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Abstract. In this paper, we extend numerical schemes based on parameterized Young measures and linear program-
ming to two space dimensions and apply them to the Kelvin-Helmholtz instability governed by the two-dimensional Euler
equations of gas dynamics. We construct first-, second-, third-, fifth-, seventh-, and ninth-order Young-measure schemes and
compare them with corresponding standard local Lax-Friedrichs (LLF) flux-splitting schemes and LLF schemes equipped
with an entropy-based local characteristic decomposition (LLF-ELCD). We examine instantaneous and time-averaged density
profiles, cumulative averages across spatial reconstruction orders, regional empirical density distributions, averaged density
marginals, and several selection criteria for dissipative weak solutions. The numerical results reveal scheme-dependent flow
patterns, particularly in the small-scale structures generated during the roll-up of the shear layers. At every reconstruction
order considered, the Young-measure schemes yield the largest time-averaged physical entropy. By contrast, the LLF–ELCD
schemes do not systematically yield larger entropy than the standard LLF schemes and therefore do not constitute a con-
sistent maximum-entropy selection mechanism. The averaged density marginals of the Young measures are concentrated on
several neighboring density states, and the later cumulative averages are closer for all Young-measure schemes. These results
demonstrate the feasibility of the two-dimensional Young-measure formulation and show that the objective function in the
linear-programming problem can act as an effective selection mechanism. The observed entropy preference is consistent with
the local optimization of the expected physical entropy. It cannot be reproduced by merely incorporating entropy into a
conventional numerical construction.
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1. Introduction. In this paper, we consider the two-dimensional (2-D) Euler equations of gas dy-
namics:

(1.1)

ρt + (ρu)x + (ρv)y = 0,

(ρu)t + (ρu2 + p)x + (ρuv)y = 0,

(ρv)t + (ρuv)x + (ρv2 + p)y = 0,

Et + [u(E + p)]x + [v(E + p)]y = 0.

Here, x and y are the spatial variables, t is time, ρ is the density, u and v are the velocities in the x- and
y-directions, respectively, E is the total energy density, and p is the pressure. The system (1.1) is closed
by the polytropic equation of state

(1.2) e(ρ, θ) = cvθ, cv =
1

γ − 1
, p(ρ, θ) = ρθ = (γ − 1)ρe = (γ − 1)

(
E − |m|2

2ρ

)
,

where e is the specific internal energy, θ is the absolute temperature, m = (ρu, ρv)⊤ is the momentum
vector, and γ > 1 is the ratio of specific heats. The second law of thermodynamics is expressed through

(1.3) St + (Su)x + (Sv)y ≥ 0, S := cvρ ln

(
p

ργ

)
,

where S is the physical entropy density. Correspondingly, η := −S is the mathematical entropy, for which
the inequality in (1.3) is reversed. On a bounded domain Ω ⊂ R2 with periodic or no-flux boundary
conditions, we prescribe

(1.4) ρ(x, y, 0) = ρ0(x, y), m(x, y, 0) = m0(x, y), E(x, y, 0) = E0(x, y).
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The corresponding initial pressure and physical entropy are

p0 = (γ − 1)

(
E0 −

|m0|2

2ρ0

)
, S0 = cvρ0 ln

(
p0
ργ0

)
.

Solutions of (1.1)–(1.2) may develop shocks, rarefaction waves, and contact discontinuities even from
smooth initial data and must then be understood in the weak sense. In one space dimension, the entropy
inequality provides an important admissibility criterion. In several space dimensions, however, entropy
admissibility alone does not guarantee uniqueness. Convex-integration results show that multidimensional
compressible Euler systems may admit infinitely many admissible weak solutions for certain initial data;
see, e.g., [4, 10,12] and the references therein.

This lack of a general uniqueness theory makes the interpretation of numerical approximations par-
ticularly delicate for multidimensional shear flows. As reported in, e.g., [1,2,7,13,18], numerical approxi-
mations to Kelvin-Helmholtz (KH)-type flows frequently fail to converge strongly under mesh refinement
and instead develop increasingly fine vortical structures and oscillations. This raises the fundamental
question of how the limiting behavior of such approximations should be characterized and motivates gen-
eralized solution concepts capable of describing the resulting oscillations, concentrations, and dissipation.
Measure-valued solutions, introduced in [11], provide a natural framework for this purpose: rather than
assigning a single state to each space-time point, they assign a parameterized probability measure that
records the local distribution of possible states. Measure-valued formulations and their numerical approx-
imation for multidimensional hyperbolic conservation laws were studied in [18] and the references therein.
Within this broader framework, we focus on consistent numerical approximations and their relation to
dissipative weak (DW) solutions of the Euler equations; see, e.g., [16]. When a sequence of consistent
numerical approximations converges only weakly, nonlinear quantities such as the physical fluxes cannot
be identified from the weak limit of the conservative variables alone. Consequently, that weak limit need
not satisfy the Euler equations in the sense of distributions. In [16, 26], Cesàro averages of consistent
approximations computed on successively refined meshes were studied for low-order methods and shown,
along suitable subsequences, to converge strongly to a DW solution. Related results were reported in [13].
More recently, a fifth-order alternative weighted essentially non-oscillatory (A-WENO) scheme was used
in [3] for multidimensional Euler flows.

Whereas the preceding studies recover meaningful limiting behavior through Cesàro averaging over
mesh-refined sequences, we pursue a complementary approach by incorporating parameterized Young
measures directly into the numerical formulation. More precisely, we extend the linear-programming
(LP)-based Young-measure schemes of [5,8] from one to two space dimensions and apply them to the KH
instability for the compressible Euler equations. At each spatial degree of freedom, the numerical state
is represented by a discrete Young measure whose marginal first moments coincide with the correspond-
ing components of the evolved conservative state. Among the measures satisfying the normalization and
first-moment constraints, one is selected by solving an LP problem. The measure-valued physical fluxes
are then obtained by averaging the Euler fluxes with respect to the selected measure. Because these
constraints generally do not determine a unique measure, the objective function plays a central role in the
proposed framework. Related comparisons of scheme-dependent DW solutions using cumulative averages,
approximate Young measures, entropy production, energy-defect criteria, and a Bregman-functional crite-
rion were carried out in [7]. There, the criteria were applied a posteriori to compare already computed
solutions. Here, by contrast, the prescribed criterion enters the numerical evolution through the objective
function of the LP problem. We use the mathematical entropy η = −S as the objective. Minimizing
its expectation is equivalent to maximizing the expected physical entropy among the admissible discrete
measures. The resulting closure, therefore, selects, for each prescribed moment, a measure with maximum
expected physical entropy.

To determine whether this explicit optimization produces an observable entropy preference, we com-
pare three families of schemes: the proposed Young-measure schemes with entropy-based LP closure,
standard local Lax–Friedrichs (LLF) flux-splitting schemes, and LLF schemes incorporating the entropy-
based local characteristic decomposition (ELCD) of [6]. For each family, we construct first-, second-,
third-, fifth-, seventh-, and ninth-order realizations. This allows comparisons between methods of the
same formal order. Since the first-order method requires no LCD, the standard LLF and LLF–ELCD
schemes coincide at this order. The third family is included, in particular, to determine whether incorpo-
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rating entropy into a classical LCD is sufficient to produce an entropy-selective numerical evolution.
The numerical experiments show that the three families of schemes may produce different evolutions

of the KH instability, with the clearest differences appearing in the small-scale vortical structures. The
density profiles produced by standard LLF and LLF–ELCD are quite similar, whereas noticeable differ-
ences arise between these profiles and the Young-measure results, especially at higher orders. The finite
averages over different formal orders on a fixed mesh. The time-averaged density profiles are more stable
as additional orders are included. These cross-order averages should not be identified with the Cesàro
averages discussed above, which are formed by a sequence of a consistent approximations as the discretiza-
tion is refined. The three families produce remarkably similar time-averaged density profiles, while their
spatial empirical density distributions retain scheme-dependent differences. These observations provide
evidence of numerical selection but neither establish convergence to distinct DW solutions nor rule out
strong convergence.

At every formal order considered, the Young-measure scheme yields the largest time-averaged domain-
integrated physical entropy among the corresponding schemes. This systematic preference is consistent
with the imposed objective and provides numerical evidence that the LP closure affects the selected evo-
lution. By contrast, the LLF–ELCD schemes do not systematically yield larger entropy than standard
LLF. Thus, using entropy in the LCD alone does not enforce a maximum-entropy evolution and does
not constitute a consistent maximum-entropy selection mechanism. This comparison indicates that the
systematic entropy preference of the Young-measure schemes is associated with the explicit optimiza-
tion performed at each (spatial) degree of freedom. It is not guaranteed by using entropy only as an
intermediate component of a conventional method. Moreover, for the averages over all six orders, the
Young-measure schemes yield the largest time-averaged total physical entropy, the smallest time-averaged
energy defect, and the smallest time-averaged Bregman functional among the three scheme families. By
contrast, the LLF–ELCD schemes yield the largest time-averaged energy defect. Therefore, the numerical
approximation selected from the three scheme families depends on the prescribed selection criterion.

These findings indicate that the objective function is an active modeling and selection component
rather than an auxiliary closure tool. This interpretation points to a broader use of the framework. Al-
though we focus on mathematical entropy, the formulation is not intrinsically restricted to this choice:
other objective functions may be introduced to encode alternative physically or mathematically motivated
criteria while maintaining the admissibility constraints. The presented framework thus provides a flexible
and systematic mechanism for numerical approximations consistent with a prescribed criterion. Opti-
mizing a selected quantity, however, does not by itself imply greater numerical accuracy. In the present
experiments, the larger physical entropy shows that the Young-measure approximations are more strongly
aligned with the maximum-entropy criterion imposed through the LP.

The rest of the paper is organized as follows. §2 reviews consistent approximations, DW solutions, and
the relevant convergence results. §3 presents the 2-D Young-measure, LLF, and LLF–ELCD schemes. §4
reports the KH experiments and compares the resulting structures, entropy evolution, averages, empirical
density distributions, and additional selection criteria.

2. Consistent Approximations and Dissipative Weak Solutions. To analyze the convergence
of a numerical method, it is essential to investigate its local consistency errors. For this purpose, the
notion of a consistent approximation is particularly useful; see, e.g., [16].

For later use, we express the pressure, the specific internal energy, and the total energy density in
terms of (ρ,m, S). For ρ > 0, the entropy relation (1.3) yields

p(ρ, S) = ργ exp

(
S

cvρ

)
, e(ρ, S) = cvρ

γ−1 exp

(
S

cvρ

)
,

E(ρ,m, S) =


|m|2

2ρ
+ cvρ

γ exp

(
S

cvρ

)
, ρ > 0,

0, ρ = 0, m = 0, S ≤ 0,

+∞, otherwise.

In particular, E(ρ,m, S) is understood as the lower-semicontinuous extension of the total energy density
to the vacuum states.
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Definition 2.1 (Consistent approximation). A sequence {ρℓ,mℓ, Sℓ}∞ℓ=1 is called a consistent
approximation of (1.1)–(1.4) in Ω× (0, T ) if the following conditions are satisfied.

• There exists a sequence of approximate initial data {ρ0,ℓ,m0,ℓ, S0,ℓ}∞ℓ=1 that converges weakly to the
initial data in (1.4), namely,

ρ0,ℓ → ρ0 weakly in L1(Ω), m0,ℓ → m0 weakly in L1(Ω;R2), S0,ℓ → S0 weakly in L1(Ω),∫
Ω

(
|m0,ℓ|2

2ρ0,ℓ
+ ρ0,ℓe(ρ0,ℓ, S0,ℓ)

)
dx dy →

∫
Ω

(
|m0|2

2ρ0
+ ρ0e(ρ0, S0)

)
dx dy.

Moreover, the energy inequality∫
Ω

(
|mℓ|2

2ρℓ
+ ρℓe(ρℓ, Sℓ)

)
(·, t) dx dy ≤

∫
Ω

(
|m0,ℓ|2

2ρ0,ℓ
+ ρ0,ℓe(ρ0,ℓ, S0,ℓ)

)
dx dy + e1ℓ

holds for a.e. t ∈ [0, T ], where e1ℓ → 0 as ℓ → ∞;

• The equation of continuity

T∫
0

∫
Ω

(ρℓφt +mℓ ·∇φ) dxdy dt = −
∫
Ω

ρ0,ℓφ(·, 0) dx dy + e2ℓ [φ]

holds for every φ ∈ C1
c (Ω× [0, T )), with e2ℓ [φ] → 0 as ℓ → ∞ for every φ ∈ C2

c (Ω× [0, T ));

• The momentum equation

T∫
0

∫
Ω

(
mℓ ·φt + 1ρℓ>0

mℓ ⊗mℓ

ρℓ
: ∇φ+ 1ρℓ>0p(ρℓ, Sℓ)∇·φ

)
dx dy dt = −

∫
Ω

m0,ℓ ·φ(·, 0) dx dy + e3ℓ [φ]

holds for every φ ∈ C1
c (Ω× [0, T );R2), with e3ℓ [φ] → 0 as ℓ → ∞ for every φ ∈ C2

c (Ω× [0, T );R2);

• The entropy inequality

T∫
0

∫
Ω

(
Sℓφt + 1ρℓ>0

(
Sℓ

mℓ

ρℓ

)
·∇φ

)
dx dy dt ≤ −

∫
Ω

S0,ℓφ(·, 0) dx dy + e4ℓ [φ]

holds for every φ ∈ C1
c (Ω× [0, T )), φ ≥ 0, with e4ℓ [φ] → 0 as ℓ → ∞ for every φ ∈ C2

c (Ω× [0, T ));

• The minimum entropy principle is satisfied; namely, there exists a constant s ∈ R such that Sℓ ≥ ρℓs
a.e. in Ω× (0, T ).

Consistent approximations can be constructed by various approaches, including vanishing-viscosity
methods and structure-preserving numerical schemes. In [16], different numerical methods defined on a
sequence of refined meshes {Ihn}∞n=1 were considered, where hn > 0 denotes a mesh parameter. The
resulting consistent approximations can be written as

{ρℓ,mℓ, Sℓ}∞ℓ=1 = {ρhn
,mhn

, Shn
}∞n=1 , hn → 0, ℓ = ℓ(hn) → ∞ as n → ∞.

The following result was established in [13].

Theorem 2.2. Let {ρℓ,mℓ, Sℓ}∞ℓ=1 be a family of consistent approximations of (1.1)–(1.4) in the
sense of Definition 2.1, such that

ρℓ → ρ weakly-(*) in L∞(0, T ;Lγ(Ω)),

mℓ → m weakly-(*) in L∞
(
0, T ;L

2γ
γ+1 (Ω;R2)

)
,

Sℓ → S weakly-(*) in L∞(0, T ;Lγ(Ω))



Numerical Realization of an Entropy-Based Selection Principle 5

as ℓ → ∞. Suppose that the limit (ρ,m, S) is a weak solution of (1.1)–(1.4). Then, there exists a
subsequence {ρℓk ,mℓk , Sℓk} such that

ρℓk → ρ in Lq(0, T ;Lγ(Ω)), mℓk → m in Lq
(
0, T ;L

2γ
γ+1 (Ω;R2)

)
, Sℓk → S in Lq(0, T ;Lγ(Ω))

as k → ∞ for every 1 ≤ q < ∞.

We next recall the definition of DW solutions and state two convergence results established in [13,15,
16].

Definition 2.3 (DW solution). Let the initial data satisfy

ρ0 ∈ Lγ(Ω), m0 ∈ L
2γ

γ+1 (Ω;R2), S0 ∈ Lγ(Ω),

∫
Ω

E(ρ0,m0, S0) dxdy < ∞.

We say that (ρ,m, S) is a DW solution of (1.1)–(1.4) in Ω× [0, T ), 0 < T<∞, if the following properties
are satisfied.

• Regularity

ρ ∈ Cweak([0, T ];L
γ(Ω)), m ∈ Cweak

(
[0, T ];L

2γ
γ+1 (Ω;R2)

)
,

S ∈ L∞(0, T ;Lγ(Ω)) ∩BVweak([0, T ];L
γ(Ω)),∫

Ω

E(ρ,m, S)(·, t) dxdy ≤
∫
Ω

E(ρ0,m0, S0) dxdy for every t ∈ [0, T ).

• The equation of continuity

T∫
0

∫
Ω

(ρφt +m·∇φ) dxdy dt = −
∫
Ω

ρ0φ(·, 0) dx dy

holds for every φ ∈ C1
c (Ω× [0, T )).

• The momentum equation

T∫
0

∫
Ω

(
m ·φt + 1ρ>0

m⊗m

ρ
: ∇φ+ p(ρ, S)∇·φ

)
dx dy dt = −

T∫
0

∫
Ω

∇φ : dR(t)dt−
∫
Ω

m0·φ(·, 0) dxdy

holds for every φ ∈ C1
c (Ω× [0, T );R2), where R ∈ L∞(0, T ;M+(Ω;R2×2

sym)) is the Reynolds defect stress.

• The entropy inequality

∫
Ω

[
S(·, τ2+)φ(·, τ2+)− S(·, τ1−)φ(·, τ1−)

]
dx dy ≥

τ2∫
τ1

∫
Ω

(
Sφt +

〈
Vx,y,t;1ρ̂>0

(
Ŝ
m̂

ρ̂

)〉
·∇φ

)
dx dy dt

holds, with S(·, 0−) = S0, for every 0 ≤ τ1 ≤ τ2 < T and every φ ∈ C1
c (Ω × [0, T )), φ ≥ 0. Here,

V ≡ {Vx,y,t}(x,y,t)∈Ω×(0,T ) is a parameterized probability (Young) measure satisfying

V ∈ L∞(Ω× (0, T );P(R4)
)
,

R4 =
{
(ρ̂, m̂, Ŝ) : ρ̂ ∈ R, m̂ ∈ R2, Ŝ ∈ R

}
,

⟨Vx,y,t; ρ̂⟩ = ρ, ⟨Vx,y,t; m̂⟩ = m,
〈
Vx,y,t; Ŝ

〉
= S.

• The energy inequality and compatibility between the energy and Reynolds stress defects∫
Ω

E
(
ρ(·, t),m(·, t), S(·, t)

)
dx dy +

∫
Ω

dE(t) ≤
∫
Ω

E(ρ0,m0, S0) dxdy,
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where E ∈ L∞(0, T ;M+(Ω)) is the energy defect satisfying

2min{1, γ − 1}E ≤ trace[R] ≤ 2max{1, γ − 1}E.

Remark 2.4. A DW solution (ρ,m, S) can be interpreted as the first moment of a Young measure
{Vx,y,t} generated by a consistent approximation of (1.1)–(1.4); see [16, Chapter 5]. Moreover, the
dissipative–strong uniqueness principle holds for DW solutions. Consequently, as long as a strong so-
lution exists, every DW solution coincides with it.

Theorem 2.5 (K-convergence). Let {ρ0,ℓ,m0,ℓ, E0,ℓ}∞ℓ=1 satisfy

ρ0,ℓ > 0, E0,ℓ −
|m0,ℓ|2

2ρ0,ℓ
> 0, ∀ℓ.

Let {ρℓ,mℓ, Sℓ}∞ℓ=1 be a consistent approximation of (1.1)–(1.4) in the sense of Definition 2.1. Assume
that it is uniformly bounded; namely, there exists a positive constant C such that

∥(ρℓ,mℓ, Sℓ)∥L∞(Ω×(0,T )) ≤ C, ∀ℓ.

Then, there exists a subsequence {ρℓk ,mℓk , Sℓk} whose Cesàro averages converge strongly to a DW solution
(ρ,m, S) in the following sense:

(
ρ̃n, m̃n, S̃n

)
:=

1

n

n∑
k=1

(ρℓk ,mℓk , Sℓk) → (ρ,m, S) in Lq(Ω× (0, T );R4),

Ẽn :=
1

n

n∑
k=1

E(ρℓk ,mℓk , Sℓk) →
〈
Vx,y,t;E(ρ̂, m̂, Ŝ)

〉
in Lq(Ω× (0, T ))

as n → ∞ for every q ∈ [1,∞).

3. Numerical Schemes. In this section, we present a unified framework for the first-, second-, third-
, fifth-, seventh-, and ninth-order numerical schemes used in the numerical experiments. In particular, we
describe the Young-measure schemes and the two families of classical LLF flux-splitting schemes used for
comparison.

We first rewrite the 2-D Euler equations of gas dynamics (1.1) in the vector form

Ut + F (U)x +G(U)y = 0,

where U = (ρ, ρu, ρv,E)⊤, F (U) =
(
ρu, ρu2 + p, ρuv, u(E + p)

)⊤
, and G(U) =

(
ρv, ρuv, ρv2 + p, v(E +

p)
)⊤

. Assume that (xj , yk) are the points of a uniform Cartesian grid satisfying xj+1 − xj ≡ ∆x and
yk+1 − yk ≡ ∆y. We denote the corresponding numerical solution by Uj,k(t) ≈ U(xj , yk, t). The point
values Uj,k are evolved in time by numerically solving the following system of ODEs:

(3.1)
dUj,k

dt
= −

F (r)

j+ 1
2 ,k

−F (r)

j− 1
2 ,k

∆x
−

G(r)

j,k+ 1
2

− G(r)

j,k− 1
2

∆y
,

where r ∈ {1, 2, 3, 5, 7, 9} is the prescribed order of spatial accuracy. Note that all of the indexed quantities
are time-dependent, but from here on, we will suppress this dependence for the sake of brevity.

The numerical fluxes F (r)

j+ 1
2 ,k

and G(r)

j,k+ 1
2

are constructed dimension by dimension [22]. More precisely,

the flux values are first split using the LLF flux splitting and are then reconstructed at the corresponding
cell interfaces. Let R(r),+ and R(r),− denote the left- and right-biased reconstruction operators of order
r, respectively. The numerical fluxes are defined by

(3.2)

F (r)

j+ 1
2 ,k

= R(r),+

j+ 1
2 ,k

({
F+
ℓ,k

}
ℓ∈S(r)

j+1
2

)
+R(r),−

j+ 1
2 ,k

({
F−
ℓ,k

}
ℓ∈S(r)

j+1
2

)
,

G(r)

j,k+ 1
2

= R(r),+

j,k+ 1
2

({
G+

j,ℓ

}
ℓ∈S(r)

k+1
2

)
+R(r),−

j,k+ 1
2

({
G−

j,ℓ

}
ℓ∈S(r)

k+1
2

)
.
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Here, the split fluxes are

(3.3) F±
ℓ,k =

1

2

(
Φℓ,k ± axj+ 1

2 ,k
Uℓ,k

)
, ℓ ∈ S(r)

j+ 1
2

and G±
j,ℓ =

1

2

(
Ψj,ℓ ± ay

j,k+ 1
2

Uj,ℓ

)
, ℓ ∈ S(r)

k+ 1
2

,

where Φj,k and Ψj,k are the unsplit flux values, which will be specified below. The local speeds in (3.3)
are estimated by

axj+ 1
2 ,k

= max
ℓ∈S(r)

j+1
2

(
|uℓ,k|+ cℓ,k

)
, ay

j,k+ 1
2

= max
ℓ∈S(r)

k+1
2

(
|vj,ℓ|+ cj,ℓ

)
,

where the speed of sound is determined by cj,k =
√

γpj,k

ρj,k
. The corresponding reconstruction stencils are

S(r)

j+ 1
2

:=


{j, j + 1}, r = 1,

{j − 1, j, j + 1, j + 2}, r = 2,

{j − s+ 1, . . . , j + s}, r = 2s− 1, s = 2, 3, 4, 5,

and S(r)

k+ 1
2

is defined analogously in the y-direction.

For systems of conservation laws, the reconstructions of order r ≥ 2 are performed in local charac-
teristic variables, a strategy that is often used in high-order schemes to reduce spurious oscillations and
can also enhance the resolution of second-order schemes; see, e.g., [23, 25, 28–30] and references therein.
In particular, each operator in (3.2) includes the projection of all split fluxes on the stencil onto a single
characteristic basis constructed at the corresponding interface, the componentwise scalar reconstruction
in the characteristic variables, and the transformation of the reconstructed fluxes back to the conservative
variables. The detailed formulas are provided in Appendix A.

3.1. Young-Measure Approach. In the schemes using Young measures, a discrete measure is
reconstructed at every spatial grid point and at every evaluation of the right-hand side of (3.1). Let
z = (z(1), . . . , z(d))⊤ ∈ Rd, with d = 4 in the 2-D Euler equations of gas dynamics, denote a generic
phase-space variable, namely, a possible value of the conservative vector U . The phase-space grid points
are denoted by zℓ ∈ Rd, ℓ = 1, . . . , Nu. Here, Nu denotes the total number of phase-space grid points.
If Nq grid points are used in the q-th phase-space direction before the admissibility restriction described

below, then the underlying tensor-product grid contains
∏d

q=1 Nq points. If a uniform tensor-product grid

is used in phase space, its cell volume is ∆V =
∏d

q=1 ∆z(q). We assume that the phase-space discretization
is chosen so that the constraints introduced below are feasible; in particular, every evolved state Uj,k must
belong to the convex hull of the phase-space grid points.

At each grid point (xj , yk), the values {µ∗
j,k,ℓ}

Nu

ℓ=1 are obtained by solving the LP problem

{µ∗
j,k,ℓ}

Nu

ℓ=1 ∈ argmin
{µℓ}Nu

ℓ=1

∆V

Nu∑
ℓ=1

η(zℓ)µℓ,(3.4)

subject to µℓ ≥ 0, ℓ = 1, . . . , Nu,(3.5)

µℓ ≤
1

∆V
, ℓ = 1, . . . , Nu,(3.6)

∆V

Nu∑
ℓ=1

µℓ = 1,(3.7)

∆V

Nu∑
ℓ=1

zℓµℓ = Uj,k.(3.8)

Thus, ν∗j,k = ∆V
∑Nu

ℓ=1 µ
∗
j,k,ℓ δzℓ

is a discrete probability measure whose first moment ∆V
∑Nu

ℓ=1 zℓµ
∗
j,k,ℓ

coincides with the evolved conservative state Uj,k. Notice that the upper bound in (3.6) follows from the
nonnegativity and normalization constraints (3.5) and (3.7); it is retained here to match the LP problem
used in the implementation.
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In this paper, the objective function in (3.4) is the mathematical entropy, and consequently, for the
prescribed first moment Uj,k, minimizing the objective function in (3.4) is equivalent to maximizing the
expected physical entropy over all admissible discrete measures satisfying the constraints (3.5)–(3.8). After
the minimizer µ∗

j,k,ℓ has been determined, the flux values in (3.3) are computed by averaging the physical
fluxes with respect to µ∗

j,k,ℓ:

ΦYM
j,k :=

〈
ν∗j,k,F

〉
= ∆V

Nu∑
ℓ=1

F (zℓ)µ
∗
j,k,ℓ, ΨYM

j,k :=
〈
ν∗j,k,G

〉
= ∆V

Nu∑
ℓ=1

G(zℓ)µ
∗
j,k,ℓ.

For the Young-measure schemes, we set Φj,k = ΦYM
j,k and Ψj,k = ΨYM

j,k in (3.3). For r ≥ 2, the
characteristic basis used in the Young-measure schemes is constructed from the arithmetic averages of the
primitive variables, as described in Appendix A. The left and right eigenvector matrices used for the LCD
are therefore not averaged with respect to the Young measure.

3.2. Classical LLF Flux-Splitting Schemes. For the classical LLF flux-splitting schemes, the
unsplit flux values in (3.3) are evaluated directly by the evolved conservative state:

Φj,k = F (Uj,k), Ψj,k = G(Uj,k).

All other components of the discretization remain unchanged. We consider two choices of the characteristic
basis. In the standard LLF schemes, the basis is constructed using the arithmetic averages of the primitive
variables, as described in Appendix A. In the LLF-ELCD schemes, the interface state used to construct
the characteristic basis is selected from four candidate states according to their physical entropy; see
Appendix B.

It is important to distinguish the entropy-based LCD from the LP closure in (3.4)–(3.8). The former
uses entropy only to select an interface state for the LCD and does not optimize the numerical solution
over a class of admissible measures. It therefore does not enforce a maximum-entropy selection principle.
Moreover, since no LCD is needed when r = 1, the two classical first-order LLF schemes coincide.

Remark 3.1. The semi-discrete ODE system (3.1) is integrated in time using the three-stage third-
order strong stability preserving Runge-Kutta method (see, e.g., [20, 21]) for the second-, third-, fifth-,
seventh-, and ninth-order schemes and the forward Euler method for the first-order scheme. For the
Young-measure schemes, the LP closure is recomputed at every Runge-Kutta stage. In all of the numerical
experiments, we take the CFL number to be 0.475 and γ = 1.4. In the rest of the paper, we refer to
the schemes of formal order r ∈ {1, 2, 3, 5, 7, 9} in the three families—the standard LLF flux-splitting
schemes, the LLF flux-splitting schemes equipped with the entropy-based LCD, and the Young-measure
schemes—as the r-Order LLF, r-Order LLF-ELCD, and r-Order YM schemes, respectively, for the sake
of brevity.

Remark 3.2. The LP problem (3.4)–(3.8) can be solved using the black-box solver linprog in MAT-
LAB or the KKT-based solver described, for example, in [5, Appendix D].

4. Numerical Results. In this section, we apply the schemes described in §3 to the KH instability
problem. All computations are performed on the domain [0, 1] × [0, 1] using a uniform mesh with ∆x =
∆y = 1/512.

To facilitate comparisons across formal order of the schemes, we use the following notation for the solu-
tions computed within each scheme family, but with different orders of the resulting scheme: (ρℓ,mℓ, Sℓ),
ℓ = 1, . . . , 6, are solutions computed by the first-, second-, third-, fifth-, seventh-, and ninth-order schemes,
respectively, that is, ℓ(1) = 1, ℓ(2) = 2, ℓ(3) = 3, ℓ(5) = 4, ℓ(7) = 5, and ℓ(9) = 6. Motivated
by the concept of K-convergence described in Theorem 2.5, we will average these solutions to obtain
(ρ̃n, m̃n, S̃n)

⊤ := 1
n

∑n
ℓ=1(ρℓ,mℓ, Sℓ)

⊤, where n = 1, . . . , 6.
As explained in Remark 2.4, a sequence of approximate solutions that converges strongly to a weak

solution generates a Young measure concentrated at a single state, that is, a Dirac mass. By contrast, a
non-Dirac Young measure can record oscillations that persist under weak convergence. To examine this
distinction numerically, we consider a local empirical distribution of the computed density. At a fixed
time, this distribution is constructed from the density values ρj,k at all grid points in the small rectangular

subdomain Ω̃ introduced below. It therefore measures the spatial variation of the numerical density
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within this region and provides a common regional diagnostic for the three scheme families. This spatial
histogram is different from the pointwise density marginal, which describes the distribution of density
states at a fixed space-time point. In particular, the spread of the histogram may reflect both small-
scale oscillations and macroscopic spatial variation within Ω̃. Its direct identification with the pointwise
density marginal would require additional locality assumptions, such as sufficient scale separation or an
appropriate shrinking-neighborhood limit. We therefore use the spatial histogram only to compare the
regional density distributions produced by the different schemes, rather than as evidence that the limiting
Young measure is non-Dirac.

To this end, we take a certain small rectangular subdomain Ω̃ and compute

ρ := min
(xj ,yk)∈Ω̃

ρj,k and ρ := max
(xj ,yk)∈Ω̃

ρj,k.

For each comparison, the same values of ρ, ρ, and the same bin edges are used for all distributions being
compared. We then introduce ∆ρ := (ρ− ρ)/30 and the following partition of the interval [ρ,ρ]:

[ρ,ρ] =

30⋃
i=1

[
ρ(i−

1
2 ), ρ(i+

1
2 )
)
, where ρ(

1
2 ) = ρ, ρ(i+

1
2 ) = ρ(i−

1
2 ) +∆ρ, i = 1, . . . , 30.

The distribution of the dataset formed by the values ρj,k at all grid points (xj , yk) ∈ Ω̃ is represented by
a function σℓ = σℓ(ρ), where the subscript ℓ = ℓ(r) indicates that the density values have been computed
using the r-th order scheme. More specifically, σℓ(ρ

(i)) denotes the number of grid points (xj , yk) for which

the computed values ρj,k fall within the interval
[
ρ(i−

1
2 ), ρ(i+

1
2 )
)
. Additionally, we apply a normalization

such that

∆ρ

30∑
i=1

σℓ

(
ρ(i)
)
= 1.

Motivated again by K-convergence, we average the sequence {σℓ} and introduce σ̃n := 1
n

n∑
ℓ=1

σℓ, n =

1, . . . , 6.
We consider the KH instability problem taken from [13] with the following initial conditions:

(ρ, u, v, p)(x, y, 0) =

{
(2,−0.5, 0, 2.5), if 0.25 + 0.05Y1(x, ω) < y < 0.75 + 0.05Y2(x, ω),

(1, 0.5, 0, 2.5), otherwise,

where

Yj(x, ω) =

10∑
n=1

anj (ω) cos
(
bnj (ω) + 2nπx

)
, j = 1, 2,

with anj = anj (ω) ∈ [0, 1] and bnj = bnj (ω) ∈ (−π, π) being fixed random numbers, and with anj normalized

so that
∑10

n=1 a
n
j = 1. The particular values of anj and bnj were generated by rand in MATLAB and are

reported in [7, Table 1]. The boundary conditions in this example are periodic. In all the Young-measure
schemes, we set [0.2, 3.2] × [−2, 2] × [−1.5, 1.5] × [2, 10] for the discretization in phase space and use 20
grid points in each phase-space variable before retaining only physically admissible nodes. Accordingly,
Nu denotes the total number of retained phase-space grid points.

4.1. Numerical Solutions and Approximate Young Measures. We compute the numerical
solutions using all the studied schemes until the final time T = 2 and present in Figure 4.1 the results
obtained by the 3-Order, 5-Order, 7-Order and 9-Order schemes. The results show that the shear layers roll
up into vortices, with the higher-order schemes resolving an increasing number of small-scale structures.
Moreover, the differences between the LLF and LLF-ELCD schemes are quite limited, while the differences
between these two families and the YM schemes are noticeable in the resulting vortical patterns, especially
for higher-order schemes. Consequently, at this fixed mesh resolution, the numerical approximations do
not appear to stabilize toward a common flow pattern as the formal order increases. Although this finite-
order comparison does not establish convergence to distinct DW solutions or rule out strong convergence,
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Fig. 4.1. KH Instability: Density computed by the 3-Order (left column), 5-Order (second column), 7-Order (third column),
and 9-Order (right column) LLF (top row), LLF-ELCD (middle row), and YM (bottom row) schemes.

it provides evidence of scheme-dependent numerical selection. The cumulative averages and empirical
density distributions introduced above will therefore be used to investigate this behavior in greater detail.

We consider the finite cumulative averages of the numerical solutions over different orders. In Figure
4.2, we present ρ̃3, ρ̃4, ρ̃5, and ρ̃6, where one can see that, in contrast to Figure 4.1, the average density
profiles show similarities for different n, indicating increased stability as n increases. Additionally, we
observe that compared to the LLF and LLF-ELCD schemes, the average density profiles produced by the
YM schemes differ significantly. This suggests scheme-dependent numerical selection, although it does
not prove convergence to distinct DW solutions.

Next, we approximate the time averages of a DW solution by evaluating the time averages of the

computed densities, which are denoted by ρTℓ := 1
T

T∫
0

ρℓ(·, t) dt, where T is the final time. We report

ρTℓ for ℓ = 3, 4, 5, 6 computed by the three studied schemes in Figure 4.3, where one can observe that
they become visually more stable as the order increases. In addition, the differences between the time-
averaged flows are substantially smaller than those between the instantaneous solutions. In Figure 4.4,

we show the time averages of ρ̃6, which are denoted by ρ̃T
6 := 1

T

T∫
0

ρ̃6(·, t) dt. The three time-averaged

profiles are remarkably similar. This phenomenon suggests consistency in the measure-valued solutions
produced by different numerical methods, but does not establish that the three methods generate the
same measure-valued limit.

To illustrate the differences in numerical results, we also compare the regional probability density
functions (PDFs) computed by the three studied schemes. To this end, we select two subdomains:

Ω̃1 = [0.24, 0.26]× [0.80, 0.82] and Ω̃2 = [0.36, 0.38]× [0.24, 0.26],

and present the obtained results in Figure 4.5. It is evident that these PDFs computed by the LLF and
LLF-ELCD schemes have similarities, especially in the subdomain Ω̃2, while those computed by the YM
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Fig. 4.2. KH Instability: ρ̃3 (left column), ρ̃4 (second column), ρ̃5 (third column), and ρ̃6 (right column) computed by the
LLF (top row), LLF-ELCD (middle row), and YM (bottom row) schemes.

method differ significantly from the other two. This provides additional evidence that different methods
may select different DW solutions.

4.2. Comparison Based on Selection Criteria. According to [7,14,17], possible selection criteria
for DW solutions are (i) the maximization of entropy production, (ii) the minimization of energy defect,
(iii) the maximization of energy defect, and (iv) the minimization of the Bregman distance. Let us briefly
discuss the physical interpretation of the proposed selection criteria. First, criteria (i) and (iv) are related
to the Second Law of Thermodynamics, which states that physically reliable solutions either preserve or
increase the entropy over time. Here, we select the solutions that either maximize the entropy production
(i) or are closest to the equilibrium state with maximal entropy (iv). The latter expresses the Clausius
formulation of the Second Law of Thermodynamics: “The energy of the world (closed system) is constant;
its entropy tends to a maximum.” Criteria (ii) and (iii) are not contradictory since they select solutions
with either the minimal or maximal oscillatory (turbulent) structures, respectively. As in Definition 2.3,
the energy defect controls the turbulent Reynolds stress defect. As shown in [14], the class of DW solutions
emanating from given initial data is convex, closed, and weakly compact in a suitable topology. The energy
E(ρ,m, S) is a strictly convex function on its domain of definition with ρ > 0. Consequently, the energy
defect is a strictly concave function and criteria (iii) and (iv) yield a unique selected solution in a DW
class.

We first examine the entropy-related selection criterion. In the LLF-ELCD schemes, the entropy-
based LCD uses physical entropy only to select the interface state that defines the local characteristic
basis; see Appendix B. In the YM schemes, the expected mathematical entropy is minimized in the LP
problem (3.4)–(3.8) to compute the discrete probability measures. We therefore examine whether these
two uses of entropy lead to larger physical entropy in the computed solutions. In Figure 4.6, we show the
differences in the entropy at the final time among the LLF, LLF–ELCD, and YM schemes. We observe
that these differences are generally more pronounced as the formal order increases. For the lower-order
schemes, the differences between the LLF and LLF-ELCD results are relatively small. By contrast, the
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Fig. 4.3. KH Instability: ρT3 (left column), ρT4 (second column), ρT5 (third column), and ρT6 (right column) computed by
the LLF (top row), LLF-ELCD (middle row), and YM (bottom row) schemes.

Fig. 4.4. KH Instability: ρ̃T
6 computed by the LLF (left), LLF-ELCD (middle), and YM (right) schemes.

differences between the LLF and YM results are substantially more pronounced than those between the
LLF and LLF-ELCD results.

In Table 4.1, we report the total physical entropy for each formal order r,

Sr(t) :=

∫
Ω

Sr(x, y, t) dxdy,

computed by the three schemes studied. Here, the LLF-ELCD schemes do not achieve larger average
entropies of different formal orders, while the YM schemes produce larger entropies in all of the formal
orders. The numerical results demonstrate that using entropy only to select an interface state for the
LCD does not optimize the numerical solution and also does not enforce a maximum-entropy selection
principle. By contrast, the YM results are consistent with the local maximum-entropy bias imposed
through the objective function in the LP problem, but they do not by themselves prove selection of a
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Fig. 4.5. KH Instability: σ̃3, σ̃4, σ̃5, and σ̃6 computed by the LLF (left column), LLF-ELCD (middle column), and YM

(right column) schemes in the subdomains Ω̃1 (top row) and Ω̃2 (bottom row).

Fig. 4.6. KH Instability: The entropy differences between the 3-Order (left column), 5-Order (second column), 7-Order
(third column), and 9-Order (right column) LLF with the corresponding LLF-ELCD (top row) and YM (bottom row) schemes at
the final time T = 2.

globally maximal-entropy DW solution.
We then compute the average total entropy over orders up to n by

Sn(t) :=

∫
Ω

S̃n(x, y, t) dxdy,

the averaged total energy and the energy of the cumulative mean state by

Ẽn(x, y, t) :=
1

n

n∑
ℓ=1

E
(
ρℓ(x, y, t),mℓ(x, y, t), Sℓ(x, y, t)

)
,
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Table 4.1
KH Instability: Time averages of the total physical entropy for the 1-Order, 2-Order, 3-Order, 5-Order, 7-Order, and 9-Order

LLF, LLF-ELCD, and YM schemes.

LLF LLF–ELCD YM
Relative improvement of

YM over LLF (%)
1
T

∫ T

0
S1(t) dt 1.1160477 1.1160477 1.1177841 0.15558

1
T

∫ T

0
S2(t) dt 1.0627867 1.0627606 1.0632212 0.04088

1
T

∫ T

0
S3(t) dt 1.0617010 1.0616969 1.0623086 0.05723

1
T

∫ T

0
S5(t) dt 1.0609902 1.0609699 1.0629257 0.18242

1
T

∫ T

0
S7(t) dt 1.0556312 1.0555922 1.0582666 0.24965

1
T

∫ T

0
S9(t) dt 1.0528719 1.0527596 1.0543940 0.14457

En
1 (t) :=

∫
Ω

Ẽn(x, y, t) dxdy =

∫
Ω

1

n

n∑
ℓ=1

[
|mℓ|2

2ρℓ
+ ρℓe(ρℓ, Sℓ)

]
dxdy,

En
2 (t) :=

∫
Ω

E
(
ρ̃n(x, y, t), m̃n(x, y, t), S̃n(x, y, t)

)
dxdy =

∫
Ω

|m̃n|2

2ρ̃n
+ ρ̃ne

(
ρ̃n, S̃n

)
dxdy,

respectively, and the energy defect is defined by

Dn
E(t) :=

∫
Ω

∣∣∣Ẽn(x, y, t)− E
(
ρ̃n(x, y, t), m̃n(x, y, t), S̃n(x, y, t)

)∣∣∣dxdy.
In addition, we consider the Bregman distance between a solution (ρ,m, S) at time t and the constant
equilibrium state given by (ρ̄,0, S(ρ̄, θ̄)) that maximizes the entropy. Here,

ρ̄ =
1

|Ω|

∫
Ω

ρ0 dxdy, θ̄ =
1

cvρ̄|Ω|

∫
Ω

E0 dxdy,

and the Bregman distance is given by

J n(t) := En
2 (t)− θ̄Sn(t);

see [14] for details on its derivation.
Based on the numerical solutions obtained by different methods, we compare their respective time-

averaged total entropy, energy defects, and the Bregman distance to the equilibrium state. The time
averages of S6, E6

1 , E6
2 , D6

E, and J 6 are presented in Table 4.2. Here, the initial data yield θ̄ = 1.71665.
It can be observed that the YM schemes produce a smaller energy defect than the LLF and LLF-ELCD
schemes. At the same time, these two methods result in smaller time-averaged total entropies. According
to these numerical diagnostics, the YM schemes are prioritized by criteria (i), (ii), and (iv), while the
LLF-ELCD schemes are prioritized by criterion (iii). Note that the differences between the LLF and
LLF-ELCD schemes with respect to all selection criteria are very small.

4.3. Density Marginals of the Averaged Young Measures. At each physical grid point (xj , yk),
the coefficients µ∗

j,k,ℓ describe the local distribution of the Young measure over the discrete phase-space
states zℓ. They satisfy

µ∗
j,k,ℓ ≥ 0, ∆V

Nu∑
ℓ=1

µ∗
j,k,ℓ = 1,

where ∆V is the constant phase-space cell volume. Therefore, µ∗
j,k,ℓ is a weight of the probability density.

We define wj,k,ℓ := ∆V µ∗
j,k,ℓ. The normalized coefficients wj,k,ℓ satisfy wj,k,ℓ ≥ 0 and

∑Nu

ℓ=1 wj,k,ℓ = 1.
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Table 4.2
KH Instability: Time averages of the total physical entropy, averaged total energy, energy of the cumulative mean state, the

energy defect, and the Bregman distance computed by the LLF, LLF-ELCD, and YM schemes.

LLF LLF–ELCD YM
Relative change of

YM over LLF (%)
1
T

∫ T

0
S6(t) dt 1.0683381 1.0683045 1.0698167 0.13840

1
T

∫ T

0
E6
1 (t) dt 6.4375014 6.4375014 6.4375014 0

1
T

∫ T

0
E6
2 (t) dt 6.4127463 6.4127242 6.4136133 0.01352

1
T

∫ T

0
D6

E(t) dt 2.47551e-2 2.47772e-2 2.38881e-2 -3.50231
1
T

∫ T

0
J 6(t) dt 4.5787794 4.5788151 4.5771083 -0.03650

Accordingly, the discrete Young measure at (xj , yk) can be written as ν∗j,k =
∑Nu

ℓ=1 wj,k,ℓδzℓ
. Moreover,

its first moment satisfies
∑Nu

ℓ=1 wj,k,ℓzℓ = Uj,k.
The values of wj,k,ℓ provide direct information about the local concentration of the Young measure.

If a weight is close to one, the measure is strongly concentrated at a single phase-space state. It is close
to a Dirac measure. If several weights have comparable nonzero values, the measure is a locally dispersed
Young measure. Therefore, the spatial distributions of wj,k,ℓ, together with quantities such as maxℓ wj,k,ℓ

and the effective number of active states, can be used to examine the concentration of the Young measure.
In the following, we study the density marginals averaged first over a selected physical subdomain

and then over several YM reconstruction orders. Thus, the two figures do not display the local full-state
weights wj,k,ℓ. For the YM scheme of order r ∈ {1, 2, 3, 5, 7, 9}, we write the density marginal at (xj , yk)

as ω
(r)
j,k =

∑Nρ

m=1 w
ρ,(r)
j,k,mδρ∗

m
, where ρ∗m is the m-th density support point. The mass w

ρ,(r)
j,k,m is obtained

by summing the weights of all phase-space states whose density component equals ρ∗m. In the numerical

output, it is recovered from the saved density-marginal coefficient through w
ρ,(r)
j,k,m = ∆ρµ

ρ,(r)
j,k,m, where

µ
ρ,(r)
j,k,m is the density-marginal coefficient. These marginal masses satisfy

w
ρ,(r)
j,k,m ≥ 0,

Nρ∑
m=1

w
ρ,(r)
j,k,m = 1,

Nρ∑
m=1

ρ∗mw
ρ,(r)
j,k,m = ρ

(r)
j,k.

We next perform two successive averages: First, we average over physical cells in a selected spatial
subdomain. Let I denote the corresponding set of grid indices corresponding to the physical cells. For
the scheme of order r, we define

wρ,(r)
m :=

1

|I|
∑

(j,k)∈I

w
ρ,(r)
j,k,m, m = 1, . . . , Nρ.

The same definition is applied separately to each selected subdomain. Since the local density marginals
are normalized, their spatial averages satisfy

wρ,(r)
m ≥ 0,

Nρ∑
m=1

wρ,(r)
m = 1.

We then average the spatially averaged masses obtained with different YM reconstruction orders. To this
end, we introduce

R3 = {1, 2, 3}, R4 = {1, 2, 3, 5}, R5 = {1, 2, 3, 5, 7}, and R6 = {1, 2, 3, 5, 7, 9}.

For q = 3, . . . , 6, we define

w̃ρ
q,m :=

1

q

∑
r∈Rq

wρ,(r)
m , ω̃q :=

Nρ∑
m=1

w̃ρ
q,mδρ∗

m
.
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Here, q denotes the number of schemes included in the average and not the formal order of a numerical
scheme. Note that every ω̃q is a probability measure on R.

The weights w̃ρ
q,m are shown in Figure 4.7. For each subdomain, the four curves represent ω̃3, ω̃4,

ω̃5, and ω̃6. The height of each horizontal segment is w̃ρ
q,m, namely, the mass assigned to the density cell

centered at ρ∗m. Most of the probability mass is concentrated on several neighboring density cells, while
the masses outside this region are negligible. The differences among the four averages are mainly caused
by a distribution of weights among these cells. These differences indicate that the averaged marginals
stabilize as higher orders are included.

Fig. 4.7. KH Instability: Probability masses w̃ρ
q,m of the averaged density marginals ω̃q , q = 3, . . . , 6, in the subdomains Ω̃1

(left) and Ω̃2 (right).

We have also plotted the corresponding cumulative distribution functions

Fq(ρ
∗
m) :=

m∑
s=1

w̃ρ
q,s, q = 3, . . . , 6,

in Figure 4.8. Here, Fq(ρ
∗
m) is the probability assigned to density values not exceeding ρ∗m, and its jump

at ρ∗m is exactly w̃ρ
q,m. All four cumulative distribution functions are nondecreasing and reach one at

the largest density support value, confirming the normalization of the averaged density marginals. Their
closer agreement for the later averages is consistent with Figure 4.7.

Fig. 4.8. KH Instability: Cumulative distribution functions Fq(ρ∗m) of the averaged density marginals ω̃q , q = 3, . . . , 6, in

the subdomains Ω̃1 (left) and Ω̃2 (right).

5. Conclusions. We have extended the linear-programming-based Young-measure schemes to two
space dimensions and applied them to the Kelvin–Helmholtz instability governed by the compressible
Euler equations. Comparisons with the standard LLF and LLF–ELCD schemes reveal scheme-dependent
differences in the small-scale vortical structures and PDFs. We have also examined several possible selec-
tion criteria for DW solutions. At every spatial reconstruction order considered, the YM schemes produce
the largest time-averaged domain-integrated physical entropy. By contrast, the LLF–ELCD schemes do
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not systematically produce larger time-averaged domain-integrated physical entropy than the correspond-
ing standard LLF schemes. Therefore, using entropy only to select an interface state for the LCD does not
enforce a maximum-entropy selection principle. The YM results are consistent with the local maximum-
entropy bias imposed through the objective function of the linear-programming problem. Moreover,
the maximum-entropy, minimum-energy-defect, and minimum-Bregman-functional criteria favor the YM
schemes. The finite cross-order and time averages become more stable as additional reconstruction orders
are included, while the averaged density marginals remain concentrated on several neighboring density
states. These fixed-mesh observations provide evidence of scheme-dependent numerical selection. Overall,
the results indicate that the objective function in the linear-programming problem is an active component
of the Young-measure closure rather than merely an auxiliary computational device. Future work will
investigate alternative objective functions and the effects of spatial and phase-space refinement.

Appendix A. A Brief Review of the Reconstruction Operators. In this appendix, we

review the x-directional reconstruction operators R(r),±
j+ 1

2 ,k
at the interface (xj+ 1

2
, yk). The y-directional

reconstruction operators R(r),±
j,k+ 1

2

are constructed analogously, and their details are omitted for the sake of

brevity. For further details, we refer the reader to [22].

A.1. Local Characteristic Reconstruction. We first define Âj+ 1
2 ,k

:= A
(
Ûj+ 1

2 ,k

)
, where A(U) :

= ∂F
∂U is the x-directional flux Jacobian, and compute the matrices Rj+ 1

2 ,k
and R−1

j+ 1
2 ,k

such that R−1
j+ 1

2 ,k

Âj+ 1
2 ,k

Rj+ 1
2 ,k

is diagonal. Here, Ûj+ 1
2 ,k

is an average of Uj,k and Uj+1,k, which is obtained by averaging
the primitive variables:

ρ̂j+ 1
2 ,k

=
ρj,k + ρj+1,k

2
, ûj+ 1

2 ,k
=

uj,k + uj+1,k

2
, v̂j+ 1

2 ,k
=

vj,k + vj+1,k

2
, p̂j+ 1

2 ,k
=

pj,k + pj+1,k

2
.

The split fluxes on the reconstruction stencil are projected onto this single characteristic basis according
to

Qx,±
ℓ,k = R−1

j+ 1
2 ,k

F±
ℓ,k, ℓ ∈ S(r)

j+ 1
2

.

The scalar left- and right-biased reconstruction operators described below are then applied to each char-
acteristic component to obtain

Q̂x,+

j+ 1
2 ,k

= R(r),+

j+ 1
2

({
Qx,+

ℓ,k

}
ℓ∈S(r)

j+1
2

)
, Q̂x,−

j+ 1
2 ,k

= R(r),−
j+ 1

2

({
Qx,−

ℓ,k

}
ℓ∈S(r)

j+1
2

)
.

The x-directional numerical flux is then recovered from

F (r)

j+ 1
2 ,k

= Rj+ 1
2 ,k

(
Q̂x,+

j+ 1
2 ,k

+ Q̂x,−
j+ 1

2 ,k

)
.

The y-directional numerical fluxes G(r)

j,k+ 1
2

are obtained analogously using the Jacobian B(U) := ∂G
∂U

and its corresponding left and right eigenvector matrices. In the following subsections, the scalar formulas
are applied separately to every characteristic component, and the k-index is suppressed for simplicity.

Remark A.1. For detailed explanations of how the matrices Rj+ 1
2 ,k

and R−1
j+ 1

2 ,k
are computed for the

2-D Euler equations of gas dynamics, we refer the reader to [1, Appendix C].

A.2. First-Order Reconstruction. For r = 1, the reconstruction operators are

R(1),+

j+ 1
2

(
{q+ℓ }

)
= q+j , R(1),−

j+ 1
2

(
{q−ℓ }

)
= q−j+1.

Their sum gives a first-order LLF-type numerical flux. For the classical schemes, this is the standard LLF
flux, whereas for the Young-measure scheme, the physical flux values are replaced by their Young-measure
averages.



18 S. Chu & M. Herty

A.3. Second-Order Reconstruction. For r = 2, the one-sided point values are reconstructed as

R(2),+

j+ 1
2

(
{q+ℓ }

)
= q+j +

∆x

2
(q+j )x, R(2),−

j+ 1
2

(
{q−ℓ }

)
= q−j+1 −

∆x

2
(q−j+1)x,

where the slopes (q±j )x are computed using a nonlinear limiter to ensure the non-oscillatory property of
the reconstruction. In this paper, we use the generalized minmod limiter (see, e.g., [24, 27,31]):

(A.1) (q±j )x = minmod

(
θ
q±j − q±j−1

∆x
,
q±j+1 − q±j−1

2∆x
, θ

q±j+1 − q±j
∆x

)
.

Here, the minmod function is defined by

minmod(z1, z2, . . .) :=


minℓ{zℓ}, zℓ > 0 ∀ℓ,
maxℓ{zℓ}, zℓ < 0 ∀ℓ,
0, otherwise.

The parameter θ in (A.1) controls the amount of numerical diffusion in the resulting scheme. In general,
larger values of θ lead to sharper but potentially more oscillatory reconstructions. In the numerical
example reported in §4, we take θ = 2.

A.4. High-Order WENO Reconstructions. The third-, fifth-, seventh-, and ninth-order recon-
struction operators are described simultaneously by setting r = 2s − 1, with s = 2, 3, 4, 5. Following the
WENO construction, the reconstructed interface values are convex combinations of candidate values:

(A.2) R(2s−1),+

j+ 1
2

(
{q+ℓ }

)
=

s−1∑
m=0

ω+
mp+

m,j+ 1
2

, R(2s−1),−
j+ 1

2

(
{q−ℓ }

)
=

s−1∑
m=0

ω−
mp−

m,j+ 1
2

.

The nonlinear weights are given by α±
m =

d(s)
m

(ε0+β±
m)2

, where ω±
m = α±

m

/s−1∑
ℓ=0

α±
ℓ , and ε0 > 0 is a fixed small

parameter. In this paper, we take ε0 = 10−12 in all of the schemes. The optimal weights are

d(s)m =

(
s−1
m

)(
s
m

)(
2s−1

s

) , m = 0, . . . , s− 1.

For the fifth-, seventh-, and ninth-order reconstructions, the smoothness indicators are computed by

(A.3) β+
m =

s−1∑
ν=1

∆x2ν−1

∫
Ij

[
dν

dxν
p+m(x)

]2
dx, β−

m =

s−1∑
ν=1

∆x2ν−1

∫
Ij+1

[
dν

dxν
p−m(x)

]2
dx,

where Ij = [xj−1/2, xj+1/2], and the polynomials p±m(x) have degree at most s− 1 and satisfy

1

∆x

∫ xℓ+1/2

xℓ−1/2

p±m(x) dx = q±ℓ

for every index ℓ in the corresponding candidate stencil. This is the standard auxiliary cell-average
interpretation used to construct finite-difference WENO numerical fluxes from the pointwise split-flux
data q±ℓ . We refer to [19] for the explicit forms of the smoothness indicators used in the fifth-, seventh-,
and ninth-order schemes. For the third-order scheme, the indicators in (A.3) are replaced by the new
smoothness indicators introduced in [9, Appendix A] to achieve higher resolution, while the remaining
reconstruction formulas are unchanged.

Finally, the interface values in (A.2) are given by

p+
m,j+ 1

2

=

s−1∑
ℓ=0

C
[s]
m,ℓq

+
j−s+1+m+ℓ, p−

m,j+ 1
2

=

s−1∑
ℓ=0

C
[s]
m,ℓq

−
j+s−m−ℓ,



Numerical Realization of an Entropy-Based Selection Principle 19

where the coefficient matrices are given by

C [2] =

−1

2

3

2

1

2

1

2

 , C [3] =



1

3
−7

6

11

6

−1

6

5

6

1

3

1

3

5

6
−1

6

 , C [4] =



−1

4

13

12
−23

12

25

12

1

12
− 5

12

13

12

1

4

− 1

12

7

12

7

12
− 1

12

1

4

13

12
− 5

12

1

12


,

and

C [5] =



1

5
−21

20

137

60
−163

60

137

60

− 1

20

17

60
−43

60

77

60

1

5

1

30
−13

60

47

60

9

20
− 1

20

− 1

20

9

20

47

60
−13

60

1

30

1

5

77

60
−43

60

17

60
− 1

20


.

Appendix B. Entropy-Based Local Characteristic Decomposition. In this appendix, we
briefly describe the entropy-based LCD; see, e.g., [6]. The reconstruction procedure is the same as that

presented in Appendix A, except that the interface state Ûj+ 1
2 ,k

used to construct the matrix Âj+ 1
2 ,k

=

A(Ûj+ 1
2 ,k

) is selected according to the physical entropy, determined by the following algorithm.

Algorithm B.1 Entropy-based average interface state in the x-direction.

1: Set S1 := S( ρj,k, pj,k), S2 := S( ρj+1,k, pj+1,k), S3 := S( ρj,k, pj+1,k), S4 := S( ρj+1,k, pj,k)

2: if S1 = max{S1, S2, S3, S4} then
3: set ρ̂j+ 1

2 ,k
:= ρj,k, ûj+ 1

2 ,k
:= uj,k, v̂j+ 1

2 ,k
:= vj,k, p̂j+ 1

2 ,k
:= pj,k

4: else if S2 = max{S1, S2, S3, S4} then
5: set ρ̂j+ 1

2 ,k
:= ρj+1,k, ûj+ 1

2 ,k
:= uj+1,k, v̂j+ 1

2 ,k
:= vj+1,k, p̂j+ 1

2 ,k
:= pj+1,k

6: else if S3 = max{S1, S2, S3, S4} then
7: set ρ̂j+ 1

2 ,k
:= ρj,k, ûj+ 1

2 ,k
:= (uj,k + uj+1,k)/2, v̂j+ 1

2 ,k
:= (vj,k + vj+1,k)/2, p̂j+ 1

2 ,k
:= pj+1,k

8: else
9: set ρ̂j+ 1

2 ,k
:= ρj+1,k, ûj+ 1

2 ,k
:= (uj,k + uj+1,k)/2, v̂j+ 1

2 ,k
:= (vj,k + vj+1,k)/2, p̂j+ 1

2 ,k
:= pj,k

10: end if

The remaining reconstruction steps are exactly the same as those described in Appendix A. The
entropy-based interface state in the y-direction is constructed analogously, and its details are omitted for
the sake of brevity.
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