffusion'' term, which can be derived for a particular system at hand. For instance, we consider 

the 1-D Euler equations of gas dynamics, which read as (1.1) with

𝑼 =
(
𝜌, 𝜌𝑢,𝐸

)⊤ and 𝑭 =
(
𝜌𝑢, 𝜌𝑢2 + 𝑝, 𝑢(𝐸 + 𝑝)

)⊤
. (2.2)

Here, 𝜌, 𝑢, 𝑝, and 𝐸 are the density, velocity, pressure, and total energy, respectively, and the system is completed through the 
following equations of state (EOS) for ideal gases:

𝑝 = (𝛾 − 1)
[
𝐸 − 1

2
𝜌𝑢2

]
, (2.3)

where the parameter 𝛾 represents the specific heat ratio. For the Euler system (1.1), (2.2), (2.3), the ``anti-diffusion'' term 𝒒
𝑗+ 1

2
has 

been rigorously derived in [4,29] and it is given by

𝒒
𝑗+ 1

2
= 𝛼∗

𝑗+ 1
2
𝑞
𝜌

𝑗+ 1
2

⎛⎜⎜⎜⎜⎝
1

𝑢∗
𝑗+ 1

2
1
2

(
𝑢∗
𝑗+ 1

2

)2
⎞⎟⎟⎟⎟⎠

with

𝑞
𝜌

𝑗+ 1
2

= minmod
((

𝑢∗
𝑗+ 1

2
− 𝑎−

𝑗+ 1
2

)(
𝜌∗
𝑗+ 1

2
− 𝜌−

𝑗+ 1
2

)
,
(
𝑎+
𝑗+ 1

2

− 𝑢∗
𝑗+ 1

2

)(
𝜌+
𝑗+ 1

2

− 𝜌∗
𝑗+ 1

2

))
, 𝑢∗

𝑗+ 1
2
=

(𝜌𝑢)∗
𝑗+ 1

2

𝜌∗
𝑗+ 1

2

,

𝜌∗
𝑗+ 1

2

and (𝜌𝑢)∗
𝑗+ 1

2

being the first and second components of

𝑼∗
𝑗+ 1

2
=

𝑎+
𝑗+ 1

2

𝑼+
𝑗+ 1

2

− 𝑎−
𝑗+ 1

2

𝑼−
𝑗+ 1

2
−

[
𝑭

(
𝑼+

𝑗+ 1
2

)
− 𝑭

(
𝑼−

𝑗+ 1
2

)]
𝑎+
𝑗+ 1

2

− 𝑎−
𝑗+ 1

2

,

𝛼∗
𝑗+ 1

2
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝑎+
𝑗+ 1

2

𝑎+
𝑗+ 1

2

− 𝑢∗
𝑗+ 1

2

if 𝑢∗
𝑗+ 1

2
< 0,

𝑎−
𝑗+ 1

2

𝑎−
𝑗+ 1

2

− 𝑢∗
𝑗+ 1

2

otherwise,

and minmod(𝑎, 𝑏) ∶=
sgn(𝑎) + sgn(𝑏)

2
min(|𝑎|, |𝑏|).

2.1.1. Nonlinear limiters

As mentioned before, the point values 𝑼±
𝑗+ 1

2

are obtained with the help of a conservative piecewise linear reconstruction, designed 

using a proper nonlinear limiter. In this paper, we use a family of the SBM limiters (introduced in [32]) applied to the local charac
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Fig. 2.1. Sketch of the family of SBM limiters (𝜙SBM
𝜃,𝜏

as functions of 𝑟) for 𝜃 = 2 and 𝜏 = 1, 0.5, 0, and −0.25.

teristic variables. To this end, we introduce the matrices 𝐴
𝑗+ 1

2
=𝐴

(
(𝑼 𝑗 +𝑼 𝑗+1)∕2

)
and compute the matrices 𝑅

𝑗+ 1
2

and 𝑅−1
𝑗+ 1

2

such 

that 𝑅−1
𝑗+ 1

2

𝐴
𝑗+ 1

2
𝑅

𝑗+ 1
2

are diagonal matrices. We then introduce the local characteristic variables 𝚪 in the neighborhood of 𝑥 = 𝑥
𝑗+ 1

2
:

𝚪𝑘 =𝑅−1
𝑗+ 1

2
𝑼𝑘, 𝑘 = 𝑗 − 1, 𝑗, 𝑗 + 1, 𝑗 + 2.

Equipped with the values 𝚪𝑗−1, 𝚪𝑗 , 𝚪𝑗+1, and 𝚪𝑗+2, we compute the slopes

(𝚪𝑥)𝑗 = 𝜙SBM
𝜃,𝜏

(𝚪𝑗+1 − 𝚪𝑗

𝚪𝑗 − 𝚪𝑗−1

) 𝚪𝑗 − 𝚪𝑗−1

Δ𝑥
(2.4)

and

(𝚪𝑥)𝑗+1 = 𝜙SBM
𝜃,𝜏

(𝚪𝑗+2 − 𝚪𝑗+1

𝚪𝑗+1 − 𝚪𝑗

) 𝚪𝑗+1 − 𝚪𝑗

Δ𝑥
, (2.5)

where the two-parameter SBM function

𝜙SBM
𝜃,𝜏

(𝑟) ∶=
⎧⎪⎨⎪⎩
0 if 𝑟 < 0,
min{𝑟𝜃,1 + 𝜏(𝑟− 1)} if 0 < 𝑟 ≤ 1,
𝑟𝜙SBM

𝜃,𝜏
( 1
𝑟
) otherwise,

(2.6)

is applied in the component-wise manner.

The parameters 𝜃 ∈ [1,2] and 𝜏 in (2.6) can be used to control the amount of numerical dissipation present in the resulting scheme. 
First, larger 𝜃’s correspond to less dissipative but, in general, more oscillatory reconstructions. In all of the numerical examples 
reported in §4, we have taken 𝜃 = 2. Second, according to [32], if 𝜏 ≥ 0.5, then the SBM limiter is dissipative and its use typically 
causes contact discontinuities to be severely smeared in time. If 0 ≤ 𝜏 < 0.5, then the SBM limiter is compressive and in this case, 
contact waves are usually resolved sharply within few points, but smooth extrema might be slightly compressed resulting in continuous 
solution prfiles having a kink. If 𝜏 < 0, then the limiter is overcompressive so that contact discontinuities typically stay very sharp 
for long time, while smooth solutions become overcompressed as time evolves resulting in the appearance of artficial (1) jump 
discontinuities. In Fig. 2.1, we plot several 𝜙SBM

𝜃,𝜏
as functions of 𝑟 for 𝜃 = 2 and 𝜏 = 1, 0.5, 0, and −0.25, where one can see that the 

effects of dissipation, compression, and overcompression are clearly distinguishable. For more details, we refer the reader to [32]. 
Equipped with (2.4) and (2.5), we evaluate

𝚪−
𝑗+ 1

2
= 𝚪𝑗 +

Δ𝑥

2
(𝚪𝑥)𝑗 and 𝚪+

𝑗+ 1
2
= 𝚪𝑗+1 −

Δ𝑥

2
(𝚪𝑥)𝑗+1,

and then obtain the corresponding point values of 𝑼 by

𝑼±
𝑗+ 1

2

=𝑅
𝑗+ 1

2
𝚪±
𝑗+ 1

2

.

Remark 2.1. For detailed explanations on how the matrices 𝑅
𝑗+ 1

2
and 𝑅−1

𝑗+ 1
2

are computed in the case of the Euler equation of gas 

dynamics, we refer the reader to [3, Appendix A].
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2.2. One-dimensional adaptive schemes

We now turn to the description of the proposed adaptive schemes. The key ingredient of the new schemes is the use of the different 
limiters from the family (2.6) in different parts of the computational domain. In particular, we use an overcompressive limiter with 
𝜏 = −0.25 in the ``rough'' parts of the computed solution and a dissipative limiter with 𝜏 = 0.5 elsewhere. The latter limiter is, in fact, 
the Minmod2 limiter, which can be written in a simpler form since (2.4) and (2.5) with 𝜃 = 2 and 𝜏 = 0.5 reduce to

(𝚪𝑥)𝑗 =minmod
(
2
𝚪𝑗 − 𝚪𝑗−1

Δ𝑥
,
𝚪𝑗+1 − 𝚪𝑗−1

2Δ𝑥
, 2

𝚪𝑗+1 − 𝚪𝑗

Δ𝑥

)
,

and

(𝚪𝑥)𝑗+1 = minmod
(
2
𝚪𝑗+1 − 𝚪𝑗

Δ𝑥
,
𝚪𝑗+2 − 𝚪𝑗

2Δ𝑥
, 2

𝚪𝑗+2 − 𝚪𝑗+1

Δ𝑥

)
.

In order to implement this simple scheme adaption approach, we need to automatically detect ``rough'' parts of the computed 
solution. This is done using the SI proposed in [34]. This SI is based on the quantities

𝑗 = |𝜌𝑗+1 − 2𝜌𝑗 + 𝜌𝑗−1||𝜌𝑗+1 − 𝜌𝑗 |+ |𝜌𝑗 − 𝜌𝑗−1|+ 𝜀
[|𝜌𝑗+1|+ 2|𝜌𝑗 |+ |𝜌𝑗−1|] (2.7)

which we average in the following way:

 𝑗 =
1
6

[𝑗+1 + 4𝑗 + 𝑗−1].
Note that both 0 ≤ 𝑗 < 1 and 0 ≤  𝑗 < 1.

Remark 2.2. According to [34], the term with 𝜀 plays the role of a ``noise'' filter, which is added in order not to rfine ``wiggles'' or 
``ripples'' that may appear due to loss of monotonicity. The value of 𝜀 depends on the problem at hand.

We use the following simple strategy for the automatic detection of ``rough'' parts of the computed solution {𝑼 𝑗}: We mark the 
cell 𝐶𝑗 as ``rough'' as long as

 𝑗 > C,

where C is a positive tunable constant to be selected for each problem at hand. The robustness of this shock detection strategy depends 
on the sensitivity of the proposed algorithm to the choice of C. We tune C on a coarse mesh and then use the same value for fine 
mesh computations. Such tuning process is demonstrated in Example 1 in §4.

In general, finding an optimal C may be a very delicate task. However, our numerical experiments suggest that this tuning approach 
is reliable and the resulting scheme is both highly accurate and robust.

3. Two-dimensional scheme adaption algorithm

In this section, we extend the 1-D adaptive strategy introduced in §2 to the 2-D hyperbolic systems of conservation laws (1.2).

3.1. 2-D low-dissipation central-upwind (LDCU) schemes

Let the computational domain be covered with uniform cells 𝐶𝑗,𝑘 ∶= [𝑥
𝑗− 1

2
, 𝑥

𝑗+ 1
2
] × [𝑦

𝑘− 1
2
, 𝑦

𝑘+ 1
2
] with 𝑥

𝑗+ 1
2
− 𝑥

𝑗− 1
2
≡ Δ𝑥 and 

𝑦
𝑘+ 1

2
− 𝑦

𝑘− 1
2
≡Δ𝑦 centered at (𝑥𝑗 , 𝑦𝑘) with 𝑥𝑗 = (𝑥

𝑗− 1
2
+ 𝑥

𝑗+ 1
2
)∕2 and 𝑦𝑘 = (𝑦

𝑘− 1
2
+ 𝑦

𝑘+ 1
2
)∕2. We assume that the cell averages,

𝑼 𝑗,𝑘 ∶≈
1

Δ𝑥Δ𝑦 ∬
𝐶𝑗,𝑘

𝑼 (𝑥, 𝑦, 𝑡) d𝑦d𝑥,

have been computed at a certain time 𝑡 ≥ 0.

According to the semi-discrete LDCU scheme from [4], the computed cell averages are evolved in time by numerically solving the 
following system of ODEs:

d𝑼 𝑗,𝑘

d𝑡
= −


𝑗+ 1

2 ,𝑘
− 

𝑗− 1
2 ,𝑘

Δ𝑥
−


𝑗,𝑘+ 1

2
− 

𝑗,𝑘− 1
2

Δ𝑦
, (3.1)

where 
𝑗+ 1

2 ,𝑘
= 

𝑗+ 1
2 ,𝑘

(
𝑼−

𝑗+ 1
2 ,𝑘

,𝑼+
𝑗+ 1

2 ,𝑘

)
and 

𝑗,𝑘+ 1
2
= 

𝑗,𝑘+ 1
2

(
𝑼−

𝑗,𝑘+ 1
2
,𝑼+

𝑗,𝑘+ 1
2

)
are the LDCU numerical fluxes dfined by
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
𝑗+ 1

2 ,𝑘
=

𝑎+
𝑗+ 1

2 ,𝑘
𝑭 −

𝑗+ 1
2 ,𝑘

− 𝑎−
𝑗+ 1

2 ,𝑘
𝑭 +

𝑗+ 1
2 ,𝑘

𝑎+
𝑗+ 1

2 ,𝑘
− 𝑎−

𝑗+ 1
2 ,𝑘

+
𝑎+
𝑗+ 1

2 ,𝑘
𝑎−
𝑗+ 1

2 ,𝑘

𝑎+
𝑗+ 1

2 ,𝑘
− 𝑎−

𝑗+ 1
2 ,𝑘

[
𝑼+

𝑗+ 1
2 ,𝑘

−𝑼−
𝑗+ 1

2 ,𝑘

]
+ 𝒒𝑥

𝑗+ 1
2 ,𝑘

,


𝑗,𝑘+ 1

2
=

𝑏+
𝑗,𝑘+ 1

2

𝑮−
𝑗,𝑘+ 1

2
− 𝑏−

𝑗,𝑘+ 1
2

𝑮+
𝑗,𝑘+ 1

2

𝑏+
𝑗,𝑘+ 1

2

− 𝑏−
𝑗,𝑘+ 1

2

+
𝑏+
𝑗,𝑘+ 1

2

𝑏−
𝑗,𝑘+ 1

2

𝑏+
𝑗,𝑘+ 1

2

− 𝑏−
𝑗,𝑘+ 1

2

[
𝑼−

𝑗,𝑘+ 1
2
−𝑼+

𝑗,𝑘+ 1
2

]
+ 𝒒

𝑦

𝑗,𝑘+ 1
2

.

Here, 𝑭 ±
𝑗+ 1

2 ,𝑘
∶= 𝑭

(
𝑼±

𝑗+ 1
2 ,𝑘

)
and 𝑮±

𝑗,𝑘+ 1
2

∶= 𝑮
(
𝑼±

𝑗,𝑘+ 1
2

)
, and 𝑼±

𝑗+ 1
2 ,𝑘

and 𝑼±
𝑗,𝑘+ 1

2

are the one-sided point values of 𝑼 at the cell 

interfaces (𝑥
𝑗+ 1

2
, 𝑦𝑘) and (𝑥𝑗 , 𝑦𝑘+ 1

2
), respectively. We reconstruct the point values 𝑼±

𝑗+ 1
2 ,𝑘

and 𝑼±
𝑗,𝑘+ 1

2

using the LCD; see Appendix A

for details. The one-sided local speeds of propagation in the 𝑥- and 𝑦-directions, 𝑎±
𝑗+ 1

2 ,𝑘
and 𝑏±

𝑗,𝑘+ 1
2

, can be estimated by the largest 

and smallest eigenvalues of the Jacobians 𝐴(𝑼 ) ∶= 𝜕𝑭

𝜕𝑼
(𝑼 ) and 𝐵(𝑼 ) ∶= 𝜕𝑮

𝜕𝑼
(𝑼 ), for example, by setting

𝑎+
𝑗+ 1

2 ,𝑘
=max

{
𝜆𝑑

(
𝐴(𝑼+

𝑗+ 1
2 ,𝑘

)
)
, 𝜆𝑑

(
𝐴(𝑼−

𝑗+ 1
2 ,𝑘

)
)
,0

}
,

𝑎−
𝑗+ 1

2 ,𝑘
=min

{
𝜆1

(
𝐴(𝑼+

𝑗+ 1
2 ,𝑘

)
)
, 𝜆1

(
𝐴(𝑼−

𝑗+ 1
2 ,𝑘

)
)
,0

}
,

𝑏+
𝑗,𝑘+ 1

2
= max

{
𝜆𝑑

(
𝐵(𝑼+

𝑗,𝑘+ 1
2
)
)
, 𝜆𝑑

(
𝐵(𝑼−

𝑗,𝑘+ 1
2
)
)
,0

}
,

𝑏−
𝑗,𝑘+ 1

2
= min

{
𝜆1

(
𝐵(𝑼+

𝑗,𝑘+ 1
2
)
)
, 𝜆1

(
𝐵(𝑼−

𝑗,𝑘+ 1
2
)
)
,0

}
.

Finally, 𝒒𝑥

𝑗+ 1
2 ,𝑘

and 𝒒𝑦

𝑗,𝑘+ 1
2

are built-in ``anti-diffusion'' terms, which can be derived for a particular system (1.2) at hand. For 

instance, we consider the 2-D Euler equations of gas dynamics, which read as (1.2) with

𝑼 =
(
𝜌, 𝜌𝑢, 𝜌𝑣,𝐸

)⊤
, 𝑭 =

(
𝜌𝑢, 𝜌𝑢2 + 𝑝, 𝜌𝑢𝑣, 𝑢(𝐸 + 𝑝)

)⊤
, 𝑮 =

(
𝜌𝑣, 𝜌𝑢𝑣, 𝜌𝑣2 + 𝑝, 𝑣(𝐸 + 𝑝)

)⊤
, (3.2)

where 𝑣 is the 𝑦-velocity and the other variables are as the same as in (2.2). The system (3.2) is completed through the following 
EOS for ideal gases:

𝑝 = (𝛾 − 1)
[
𝐸 − 𝜌

2
(𝑢2 + 𝑣2)

]
. (3.3)

For the sake of brevity, we omit the details on the built-in ``anti-diffusion'' terms 𝒒𝑥

𝑗+ 1
2 ,𝑘

and 𝒒𝑦

𝑗,𝑘+ 1
2

. For the system (1.2), (3.2)--(3.3), 

they have been derived in [4,29].

3.2. Two-dimensional adaptive schemes

We now turn to the description of the proposed adaptive schemes for the 2-D system. As in the 1-D case, we use an overcompressive 
SBM limiter with 𝜏 = −0.25 in the ``rough'' parts of the computed solution and a dissipative Minmod2 limiter elsewhere. To this end, 
we detect the ``rough'' parts of the numerical solution using the SI proposed in [34]. Its 2-D version on the Cartesian mesh is based 
on the quantities

𝑗,𝑘 =
√√√√√1

𝑗,𝑘

2
𝑗,𝑘

,

where

1
𝑗,𝑘

=
(
𝜌𝑗+1,𝑘 − 2𝜌𝑗,𝑘 + 𝜌𝑗−1,𝑘

)2 + (
𝜌𝑗,𝑘+1 − 2𝜌𝑗,𝑘 + 𝜌𝑗,𝑘−1

)2
,

2
𝑗,𝑘

=
(|𝜌𝑗+1,𝑘 − 𝜌𝑗,𝑘|+ |𝜌𝑗,𝑘 − 𝜌𝑗−1,𝑘|+ 𝜀

[|𝜌𝑗+1,𝑘|+ 2|𝜌𝑗,𝑘|+ |𝜌𝑗−1,𝑘|])2
+

(|𝜌𝑗,𝑘+1 − 𝜌𝑗,𝑘|+ |𝜌𝑗,𝑘 − 𝜌𝑗,𝑘−1|+ 𝜀
[ |𝜌𝑗,𝑘+1|+ 2|𝜌𝑗,𝑘|+ |𝜌𝑗,𝑘−1|])2,

(3.4)

with 𝜀 playing the role of a ``noise'' filter; see Remark 2.2. The desired SI is then obtained using a proper averaging, for instance, by

 𝑗,𝑘 =
1
36

[𝑗−1,𝑘−1 + 𝑗−1,𝑘+1 + 𝑗+1,𝑘−1 + 𝑗+1,𝑘+1
+ 4

(𝑗−1,𝑘 + 𝑗,𝑘−1 + 𝑗,𝑘+1 + 𝑗+1,𝑘)+ 16𝑗,𝑘].
We act similarly to the 1-D case and mark the cell 𝐶𝑗,𝑘 as ``rough'' if  𝑗,𝑘 > C, where C is a positive tunable constant to be selected 
for each problem at hand.
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Fig. 4.1. Example 1: Density 𝜌 computed by the original and adaptive LDCU schemes (left) and zoom at 𝑥∈ [−2,0] (right).

4. Numerical examples

In this section, we test the developed adaptive schemes on several numerical examples. To this end, we compare the performance 
of the original and adaptive LDCU schemes by applying them to a number of initial-boundary value problems for the 1-D and 2-D 
Euler equations of gas dynamics.

In all of the numerical examples, we have solved the ODE systems (2.1) and (3.1) using the three-stage third-order strong stability 
preserving (SSP) Runge-Kutta method; see, e.g., [17,18]. We take 𝛾 = 1.4 in Example 1--5 and 𝛾 = 5∕3 in Example 6. The CFL number 
is 0.4 and the SI parameter 𝜀 in (2.7) and (3.4) is 0.2 in all of the examples. Note that the same value of 𝜀 was used in [34].

4.1. One-dimensional examples

Example 1�-shock-entropy wave interaction problem. In the first example taken from [44], we consider the shock-entropy wave inter

action problem. The initial conditions,

(𝜌, 𝑢, 𝑝)|||(𝑥,0) =
{

(1.51695,0.523346,1.805), 𝑥 < −4.5,
(1 + 0.1 sin(20𝑥),0,1), 𝑥 > −4.5,

correspond to a forward-facing shock wave of Mach number 1.1 interacting with high-frequency density perturbations, that is, as the 
shock wave moves, the perturbations spread ahead. We set the free boundary condition at the both ends of the computational domain 
[−5,5].

We compute the numerical solution until the final time 𝑡 = 5 by the original and adaptive LDCU schemes on a uniform mesh with 
Δ𝑥 = 1∕80. We use the adaption constant C = 0.01 in the adaptive LDCU scheme. The numerical results at time 𝑡 = 5 are presented 
in Fig. 4.1 along with the reference solution computed by the adaptive LDCU scheme on a much finer mesh with Δ𝑥 = 1∕1600. In 
Fig. 4.1 (right), we zoom the obtained solutions at the interval [−2,0], at which the exact solution is smooth but has an oscillatory 
nature. As one can see, this part of the solution is resolved much more accurately by the adaptive scheme. 

We also plot ln( 𝑗 ) computed on coarse and fine uniform meshes with Δ𝑥 = 1∕80 and 1/1600, respectively; see Fig. 4.2. One can 
observe that on the coarse mesh the values of the SI are larger than threshold value 0.01 not only at the shock region but also near 
the local extrema, where the overcompressive SBM limiter is used. This helps to significantly improve the resolution of these parts of 
the computed solution. At the same time, when the mesh is rfined, the SI starts detecting only the shock areas as ``rough'' ones and 
hence no staircase-like overcompressed structures are observed. 

In order to show how to tune the threshold C, we adopt the approach proposed in [19]: for the problem at hand, the coefficient 
C is first adjusted on coarse grids (this makes the tuning process computationally inexpensive) and then used for high-resolution 
computation on finer grids. In this example, we first compute the numerical results on the coarse mesh with Δ𝑥 = 1∕20 with C = 0.005, 
0.01, 0.001, 0.0001 and plot the corresponding ln  𝑗 in Fig. 4.3. We then compute the corresponding numerical results on a finer 
mesh with Δ𝑥 = 1∕200 and plot the obtained numerical results in Fig. 4.4. One can see that if  𝑗 > C in the smooth areas in the 
coarse-mesh computation, then there will be staircase-like structures in the corresponding fine-mesh solution. 

Example 2�-shock-density wave interaction problem. In the second example taken from [45], we consider the shock-density wave 
interaction problem. The initial data,

(𝜌, 𝑢, 𝑝)|||(𝑥,0) =
⎧⎪⎨⎪⎩
(
27
7
,
4
√
35
9

,
31
3

)
, 𝑥 < −4,

(1 + 0.2 sin(5𝑥),0,1), 𝑥 > −4,

are prescribed in the computational domain [−5,15] subject to the free boundary conditions.
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Fig. 4.2. Example 1: ln(SI) computed with Δ𝑥 = 1∕80 (left) and 1/1600 (right).

Fig. 4.3. Example 1: ln(SI) computed with Δ𝑥 = 1∕20 and C = 0.01 (top left), C = 0.005 (top right), C = 0.001 (bottom left), and C= 0.0001 (bottom right).

We compute the numerical solutions by the original and adaptive LDCU schemes on a uniform mesh with Δ𝑥 = 1∕40 until the 
final time 𝑡 = 5. The adaptive LDCU scheme is used with the adaption constant C = 0.01. We present the obtained numerical results 
in Fig. 4.5 together with the reference solution computed by the adaptive LDCU scheme on a much finer mesh with Δ𝑥 = 1∕400. It 
can be clearly seen in Fig. 4.5 (right) that the adaptive LDCU scheme produces more accurate result compared to that obtained by 
the original LDCU scheme. 

Example 3�-blast wave problem. In the last 1-D example, we consider a strong shocks interaction problem from [55], which is 
considered on the interval [0,1] with the solid wall boundary conditions at both ends and subject to the following initial conditions:

(𝜌, 𝑢, 𝑝)|||(𝑥,0) =
⎧⎪⎨⎪⎩
(1,0,1000), 𝑥 < 0.1,
(1,0,0.01), 0.1 ≤ 𝑥 ≤ 0.9,
(1,0,100), 𝑥 > 0.9.
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Fig. 4.4. Example 1: Density 𝜌 (zoom at 𝑥∈ [−2,0]) computed with Δ𝑥 = 1∕200 and C = 0.01 (top left), C = 0.005 (top right), C = 0.001 (bottom left), and C= 0.0001
(bottom right).

Fig. 4.5. Example 2: Density 𝜌 computed by the original and adaptive LDCU schemes (left) and zoom at 𝑥∈ [11.8,13.6] (right).

We compute the numerical solutions until the final time 𝑡 = 0.038 by the original and adaptive (with the adaption constant C = 0.01) 
LDCU schemes on a uniform mesh with Δ𝑥 = 1∕400 and use the adaptive LDCU scheme on a much finer grid with Δ𝑥 = 1∕8000 to 
compute the reference solution.

In addition, we compute the numerical solution on the same mesh, but by the adaptive LDCU scheme that uses a different SI to 
detect ``rough'' parts of the computed solution. To this end, we implement the Minmod-based SI (the resulting adaptive scheme will be 
referred to as MM-adaptive LDCU scheme), which is taken from [53] and is computed as follows. We first compute the Minmod-based 
quantities

𝑠𝑗 =minmod
{
𝜌𝑗+1 − 𝜌𝑗 , 𝜌𝑗 − 𝜌𝑗−1

}
,

and then we say that the cell 𝐶𝑗 is ``rough'' if |𝑠𝑗 | >max
{|𝑠𝑗−1|, |𝑠𝑗+1|}+ 𝛿, where 𝛿 is a small positive number. The parameter 𝛿 has 

to be selected for each problem at hand and it should indicate a size of a jump in 𝜌, which we neglect when detecting ``rough'' parts 
of the solution. In fact, this SI is not very sensitive to the choice of 𝛿. Here, we have taken 𝛿 = 10−4. We refer the readers to [53] for 
more details of the Minmod-based SI.
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Fig. 4.6. Example 3: Density 𝜌 computed by the original, adaptive, and MM-adaptive LDCU schemes (left) and zoom at 𝑥 ∈ [0.55,0.85].

Fig. 4.7. Example 4: Density 𝜌 computed by the original (left), adaptive (middle) LDCU schemes, and the ``rough'' areas detected by the SI (right).

The obtained results, presented in Fig. 4.6, demonstrate that the adaptive LDCU scheme is much more accurate than the original 
and the MM-adaptive LDCU schemes as the adaptive LDCU scheme is capable of achieving a superb resolution of the contact wave 
located at about 𝑥 = 0.6. It is well-known that this contact wave is the one, which is hardest to get sharply resolved, and the proposed 
adaptive LDCU scheme is, to best of our knowledge, the first Riemann-problem-solver-free scheme that can achieve this goal. We 
would also like to emphasize that not only the aforementioned Minmod-based SI, but all other SIs we have tested (the obtained results 
are not shown for the sake of brevity) were not sufficiently robust in the sense that their use in the context of the proposed LDCU 
scheme could not lead to so high resolution of the aforementioned contact wave. 

4.2. Two-dimensional examples

Example 4�-2-D Riemann problem. In the first 2-D example, we consider Cofiguration 3 of the 2-D Riemann problems from [28] 
(also see [40,41,56]) with the initial conditions

(𝜌, 𝑢, 𝑣, 𝑝)|||(𝑥,𝑦,0) =
⎧⎪⎪⎨⎪⎪⎩
(1.5,0,0,1.5), 𝑥 > 1, 𝑦 > 1,
(0.5323,1.206,0,0.3), 𝑥 < 1, 𝑦 > 1,
(0.138,1.206,1.206,0.029), 𝑥 < 1, 𝑦 < 1,
(0.5323,0,1.206,0.3), 𝑥 > 1, 𝑦 < 1,

prescribed in the computational domain [0,1.2] × [0,1.2] subject to the free boundary conditions.

We compute the numerical solution until the final time 𝑡 = 1 by the original and adaptive (with the adaption constant C = 0.08) 
LDCU schemes on a uniform mesh with Δ𝑥 = Δ𝑦 = 3∕2500 and present the obtained results in Fig. 4.7 (left and middle), where one 
can see that the adaptive LDCU scheme outperforms the original LDCU scheme in capturing a sideband instability of the jet in the 
zones of strong along-jet velocity shear and the instability along the jets neck. In Fig. 4.7 (right), we show the regions which have 
been detected as ``rough'' by the SI at the final time. As one can see, when the adaptive LDCU scheme is used, a sharper SBM limiter 
is implemented only in a small part of the computational domain. 

In order to illustrate how sensitive the adaptive algorithm is to the selection of the threshold C, we compute the solution using the 
adaptive LDCU scheme with three different threshold values C = 0.1, 0.2, and 0.5. We plot the obtained numerical results together 
with the corresponding SIs in Fig. 4.8, where one can see that the quality of the achieved resolution decreases when C grows and 
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Fig. 4.8. Example 4: Density 𝜌 computed by the adaptive LDCU scheme with different adaption constants C (top row) and the corresponding ``rough'' areas detected 
by the SI (bottom row).

when C = 0.5, the adaptive LDCU solution as basically the same as the non-adaptive one as (at least at the final time) no ``rough'' 
areas are detected by the SI. 

Example 5�-implosion problem. In this example, we consider the implosion problem taken from [33]. The initial conditions,

(𝜌, 𝑢, 𝑣, 𝑝)|||(𝑥,𝑦,0) =
{

(0.125,0,0,0.14), |𝑥|+ |𝑦| < 0.15,
(1,0,0,1), otherwise,

are prescribed in [0,0.3]× [0,0.3] with the solid wall boundary conditions imposed at all of the four sides. This example was designed 
to test the amount of numerical diffusion present in different schemes as there is a jet forming near the origin and propagating along 
the diagonal 𝑦 = 𝑥 direction, and schemes containing large numerical diffusion may not resolve the jet at all or the jet propagation 
velocity may be affected by the numerical diffusion.

We compute the numerical solution until the final time 𝑡 = 2.5 by the original and adaptive (with the adaption constant C = 0.05) 
LDCU schemes on a uniform mesh with Δ𝑥 = Δ𝑦 = 3∕2500 and present the obtained numerical results in Fig. 4.9 (left and middle). 
As one can observe, while the jet is generated by all of the studied schemes, it propagates much further in the diagonal direction 
when the solution is computed by the adaptive LDCU scheme. In Fig. 4.9 (right), we show the regions which have been detected as 
``rough'' by the SI at the final time. One can see that when the adaptive LDCU scheme is used, a sharper SBM limiter is implemented 
only in a small part of the computational domain. 

In this example, we also check the efficiency of the proposed adaptive LDCU scheme by comparing it with the original LDCU 
scheme. To this end, we measure the CPU time consumed by the adaptive LDCU scheme and rfine the mesh used by the original 
LDCU scheme to the level that exactly the same CPU time is consumed to compute both of the numerical solutions. The corresponding 
grids are of sizes Δ𝑥 =Δ𝑦 = 3∕2500 for the adaptive LDCU scheme, and Δ𝑥 =Δ𝑦 = 3∕2520 for the original LDCU scheme. The obtained 
finer mesh LDCU solution is plotted in Fig. 4.10 (left). One can also reduce the computational cost of the original LDCU scheme by 
applying the piecewise linear reconstruction to the conservative variables without using the LCD. In this case, one has to further 
rfine the mesh up to Δ𝑥 =Δ𝑦 = 3∕3200 to endure that the same CPU is consumed. This leads to the enhanced resolution, as one can 
see in Fig. 4.10 (right), but it is still not as high as the one achieved by the adaptive LDCU scheme: compare this figure with Fig. 4.9

(middle). This clearly demonstrates that the adaptive LDCU scheme clearly outperforms the original one. 

Example 6�-RT instability. In the last example taken from [42], we investigate the RT instability, which is a physical phenomenon 
occurring when a layer of heavier fluid is placed on top of a layer of lighter fluid. To this end, we first modify the 2-D Euler equations 
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Fig. 4.9. Example 5: Density 𝜌 computed by the original (left), adaptive (middle) LDCU schemes, and the ``rough'' areas detected by the SI (right).

Fig. 4.10. Example 5: Density 𝜌 computed by the original LDCU scheme using the reconstruction of the local characteristic variables and Δ𝑥=Δ𝑦 = 3∕2520 (left) and 
using the reconstruction of the conserved variables and with Δ𝑥=Δ𝑦 = 3∕3200 (right).

of gas dynamics (1.2), (3.2)--(3.3) by adding the gravitational source terms acting in the positive direction of the 𝑦-axis into the RHS 
of the system:

𝜌𝑡 + (𝜌𝑢)𝑥 + (𝜌𝑣)𝑦 = 0,

(𝜌𝑢)𝑡 + (𝜌𝑢2 + 𝑝)𝑥 + (𝜌𝑢𝑣)𝑦 = 0,

(𝜌𝑣)𝑡 + (𝜌𝑢𝑣)𝑥 + (𝜌𝑣2 + 𝑝)𝑦 = 𝜌,

𝐸𝑡 + [𝑢(𝐸 + 𝑝)]𝑥 + [𝑣(𝐸 + 𝑝)]𝑦 = 𝜌𝑣,

and then use the following initial conditions:

(𝜌, 𝑢, 𝑣, 𝑝)|||(𝑥,𝑦,0) =
{

(2,0,−0.025𝑐 cos(8𝜋𝑥),2𝑦+ 1), 𝑦 < 0.5,
(1,0,−0.025𝑐 cos(8𝜋𝑥), 𝑦+ 1.5), otherwise,

where 𝑐 ∶=
√

𝛾𝑝∕𝜌 is the speed of sound. The solid wall boundary conditions are imposed at 𝑥 = 0 and 𝑥 = 0.25, and the following 
Dirichlet boundary conditions are specfied at the top and bottom boundaries:

(𝜌, 𝑢, 𝑣, 𝑝)(𝑥,1, 𝑡) = (1,0,0,2.5), (𝜌, 𝑢, 𝑣, 𝑝)(𝑥,0, 𝑡) = (2,0,0,1).

We compute the numerical solution until the final time 𝑡 = 2.95 by the original and adaptive (with the adaption constant C = 0.08) 
LDCU schemes on a uniform mesh with Δ𝑥 = Δ𝑦 = 1∕1024 in the computational domain [0,0.25] × [0,1], and then present the 
numerical results obtained at the times 𝑡 = 1.95 and 2.95 in Fig. 4.11. As one can see, the adaptive LDCU scheme resolves more small 
structures than the original LDCU scheme, which again demonstrates that using a sharper SBM limiter can produce sharper numerical 
results. As in the previous examples, we also show the regions which have been detected as ``rough'' by the SI at the final time; see 
Fig. 4.12. 
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Fig. 4.11. Example 6: Density 𝜌 computed by the original and adaptive LDCU schemes at 𝑡 = 1.95 and 2.95.

Fig. 4.12. Example 6: ``Rough'' areas detected by the SI at 𝑡= 1.95 (left) and 2.95 (right).

Remark 4.1. In this example, the solution is symmetric with respect to the vertical axis 𝑥 = 0.125. In order to enforce this symmetry, 
we have applied the strategy from [51]: upon completion of each time evolution step, we replace the computed cell averages 𝑼 𝑗,𝑘

with 𝑼̂ 𝑗,𝑘, where

𝜌𝑗,𝑘 =
𝜌𝑗,𝑘 + 𝜌𝑀−𝑗,𝑘

2
, (𝜌𝑢)𝑗,𝑘 =

(𝜌𝑢)𝑗,𝑘 − (𝜌𝑢)𝑀−𝑗,𝑘

2
,

(𝜌𝑣)𝑗,𝑘 =
(𝜌𝑣)𝑗,𝑘 + (𝜌𝑣)𝑀−𝑗,𝑘

2
, 𝐸𝑗,𝑘 =

𝐸𝑗,𝑘 +𝐸𝑀−𝑗,𝑘

2
,

for all 𝑗 = 1,… ,𝑀 and for all 𝑘. Alternative symmetry enforcement techniques can be found in, e.g., [6,7,10,49].

In addition, we compute the Cesàro averages of the numerical solutions on meshes with different resolutions. As proved in [9], 
the Cesàro averages converge strongly (in the 𝐿𝑞 -norm with 1 ≤ 𝑞 <∞) to a dissipative weak solution. In order to approximate the 
limiting solution, we consider the Cesàro averages of the densities computed by the original and adaptive LDCU schemes. To this end, 
we introduce the sequence of meshes with the cells of size 1∕2𝑛 , 𝑛 = 5,… ,10, and denote by 𝜌(1∕2𝑛) the density computed on the 
corresponding mesh. We then project the obtained coarser mesh solutions with 𝑛 = 5,… ,𝑚 − 1 onto the finer mesh with 𝑛 = 𝑚 (the 
projection is carried out using a fifth-order WENO-Z interpolation from [52] applied to the density field) and denote the obtained 
results still by 𝜌(1∕2𝑛), 𝑛 = 5,… ,𝑚. After this, we compute the Cesàro averages by

𝜌C(1∕2𝑚) =
𝜌(1∕25) +⋯+ 𝜌(1∕2𝑚)

𝑚− 4
, 𝑚 = 8,9,10.
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Fig. 4.13. Example 6: Cesàro averages of the density 𝜌C computed by the original and adaptive LDCU schemes.

The obtained results are presented in Fig. 4.13, where one can observe the superiority of the results obtained by the adaptive LDCU 
scheme. 

5. Conclusion

In this paper, we have introduced new second-order adaptive low-dissipation central-upwind (LDCU) schemes for the one- (1-D) 
and two-dimensional (2-D) hyperbolic systems of conservation laws. The new adaptive schemes are based on the recently proposed 
LDCU fluxes and a smoothness indicator used to automatically detect ``rough'' areas of the computed solutions. We then use the 
overcompressive SBM limiters in the ``rough'' areas to achieve higher resolution of the computed shocks and contact discontinues 
and the dissipative Minmod2 limiters elsewhere to avoid the staircase-like overcompressed structures in the smooth parts of the 
computed solutions. We have applied the developed adaptive LDCU schemes to the 1-D and 2-D Euler equations of gas dynamics and 
the obtained numerical results clearly demonstrate that the adaptive LDCU scheme outperforms the original LDCU scheme.

CRediT authorship contribution statement

Shaoshuai Chu: Writing -- original draft, Visualization, Validation, Software, Methodology, Investigation, Formal analysis, Data 
curation, Conceptualization. Alexander Kurganov: Writing -- original draft, Validation, Supervision, Resources, Project administra

tion, Methodology, Investigation, Funding acquisition, Formal analysis, Data curation, Conceptualization. Igor Menshov: Methodol

ogy, Investigation, Formal analysis, Conceptualization.

Acknowledgements

The work of S. Chu was supported in part by the DFG (German Research Foundation) through HE5386/19-3, 27-1. The work 
of A. Kurganov was supported in part by NSFC grant 12171226, and by the fund of the Guangdong Provincial Key Laboratory Of 
Computational Science And Material Design (No. 2019B030301001).

Appendix A. 2-D LCD-based piecewise linear reconstruction

In this appendix, we describe how to reconstruct the one-sided point values 𝑼±
𝑗+ 1

2 ,𝑘
(the point values 𝑼±

𝑗,𝑘+ 1
2

can be computed 

in a similar manner and we omit the details for the sake of brevity). To this end, as in the 1-D case, we first introduce the local 
characteristic variables in the neighborhood of (𝑥, 𝑦) = (𝑥

𝑗+ 1
2
, 𝑦𝑘):

𝚪𝓁,𝑘 =𝑅−1
𝑗+ 1

2 ,𝑘
𝑼𝓁,𝑘, 𝓁 = 𝑗 − 1, 𝑗, 𝑗 + 1, 𝑗 + 2,

where the matrix 𝑅
𝑗+ 1

2 ,𝑘
is such that 𝑅−1

𝑗+ 1
2 ,𝑘

𝐴
𝑗+ 1

2 ,𝑘
𝑅

𝑗+ 1
2 ,𝑘

is diagonal and a locally linearized Jacobian is 𝐴
𝑗+ 1

2 ,𝑘
∶= 𝐴

(
(𝑼 𝑗,𝑘 + 

𝑼 𝑗+1,𝑘)∕2
)
.

Equipped with the values 𝚪𝑗−1,𝑘, 𝚪𝑗,𝑘, 𝚪𝑗+1,𝑘, and 𝚪𝑗+2,𝑘, we compute

(𝚪𝑥)𝑗,𝑘 = 𝜙SBM
𝜃,𝜏

(𝚪𝑗+1,𝑘 − 𝚪𝑗,𝑘

𝚪𝑗,𝑘 − 𝚪𝑗−1,𝑘

) 𝚪𝑗,𝑘 − 𝚪𝑗−1,𝑘

Δ𝑥
,
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and

(𝚪𝑥)𝑗+1,𝑘 = 𝜙SBM
𝜃,𝜏

(𝚪𝑗+2,𝑘 − 𝚪𝑗+1,𝑘

𝚪𝑗+1,𝑘 − 𝚪𝑗,𝑘

) 𝚪𝑗+1,𝑘 − 𝚪𝑗,𝑘

Δ𝑥
,

where the SBM function, dfined in (2.3), is applied in the component-wise manner. We then use these slopes to evaluate

𝚪−
𝑗+ 1

2 ,𝑘
= 𝚪𝑗,𝑘 +

Δ𝑥

2
(𝚪𝑥)𝑗,𝑘 and 𝚪+

𝑗+ 1
2 ,𝑘

= 𝚪𝑗+1,𝑘 −
Δ𝑥

2
(𝚪𝑥)𝑗+1,𝑘,

and finally obtain the corresponding point values of 𝑼 by

𝑼±
𝑗+ 1

2

=𝑅
𝑗+ 1

2 ,𝑘
𝚪±
𝑗+ 1

2 ,𝑘
.

Remark A.1. The matrices 𝑅
𝑗+ 1

2 ,𝑘
and 𝑅−1

𝑗+ 1
2 ,𝑘

for the 2-D Euler equation of gas dynamics (3.2)--(3.3) can be found in [3, Appendix 

C].
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[3] A. Chertock, S. Chu, M. Herty, A. Kurganov, M. Lukáčová-Medviďová, Local characteristic decomposition based central-upwind scheme, J. Comput. Phys. 473 
(2023) 111718.

[4] S. Chu, A. Kurganov, R. Xin, New low-dissipation central-upwind schemes. Part II, submitted for publication, preprint available at https://doi.org/10.48550/

arXiv.2405.07620.

[5] J. Dewar, A. Kurganov, M. Leopold, Pressure-based adaption indicator for compressible Euler equations, Numer. Methods Partial Differ. Equ. 31 (2015) 
1844--1874.

[6] W.S. Don, D.-M. Li, Z. Gao, B.-S. Wang, A characteristic-wise alternative WENO-Z finite difference scheme for solving the compressible multicomponent non

reactive flows in the overestimated quasi-conservative form, J. Sci. Comput. 82 (2020) 27.

[7] W.S. Don, P. Li, K.Y. Wong, Z. Gao, Improved symmetry property of high order weighted essentially non-oscillatory finite difference schemes for hyperbolic 
conservation laws, Adv. Appl. Math. Mech. 10 (2018) 1418--1439.

[8] M. Dumbser, O. Zanotti, R. Loubère, S. Diot, A posteriori subcell limiting of the discontinuous Galerkin finite element method for hyperbolic conservation laws, 
J. Comput. Phys. 278 (2014) 47--75.
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