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Abstract. A novel structure-preserving numerical method to solve random hyperbolic systems
of conservation laws is presented. The method uses a concept of generalized, measure-valued solutions
to random conservation laws. This yields a linear partial differential equation with respect to the
Young measure and allows for the computation of the approximation based on linear programming
problems. We analyze structure-preserving properties of the derived numerical method and discuss its
advantages and disadvantages. We numerically demonstrate the approach on the one-dimensional
Burgers and isentropic Euler equations and compare with stochastic collocation. In addition, we
introduce a discontinuous-flux test in which different entropies used in the linear-program objective
select different weak entropy solutions, and we report the corresponding changes in the moments and
supports of the Young measure.
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1. Introduction. Random nonlinear conservation laws arise in various engi-
neering, atmospheric, or geophysical applications. In recent years, several numeri-
cal methods have been proposed for random conservation laws; see, e.g., [1] for an
overview. Popular methods include nonintrusive (Quasi-)Monte Carlo simulations
[1, 38, 39], stochastic collocation [2, 34, 48, 49], or (intrusive) generalized polynomial
chaos expansion [27, 40, 42, 47, 48] and references therein.

The advantages and disadvantages of different approaches have been discussed
extensively in the literature, and we refer to [8] for recent discussions. At this point,
we only mention that the Monte Carlo methods, while robust, are not necessarily the
most efficient. Similar to the stochastic collocation method, the numerical methods
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provided for the deterministic case can be easily reused, strongly simplifying their
applicability. In contrast, intrusive methods, based on generalized polynomial chaos
expansion, known as the stochastic Galerkin methods, are less flexible. They require
typically projection of the Galerkin approximation that leads to a new deterministic
system of equations for the coefficients of the expansion [41, 46]. Provided the solution
is sufficiently smooth, this intrusive approach is usually more accurate even for a low
degree of the expansion [16, 17]. However, the resulting system for the coefficients may
be challenging to solve due to a possible loss of hyperbolicity [7, 11, 14, 27, 28, 29].
Moreover, it also requires a reimplementation of the numerical method. The stochastic
collocation, as well as stochastic Galerkin methods, may encounter Gibbs phenomena
across jump discontinuities due to the spectral approximation requiring additional
filtering [3, 11, 30, 34, 43|, spectral viscosity [26, 45], or adaptive diffusion [8, 32]
techniques.

In this work, a different way to numerically compute approximate solutions to ran-
dom nonlinear hyperbolic partial differential equations (PDEs) (2.1) is presented. The
main idea is to consider a solution in a measure-valued framework as parameterized
Young measures instead of the weak (distributional) solutions [18, 19] (see also [15],
where the concept of measure-valued solutions for conservation laws was introduced
in a rigorous analytical framework and has inspired numerous developments). This
yields a linear problem that allows for a different treatment circumventing most of
the mentioned problems. Our approach is motivated by the recent works on dissipa-
tive measure-valued solutions to the compressible fluid flows; see, e.g., [21, 22, 23].
We propose here a novel numerical method based on the measure-valued formula-
tion of a hyperbolic conservation law. In the aforementioned publications, the Young
measure is generated by a weakly convergent approximated sequence and represents
the underlying (dissipative) measure-valued solution of the compressible Euler and
Navier—Stokes equations. Contrary to this approach, in the present work, the Young
measure is directly computed in the construction of the numerical scheme. Our new
approach is presented here for general one-dimensional systems of conservation laws,
and numerical results are given for the isentropic Euler system, the Burgers equation,
and a discontinuous flux test, while in [21, 22, 23] the multidimensional fluid dynamic
equations are considered. We also refer to a related recent publication [6], which pro-
poses a moment-based framework for parameter-dependent hyperbolic conservation
laws. Their approach exploits the linearity of the moment equations and relies on the
Moment-SOS hierarchy to approximate entropy solutions, which allows for the proof
of convergence given certain structural assumptions.

The difference is that there the moments are computed using a sufficiently large
family of entropies of the system. The latter is, however, not necessarily available for
a general hyperbolic system. Furthermore, also moments with respect to time and
space are considered, whereas we propose to use only moments in the random dimen-
sion. This yields a Young measure parameterized by (¢,2) and allows for the use of
standard finite-volume schemes for the propagation of the moments of the measure.
Note that there is a similarity with [33, 34], where a moment-based approach to ran-
dom conservation laws has been proposed. However, in the present paper, we provide
a different formulation of the closure problem compared to the above references. Fur-
thermore, the presented approach does not require filters [34], and it is applicable also
to the system case. This is at the expense of solving a linear programming problem,
in contrast to the nonlinear optimization problem in the aforementioned publications.
As far as we are aware, the present methodology is novel, and there are no further sim-
ilarities with existing works. The remaining part of the paper is organized as follows.
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In the next section, the method will be formally derived and some structure-preserving
properties will be discussed. Results of numerical simulations for the random Burgers
equation, the isentropic Euler system, and one example taking the discontinuous flux
will be given in section 3. A discussion and outlook section closes this work.

2. The method. Let (Q, F(Q2),P) be a probability space with £ being a metric
space of events, F(Q2) a o-field of Borel subsets of Q and P a probability measure
on €.

We consider the random Cauchy problem for a system of nonlinear hyperbolic
conservation laws

Dpult,,€) + 0, f(u(t,z,€)) =0,  t€(0,T), z€R and £,

2.1) u(0,z,&) = up(z, &) € R, z€R and €€

For simplicity, the randomness enters only through the random initial data ug that
are Borel measurable mappings from (2 to the phase space in R™.

The nonlinear flux f : R™ — R" is assumed to be hyperbolic; i.e., the Jacobian
matrix A = % has only real eigenvalues and is diagonalizable. For a detailed definition
and discussion of hyperbolicity, we refer to [10, Sect. 3]. We also assume that (2.1) is
accompanied by a convex entropy 7 and the corresponding entropy flux pair ¢ such
that the entropy inequality

(2.2) O (u(t, ,€)) + dzq(u(t,z,§)) <0

holds true. In what follows, we consider a very weak, i.e., measure-valued, formulation
of (2.1)-(2.2), cf. (2.6), (2.8). Existence of measure-valued solutions, their compatibil-
ity and measure-valued-strong uniqueness principle for multidimensional hyperbolic
conservation laws (2.1)—(2.2) were investigated in [23].

For theoretical results on the existence and uniqueness of weak entropy solutions
for (deterministic) one-dimensional systems of hyperbolic conservation laws and mul-
tidimensional scalar hyperbolic conservation laws, we refer to [5, 6, 10, 38].

The situation changes dramatically for multidimensional systems of hyperbolic
conservation laws. As shown in the pioneering works of De Lellis and Székelyhidi
[12, 13], many weak entropy solutions may exist; see also [35] and the references
therein. As shown recently in [9], the set of initial data for which infinitely many weak
entropy solutions of the compressible Euler equations exists is dense in LP-topology.
We also refer to recent works, where various selection criteria were studied to recover
well-posedness of the compressible Euler equations in the class of measure-valued or
dissipative (measure-valued) solutions [4, 20, 24, 31].

The challenges of well-posedness in the context of parameter-dependent (random)
hyperbolic systems are addressed in [6], which shows that existence and uniqueness can
be nontrivial and require careful moment-based formulations and closure assumptions.
This underlines the complexity of extending deterministic theories to the random
hyperbolic problems. In particular, the random conservation law (2.1) can also be
understood as a deterministic conservation law on the extended phase space (z,¢)
using properly weighted solution spaces; see, e.g., [29].

We proceed with the formal derivation of the numerical approximation of the
Cauchy problem (2.1)—(2.2). Without loss of generality, we assume that the probabil-
ity distribution is an absolutely continuous random variable on 2 C R with respect to
the Lebesgue measure. Hence, there exists an essentially bounded probability density
p:Q—[0,00). Further, we consider the set {¢;}2; of orthonormal polynomials on
with values in R and of degree at most ¢, such that
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/Q 6:(6) 6;(6) pE)dE =15, i j=1,...

Here, §; ; denotes the Kronecker symbol. For uniform and Gaussian distributions, dif-
ferent orthogonal polynomials are suitable; e.g., Legendre and Hermite, respectively.
A comprehensive list can be found in [44, 48]. Flexibility in the choice of suitable basis
functions allows for presenting our new method in a uniform framework. Formally,
the case of stochastic collocation approach in the aforementioned formulation is ob-
tained by setting ¢;(£) = §(£ —&;) for a sequence of points {&;}; with i=1,2,3,.... In
section 3, we present results of numerical simulations obtained by using these basis
functions.

Remark 2.1. The stochastic collocation approach is a nonintrusive method to
solve random PDEs. It approximates the solution by evaluating deterministic PDE
solvers at selected collocation points in the random space. Formally, this corresponds
to choosing basis functions of the form ¢;(£) = 6(€ — &;), where {;} are collocation
points. For each &;, a deterministic version of the PDE is solved independently, and
statistical quantities (such as mean and variance) are computed via numerical quad-
rature. This method is particularly attractive because it allows the reuse of existing
deterministic solvers without modification. Moreover, it handles discontinuities well
and avoids the Gibbs phenomenon associated with spectral methods. However, it
may require a large number of collocation points in high-dimensional random spaces
to achieve sufficient accuracy. For more details, we refer the readers to [2, 34, 48, 49].

Remark 2.2. Tt is important to note that in [6], the main point is to have many
entropies available since those allow for the reconstruction of the measure. This is
certainly the case in the scalar case but may not be true for systems. Here, we do not
rely on those moments for the reconstruction. The moments we have used are only
with respect to the variable £ (not u).

2.1. Minimization formulation for stochastic Galerkin approach. Recall
that in the stochastic Galerkin approach, we multiply (2.1) by p(¢) and by ¢;(&).
Integrating over Q2 yields an equation for the ¢th stochastic moment U; of u given by

(2.3) Ui(t,x) = / bi(Eult,z, E)p(E)E,

where U; fulfills the PDE
24)  aU(La)+o, /Q (O f(ultm, E)p(E)AE=0,  i=1,23,...

The initial data for the evolution of U; is obtained by the projection of ug, i.e.,

U;)(I):A¢z(§)uO(I7f)p(§)d§, 7;:152737-”

Note that in the case of the stochastic collocation approach, it holds U;(t,z) =
u(t,x,&;) for given collocation points & € Q. The reconstruction of the flux term
fu(t,z,£)) out of the moments U; is the major task. In the stochastic Galerkin
framework, e.g., a (truncated) series expansion u(t,z,&) = Zf\fl U;(t,x)o;(€) is used,
requiring a projection of f(u) on the space generated by {¢;},_*;. In the case of trun-
cated series expansions, this procedure may lead to loss of hyperbolicity depending
on the formulation of expansion variables; see [27, 42].
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Inspired by kinetic theory, a possibility to determine u = u(t, x,€) is to consider
a minimization problem with constraints given by the moments U;; see [33, 42].

For each fixed (¢,z) and given moments U;(t,x) for ¢ = 1,...,N¢, a function
& —u*(&;t,x) is obtained as a solution to (2.5).

(2.5) u*=argminv(.)/Qn(v(f))p(ﬁ)dé subject tO/Q¢i(§)v(§)p(§)d§=ui(tw),

for i=1,..., N¢. Then, (2.4) is closed in terms of U; by approximating

/ 61(6) F(ult, 2, ))p(€)dE ~ / 6r(6) Fu* (61, 2)p(€)de.

Namely, we take [, [o, #i(§)f(u* (&, 2))p(€§)dE as the flux term in computing (2.4).
Here, u* is the solution to (2.5). More details on this approach are given, e.g., in [33].
Since (2.4) is nonlinear, its solution is nontrivial, and it is possibly computationally
expensive. Our scheme proposed here is motivated by a similar minimization problem
but uses a formulation in terms of the Young measures to introduce an additional
linear structure.

2.2. Formal derivation of the proposed scheme. The proposed method
aims to approximate the stochastic moments U; of the random solution w(¢,z,£) as
n (2.3). We use a linear structure of the measure-valued formulation of (2.1)—(2.2).
Denote by P(R™) the space of probability measures on R”™.

We say that the Young measure v, , ¢ € P(R") is a measure-valued solution of

(2.1)-(2.2) if

(2.6) /oT/R/atwt’x)d)(f)/ udvy,e(a)

+ 0z (t, x) / f(u) dvg g ¢ (u)p(§)dédadt =0

for all test functions ¢ € C1((0,T) x R), ¢ € C(Q) and
(2.7) Vo,0,e(-) =0(- —uo(x,§)) for a.a. z€R, €.

Further, we require that the entropy inequality holds in the following sense

o8) / ' [ [ adtase [ v

+ 0.0 (t, )5 (€) /R ) q(u) dvy o ¢ (w)p(€)dédadt > 0

for all test functions ¢ € C}((0,T) x R), ¢ € C(Q), 1 >0, > 0.

Clearly, provided that v , ¢ is a Dirac measure concentrated at u = u(t,z,§) for
every t € [0,T],z € R,§ € , the standard weak formulation of (2.1), (2.2) is recovered.
Due to the linearity, there may be many solutions to (2.6) since (2.6) is linear in v; 4 ¢.

Similar to the stochastic Galerkin approach presented in the previous section, we
take for the test function ¢; in (2.6) to obtain ¢ =1,..., N¢ equations for the stochastic
moments u,(t,z) of the measure vy 5 ¢, i.e.,

wilt, x) = /Q [ 6O wdvi e )
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The initial data for the stochastic moment of u,; are obtained by projection using
the test function ¢;

9w [ [ o€ udicwp(d = U2, i=1..... Ve

The evolution equation for w; is obtained by testing (2.6) with the test function
@i, i=1,..., N¢, yielding the weak formulation of the PDE

(210) us(t2)+ 0, [ [ 0u(€)7 () v ellpl€) =0

Thus, the moments u; are approximations to the stochastic moments U; (see (2.3))
of the solution u(t, z,£) to the original random hyperbolic conservation law (2.1). Sim-
ilarly to (2.4), the system (2.10) is not in closed form with respect to the stochastic
moments u; of vy 5 ¢. Therefore, an optimization problem, similarly to (2.5), is formu-
lated to determine a suitable measure v. The constraints are given by the stochastic
moments of v , . Mimicking (2.5), the proposed method minimizes the entropy over
the space of probability measures. For a.a. (t,z) € RT x R, a family of parameterized
measure {4, , }eco on R™ is obtained such that

[1g,1 o = ArgMingeq, MEEM/ / u)dpe (u)p(§)dg

(2.11)
subject to /Q /Rn ¢i(§udpe()p(§)d =u,(t,z), i=1,..., Ne.

Here, M C P(R™) is a subset of the probability space. It is a freedom in this
general framework and we will specify it later.

Remark 2.3. Here, we can also use the notation as that in [15]. Namely, we
formulate the problem (2.11) as

“Z;t,m :argmin5697/L§€MA<naﬂﬁ>p(£)d£
subject to /Q<id, te) 9 (E)p()dE = u,(t,x), i=1,...,Ng.

with id(u) :=u and

(ne) = [ n(w) due(w).

Remark 2.4. If the feasible set M is taken as the full probability space P(R"™), then
the following argument holds: if u7, , is any minimizer, then by Jensen’s inequality,
the Dirac measure

fig.t w = Ou=(¢st,2) Where u* (&t x) = <idvﬂgat,w>

will also be a minimizer. In fact, if 7 is strictly convex, then p* will have strictly
less entropy than p*. However, if we take the feasible set M to be the probability
space with a given support, then the Dirac measure may be excluded; e.g., see the
numerical example in section 3.3.

Remark 2.5. Since the moments of the measure are fixed in our method, we do not
expect to capture two possible solutions, e.g., dy, (¢:¢,0) and Gy, (e;1,2), sSimultaneously.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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As aforementioned, this nonuniqueness may happen for multidimensional hyperbolic
systems. Another approach is to replace the constraints in (2.11) by (2.10). In other
words, we look for a measure p such that it minimizes the total entropy and satisfies
the N¢ equations of conservation (2.10).

Formulation (2.11) yields a linear programming problem compared to a nonlinear
problem (2.5). This is due to the formulation by means of the Young measures. We
will exploit this fact further in the following paragraph. Family of solutions yg,, ,
is used to approximate the measure-valued solution vy, ¢ by the following closure
relation for each ¢ =1,..., Ng:

e [ s anacp@as [ [ o wpde

Namely, we take [, [, #:(€)f(w)duf,, ,(w)p(€)d€ as the flux term in computing (2.10).
The evolution of the stochastic moments u; is fully determined by (2.9), (2.10), (2.11),
and (2.12), respectively. The linearity of (2.11) will translate into linear programming
problems after discretization. The solution xf to (2.11) might not be unique. We will
discuss below the consequences; however, note that we are only interested in the re-
sulting value of the flux after applying the closure (2.12). Each solution K.t . depends

solely on the moments u;(t, ) with i =1,..., N¢. Hence, for a.a. (t,x) and N¢ given
moments @ = (uy,...,un,)", each minimizer to (2.11) may be denoted by
(2.13) pg (5t ) 1= By o ()

Due to (2.13), the closure relation (2.12), the flux in (2.10) is given in terms of {u; ;V:ﬂ.
Hence, the weak formulation of (2.10) (in the sense of (2.6)) is a conservation law to
be discretized by a suitable numerical method, e.g., structure-preserving finite-volume
scheme. In particular, discrete formulation of the entropy inequality (2.8) needs to
hold.

In the subsequent section, a first-order entropy stable finite-volume scheme is
presented.

2.3. Semidiscrete scheme with the Lax-Friedrichs flux. In what follows,
we work with an equidistant spatial grid {C} }j—vz’”l; C; is a mesh cell of size Az with
center x;. The cell averages are u; ;(t) ~ 5 [, ui(t,2)dz. For the initial data the

J

cell averages are obtained as
1

(2.14) wy=as [ ] e udmaens
Ax c; JQJRrRe

see (2.9). We approximate the weak formulation of (2.10) by means of the first-order
Lax-Friedrichs finite-volume method that yields an approximation u;’; to u;; (tn) at
time t,, = nAt for n=0,1,... as follows:

(2.15)
1 At . .
u2j1:§(u23+1+u%—1)_m(}—ﬁ]-i-l_ ﬁ]_l),lzl,,Ng, J:].,,Nz

The first term on the right-hand side (RHS) of (2.15) represents a numerical diffusion,
and the flux F};,; is obtained using the closure (2.12)

(216) Fiyea= [ [ o ugwpie)s
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where @7y = (uf ji1,-..,uly, ;)" Furthermore, the time step At has to be speci-
fied. At time ¢, the CFL condition for (2.1) is given by

max {7 (D (u(t,,€)))} At = CFL Az,
where o denotes the spectral radius of the Jacobian matrix D f and CFL € (0,1]. The
CFL condition at time t™ needs to be computed in terms of «}' ';» and the time step
At in the proposed scheme is computed using the following condition:

(2.17) _max {/ /n (Df () dpg (w; @) p(€)d f}At_ CFLAxz.

It is a semidiscrete scheme in the sense that we have only discretized on (0,7) xR
without any approximation in the random space 2. For a fully discrete scheme, we
need to specify the orthonormal family of basis functions {¢;};_ N . Furthermore, in
order to evaluate the numerical flux (2.16), suitable numerical quadratures for £ €2
and u € R™ will be applied. The chosen quadratures need to be also applied to
numerically solve the linear programming problem (2.11), as well as to evaluate the
CFL condition (2.17).

2.4. Summary and discussion of proposed method. Let us summarize the
proposed scheme to compute approximations to the moments U;,7 =1,..., N¢ of the
solution u(t,z,&).

For given random initial data wo(x,&), we compute the corresponding Young
measure Vg, ¢ by means of (2.7). Discrete initial data u”, t=1,...,Ngand j =
L,..., N, are obtained by (2.9). Then, the moments u;'; are propagated over time for
n= O7 1,..., N according to (2.15) using the flux (2.16), where p (%) is given by (2.13)
and (2.11) The time step is chosen at each time step n according to CFL condition
(2.17). A fully discrete version is presented in section 2.5 with the corresponding
numerical results in section 3. Some remarks are now in order.

Remark 2.6. The minimization problem (2.11) is stated for a general parameter-
ized family of measures pe € P(R™), such that the existence of a minimal solution is
not necessarily guaranteed. The results may also depend on the chosen set of basis
functions {¢;};* N . In the next section, we will consider a particular choice of the basis
functions {qﬁz}i:l and discuss expected properties of the resulting numerical method.
As the cost functional, the entropy has been chosen, and in section 3, we exemplify
that this choice indeed selects the entropy solution (2.2).

If the flux (2.12), (2.13) is considered, then the resulting system for the evolution
of @ requires computing the spectral radius of the Jacobian matrix D f € RNeX" with
entries Df; o fori=1,...,Neand {=1,...,n

D=0 { [ [ o@r izt dpterac |

Unfortunately, in general, it is not expected to find a closed form of Df;,. In the
numerical results condition, (2.17) is used.

If we choose particular representations of fi¢, some well-known schemes can be
recovered on a formal level. For example, if we consider, in (2.11), an ansatz for p¢
as pe(u) =d6(u—U(t,z,€)) for some unknown function U = u(t, x,§), the nonlinear
problem (2.5) is recovered. Hence, formally, our approach is a generalization of the
method (2.5) by allowing a more general form of . Alternatively, one could also

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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use the ansatz pe(u) =6(u— Zf\fl Vi(t,z)pi(€)) for a set of unknown functions {V;},.
Then, we formally recover the classical stochastic Galerkin method, cf. [8]. In this
case, the degrees of freedom V; (¢, x) are uniquely determined by the set of constraints.

Clearly, the proposed method can be generalized to high-order methods using
a suitable polynomial reconstruction and higher-order fluxes in (2.15). Note that
dependence on the cell averages uj only enters through the constraints in the linear
program to compute the measure ,ug. Here, only cell averages have been considered,
but clearly, high-order reconstructions of u in spatial direction may also be used here.
The same holds true for the higher-order integration in time.

2.5. Fully discrete scheme. Our aim in this section is to present an example of
a fully discrete scheme Let us assume that & ~U(Q); i.e., £ is uniformly distributed,
and p(§) = pp = IQ\ Furthermore, we assume that {¢; Nl are equidistant points
in Q. To illustrate the strategy for a fully discrete approximation, we will consider
piecewise-constant orthonormal basis (2.18), which mimics collocation at equidistant
points, i.e.,

1
mx[ﬁi*%fﬂri

where pg = IQ\ is the constant density of the uniform distribution. This construction
yields a set of orthonormal basis functions satisfying

(2.18) ¢i(€) =

/Q 0:(€)6;(€) pl€) dE = b3;.

The use of piecewise constant, nonoverlapping basis functions aligns with the idea of
stochastic collocation at equidistant points, while allowing a Galerkin-type discrete
formulation. This basis choice simplifies both projection and integration in the sto-
chastic variable, making it particularly suitable for the fully discrete approximation
considered here.

We point out that different choices of the random basis functions will yield dif-
ferent fully discrete methods. Furthermore, we consider a discretization with N,
equidistant points u, € R™ of the solution space for u(t,z,£) € R™. According to (2.7),
(2.9), and (2.18), the cell averages of the initial data are given by

T+ i+
(2.19) u) = Alx Alg /_g (z,§)p(§)dEd.

For given moments u;’;, a discrete approximation 4 , to the measure-valued solution
pg(u;a™) of the linear programming problem (2. 11) needs to be computed. For a
)T

given vector @ Uy = (um, . ,uNM- , We approximate

pe, (wes @5) = o (47,

for i =1,...,N¢ and ¢ = 1,...,N,. The discretization of the linear programming
problem (2.11) reads for the unknowns {fu; ¢}i—1,....N¢ ¢=1,...,N,,

Ne N,

(2.20a) {5 (@)} = argmin g, ,yAE Au > > n(ar)popi e
i=1 (=1

(2.20b) subject to u; ¢ >0, ¥(i,£),
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(220C) Hi,e S )\F/Aua V(Z, é)v
Ny,

(2.20d) A =1, Vi,
(=1
N,

(2.20e) AuZuz i =ug ;, Vi.
(=1

Here, 0 < Ap <1 is a factor controlling the support of the Young measure, and it will
be fixed later in the numerical experiments. The case A\ =1 corresponds to the case
where atomic solutions are allowed.

The additional constraints guarantee that 7, is a probability measure for each
i =1,..., N¢. Furthermore, due to the discretization in random space with step size
AE, there is an upper bound on the size of the measure in each cell. This is also
encoded as an additional constraint compared with (2.11). The stated dependence
of Hip on @7 denotes that the solution to the linear program (2.20) depends only on
the current moments on the cell C; at time t,,. The scheme is given by (2.15), where
using (2.18) and (2.20), the flux (2.16) reads

N,
(2.21) Fy=0u Y flug)pl o (if}),
(=1

and At is obtained by the CFL condition (2.17)

Ne N,
(2.22) jmax Ag;Au;a(Df(ug))W(uj)po At =CFLAz.

The equations (2.19), (2.20), (2.17), (2.21), and (2.22) determine the fully discrete
numerical scheme. Before proceeding with the discussion on the scheme properties,
the following remark on its implementation is in order.

Remark 2.7. For the solution to the linear programming problem, an interior point
solver has been used. Therefore, it has been advantageous to replace the equality
constraints (2.20e) by the following inequalities introducing a possible error O(Au)
in the order of the discretization in u,

N,
ui; — Au < AuZu@ pie <ug ;4 Au, Vi
=1

The dimension of the linear program is N, x N¢ with 2N¢ 4+ 2N, x N¢ constraints.
The complexity can be reduced to N linear programming problems of dimension
N, as shown in section 2.6. While the solution quality has not been changed, the
computational time has been improved. In the numerical simulations presented below,
the formulation (2.23) has been used.

2.6. Properties of the fully discrete scheme. In this section, we will analyze
the proposed scheme. Due to the bounds on p; ¢, the minimizers exist, if the feasible
set is nonempty.

LEMMA 2.8. Provided that the feasible set given by (2.20b)—(2.20e) is nonempty,
the linear program (2.20) has a solution.
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Due to the particular structure of the constraints and if the entropy > 0, (2.20)
is equivalent to the following ¢ =1,..., N¢ linear programming problems (2.23) in the

following sense.
LEMMA 2.9. Assume n(u) > 0. For each firedi=1,..., N¢ and a given vector u7},
the linear programming problem (2.23) has a solution in RN« denoted by {I/;:Z}é\[:“l.

Ny,
{vi (d})} = argming,, y Au Zn(ue)l/e
=1

subject tov, >0, V¢,
vy < Ap/Au, V¢,

Ny
AuZW =1,
(=1

N
Au E ue v =ug
=1

(2.23)

Then, p;,=v;, for all (i,€) is a solution to (2.20). The converse also holds true.

Assume that Ap =1 and for all i =1,..., N¢ it holds that «; € {u1,...,un,},
then a solution to the linear programming (2.23) is given by Vig= ﬁ&,gi for £; such
that u}'; = uy,. This is the solution expected for the stochastic collocation method.
Indeed, assume that vy is nonzero for two indices ¢ and k, then due to the fact that v,
is a probability measure, it holds Auvg =1 — Auyy. Furthermore, due to the equality
constraint, it holds (1 — Auvp)ug + Auvy = u? i However, since 7 is a convex function,
it holds

n(ue,) =n(@; ;) =n((1 — Auve)ug, + Auvpug) < Aun(ug)vi + Aun(ug)ve.
Therefore, the stochastic collocation solution uy, is consistent with a solution v}, to
the proposed method. This proves the following lemma. /

LEMMA 2.10. Assume that @}'; € {u1,...,un,} for each i. Then, the discrete
measure for all (i,£) given by

1
vi(uy) = A—ucsui for £; such that @' ; = uy

i

is a solution to (2.20). If n is a strictly convex function, the minimizer is unique.

The previous lemma states that we can recover the classical stochastic collocation
method for the given assumptions. Note, however, that the method we propose is
more general, uz (u; ﬁg?ﬂ) may be dependent on the full vector of values ﬁ?ﬂ =
(uTj41,U3 j415-- - R, j41), and p” may not be a Dirac delta.

Linear programming problems, such as (2.20) and (2.23), may have infinitely
many solutions. However, in the case of the Burgers equation being one example in
section 3, the entropy n(u) = “72 equals the flux f(u) =n(u). Since the value of the cost
functional at all minimizers is the same, the numerical flux of the proposed scheme
(2.15) and (2.21), respectively, is independent of the particular choice of the mini-
mizer. Given the assumptions of Lemma 2.10, this holds also for general hyperbolic
conservation laws. Indeed, Lemma 2.10 provides the existence of a unique minimizer
v}, for strictly convex entropies. Hence, for any nonlinear function u — f (u), it holds
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Nu
) =Au" f(uvi,.
/=1

Note that this is a particular setting due to the choice of the basis functions (2.18).
In the case of different basis functions or not strictly convex entropies, the existence
and uniqueness of the minimizer i ¢ need to be investigated.

3. Numerical results. To illustrate the behavior of the proposed numerical
method, we present several computational results for the random Burgers equation,
as well as for the random isentropic Euler system. In all simulation results, the random
variable is assumed to be uniformly distributed with £ ~ #([—1,1]) and p(¢) = 1/2.
We consider the one-dimensional spatial domain [0,1] if not stated otherwise.

For the given examples, the conservative variables, fluxes, entropies, and CFL
condition are specified as follows. In the case of the Burgers equation, the nonlinear
flux f(u) = 1u? and the entropy n(u) = $u? are used in the numerical computation.
The time step At is chosen using the global CFL condition

Az
max [ug(x,§)|’

(,€)

(3.1) At = CFL

where CFL = 3/4. The initial data ug are evaluated at the grid points in the (z,€)
direction.

In the case of the Euler system, the conservative variables are u = (p,q)T. The
nonlinear flux is given by f(u) = (q,% +rp")T. We set v = 3/2 and k = 1. The
entropy for the isentropic Euler system reads

1 ¢? 1

+ flp(p)'

n(u) = 2; ~

The eigenvalues of the flux Jacobian matrix are given by Ay (u) = % + P (p).

Consequently, the CFL condition at discrete points in time t = nAt is

Az
I(nag)<{|/\+(U(t7x7£))l, A= (u(t, z,8))[}

)

(3.2) At =CFL

where CFL = 3/4, and the maximum is taken over all grid points (x,&).

Further, the proposed method requires solving (many) linear programs with equal-
ity and inequality constraints. Here, the black-box solver linprog of MATLAB
R2023b is used. The solver implements two methods and the interior-point method
has been used in all examples. The details of the interior-point solver are given in
[36, 50]. The method has been used with standard parameters. All linear programs
are solved to optimality.

For a reference solution of (2.1), a standard stochastic collocation method com-
bined with the Lax—Friedrichs finite-volume method in the physical space is used. Let
(&, ;) be equidistant points for i=1,...,N¢ and j=1,...,N,. Let C; ; denote grid
cells of size A¢ x Ax with centers at (&;,z,). Denote the cell averages by

1
= j=1,...,N¢, j=1,...,N,.
= Eaae f, EOMEOE =1 Ne j=1, N,

The stochastic collocation Lax—Friedrichs finite-volume approximation to the cell av-
erages of the solution u(t,z,&) to (2.1) at time ¢, = nAt is given by
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w1, . At ey (¢ Chitn) g (Yiiz
(3.3) vijl =5 (Uz‘,j+1 + ”i,j—l) - mp(&) <f (p(in) ) / < p(jfi) )) .

High-order stochastic collocation approximations are also possible, and we refer to [7]
for more details and further examples. The scheme (3.3) is the simplest first-order
scheme presented therein. The time step At is chosen according to the CFL condition
(3.1) or (3.2), respectively.

Unless stated otherwise, all comparisons of numerical solutions are done with
respect to the reference solution v;'; obtained by the stochastic collocation Lax—
Friedrichs finite-volume method (3.3) on the same grid in (x,£) and the same CFL
condition (3.1) or (3.2). The errors are computed in the L!-norm for a given terminal

time T stated explicitly in (3.5).

3.1. Convergence studies for the Burgers equation. The spatial compu-
tational domain is set to [0,1], € = [—1,1], and the phase space is restricted to
u € [-5,5]. The latter is discretized by N, =100 equidistant cells.

Initial data are chosen as follows:

(3.4) ug(7,§) = X[0,1/2] (z) €.

The time step is chosen according to the CFL condition (3.1). In all cases, we compute
the error between the numerical solution wuj'; and the reference solution v7’; at time
T=1/2,1ie.,
(3.5) err:AxAgzmﬁYj —vfyj ,
i,
where NAt = T. In Table 3.1, we present the experimental order of convergence
for the approximation in physical space. Consequently, the grid in (u,£) has been
fixed and the spatial grid has been successively refined. As expected, the first-order
convergence rate is observed. In Table 3.2 the convergence for the approximation in
the random direction is presented; thus the grid in the (z,u)-direction is fixed. The
observed experimental error is of order O(10~2). This is the error of the Lax-Friedrichs
finite-volume method with a spatial discretization of N, =500 points on [0, 1].

3.2. Burgers equation with sinusoidal initial data. In this experiment, we
consider the initial data

ug(z,&) =Esin (27x) .

TABLE 3.1
Spatial grid with Ny equidistant points distributed on the physical domain [0, 1]. Reported is the
L'-norm of the error with respect to (z,£) with initial data (3.4) and simulated up to terminal time
T =1/2. In &-direction N¢ =5 and in u-direction Ny, = 10 discretization points have been used.

N  LY([0,1] x [-1,1]) Rate

40 1.3697E-02 8.0190E-01
60 9.7416E-03 8.4042E-01
80 7.5849E-03 8.6986E-01
100 6.2061E-03 8.9912E-01
120 5.2575E-03 9.0976E-01
140 4.5704E-03 9.0857E-01
160 4.0381E-03 9.2726E-01
180 3.6182E-03 9.3241E-01
200 3.2794E-03 9.3315E-01
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TABLE 3.2
Spatial grid with N¢ equidistant points distributed on the physical domain [—1,1]. Reported is
the L'-norm of the error with respect to (x,€) with initial data (3.4) and simulated up to terminal
time T = 1/2. In x-direction Ny = 500 and in u-direction N, = 10 discretization points have been
used.

N¢ LY([0,1] x [-1,1]) Rate

40 1.1493E-02 1.0962
60 7.5345E-03 1.0414
80 5.6034E-03 1.0294
100 4.4599E-03 1.0228
120 3.7040E-03 1.0187
140 3.1671E-03 1.0158
160 2.7662E-03 1.0137
180 2.4553E-03 1.0121
200 2.2073E-03 1.0108

I I 1
il I
Il | ||I|| |I|l|||||
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Fic. 3.1. Numerical solutions obtained by the stochastic collocation Laz—Friedrichs method
(left) and the proposed method (right). Initial data are u(0,z,£) = Esin(2nx). The final time T =1/4.

The final time is set to T'= 1/4. Although the initial data are smooth, a shock will
be formed at a later time 7" > 0 for any £ > 0. For £ < 0, the solution remains smooth.
The spatial grid has N, =100 points, and the grid in the random space has N¢ =10
points. For the discretization in phase space u € [—5, 5], N,, = 100 equidistant points
are used. The time step At is the same for both schemes The error in the L'-norm in
(7,€) at the final time between the reference solution v, ;.; and the numerical solution
ufvj is err = 4.9¢-04, where err is given by (3.5). A visualization of the numerical
solution obtained by both schemes is given in Figure 3.1. While both solutions seem
similar, we observe that the proposed method is slightly more diffusive compared to
the stochastic collocation Lax—Friedrichs finite-volume method. This is visible for £
close to one at the center of the domain = =1/2.

In the presented method, the entropy is minimized to obtain an approximation to
the Young measure. This is necessary to obtain the entropy solution as the following
example illustrates. If, for example, we change the minimization problem to feasibility
only, i.e., we set n(u) = 1 in the cost functional of problem (2.20), the result in
Figure 3.2 is obtained. Comparing with Figure 3.1 we observe that in this case the
scheme selects the wrong weak solution consisting of rarefaction waves even in the

case £ > 0. This is not the correct weak entropy solution.

3.3. Burgers equation with nonatomic support. In this subsection, we con-
sider an example given for the (deterministic) Burgers equation. This example is
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Fic. 3.2. Numerical solution obtained by the proposed method with modified cost functional in
the linear program (2.20). Initial data are u(0,z,&) = Esin(2nx). The final time is T =1/4.
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Fic. 3.3. Young measure at the initial time t =0 (left) and its logarithmic values (right).

inspired by [25]. In this example, the Young measure may have nonatomic support,
but its first-order moment solves a Riemann problem with a shock. This solution can
be also obtained by our framework when considering absolutely continuous measures
with respect to the Lebesgue measure instead of the whole probability space P(R™).
We set the factor Ag in (2.20c) to be 0.05. In all runs of this subsection, we do not
prescribe any parametric Young measure at t = 0; we initialize only with the first
moment via (2.14), and the Young measure is then generated by the first time step
of the linear program given the chosen Ap. By modifying the upper bound on the
value of the weights of the Young measure, the atomic solution is excluded, and the
linear programming solver requires finding a different Young measure. Given this
small modification, we are able to obtain a solution similar to the one given in [25].
In this example, we consider the initial data

(@) 1.5 if z<0.5,
ugp(x) =
0 0.5 otherwise,

subject to the free boundary conditions imposed in the computational domain x €
[0,1]. In Figure 3.3, we plot the support of the Young measures at the initial time.
We compute the numerical results up to the final time 7" = 0.25 with the spatial
domain discretized using N, = 100 grid points. The phase space is confined to the
interval u € [—2,2] and is uniformly discretized into N, = 100 equidistant cells.
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F1G. 3.4. Young measure at the final time T = 0.25 (left) and its logarithmic values (right) with
Ar =0.05.
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F1G. 3.5. Young measure at the final time T = 0.25 (left) and its logarithmic values (right) with
Ap=1.

The obtained numerical results are presented in Figure 3.4. From this example, we
observe that the measure with nonatomic support can be captured by the linear
programming algorithm if we choose Ap # 1.

We also show the computed numerical result with Ap =1 in Figure 3.5, where one
can see the differences between the solutions when using different values of Ap. As
expected, for Ap = 1, minimization occurs over the full feasible set and the solution
becomes atomic; see Figure 3.5 for a side-by-side contrast with the nonatomic case
Ar =0.05.

3.4. Riemann problem for the isentropic Euler system. The proposed
method is applicable also for systems of hyperbolic conservation laws. We now
consider a random isentropic Euler system and take an equidistant grid in (z,€) €
[—-1,1] x [-1,1] with N, =100 and N¢ =10 points.

The phase space for u = (p,q)T is chosen to be [0.05,2.5] x [-1.0,1.5] and dis-
cretized using N, = 25 points in each direction. Terminal time is 7'=1/4. The initial
data for (p,q)(0,-,-) are chosen to have 1-shocks and 1-rarefaction waves depending on
the value of &. To this end, we state the 1-forward Lax curve starting at nonvacuum
datum Uy, = (pr,q1).

U(s;Up):

(50571 = 6= )0(5) = plon) ) i 5> .
U(s;UL) == (s,s pr, — s (log(s) —log(pr))), if 0< s < pr.

(3.6)
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Using (3.6), the following Riemann problem is considered. The left initial datum is
deterministic Uy, = (1,1)7, and the right datum depends on the value of &.

uo(x,€):=Up, for <0 and all &,

(3.7) 1
uo(x,€) := U(§§+ UL;UL), for >0 and all &,

The solution exhibits a shock wave for £ < 0 in the first family and a rarefaction
wave of the first family for all values of £ > 0. In Figure 3.6, simulation results on the
given spatial and random grids for both the proposed method, as well as the reference

Fic. 3.6. Simulation results using the proposed method for the Euler system with the initial
data given by (3.7). The solution u(t,-,-) is shown at time T =1/4. In the top part, the initial data
are shown. The second row presents the results of the stochastic collocation Laz—Friedrichs method,
and the bottom part shows the results obtained by the proposed method. To the left the density is
shown, and to the right the momentum is presented.
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stochastic collocation Lax—Friedrichs finite-volume method (3.3), are shown. The
time step At is chosen according to the CFL condition (3.2) and computed at each
discrete point in time t" = nAt. The L'-error (3.5) in the density p at time T'=1/4 is
err =4.3707e-04 and in the momentum q is err = 2.5379e-04. The solution structure
for different values of £ is also correctly identified with the proposed method.

3.5. Conservation laws with discontinuous flux. It is instructive to examine
whether the proposed scheme can capture nonunique numerical solutions in examples
of conservation laws with discontinuous coefficients when different entropy functions
are employed in the linear programming formulation. To this end, we consider the
scalar conservation law with a discontinuous flux function

Ut‘i’F(’UJ)x:O,

where F(u) = (1 — H(x))g(u) + H(z)f(u), and H(x) is the Heaviside function. We
refer the reader to [37] for more details.
In this example taken from [37], we take

glu)=u(l —u), flu)=1.1u(l—u)

and consider the following initial data:

o () = 0.65, if x <0,
o 0.35, otherwise,

prescribed in the computational domain [—4,4] subject to the free boundary con-
ditions. The corresponding entropy functions n in (2.20a) are n(u) = iu® and
n(u) = |u — ¢|, where ¢ is a constant satisfying ¢ € [tmin, Umax]-

We compute the numerical solutions until the final time 7" = 2 on the uniform mesh
with N, =100. For the discretization in phase space, we set u € [—1, 1] and use N,, =
50. The obtained numerical results are presented in Figures 3.7-3.8, where one can
see that the numerical results are different when utilizing different entropy functions.
The obtained results are in a good agreement with the numerical results reported
in [37], where varied schemes are used to produce different numerical solutions. We
also present the corresponding moments and supports of the Young measures. One
can notice that the moments and supports of the Young measures also vary when
different entropy functions are utilized.

0.7
0.7
06" 06/ Y
W\
L -
0.5 \\‘\. g .
L \ ..
0.5 04+ "\-“‘ R =
.,
0.3} I—
041
0.2}
[==-n(w) = & =-=-1(u) = |u— 0.5]]
0.3 0.1 ‘ ‘
-4 -2 0 2 4 -4 2 0 2 4

F1G. 3.7. Numerical results (left) and moments (right) at the final time T =2 with n(u) = %uQ
and n(u) = |u — 0.5|.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded Uo5/06/26 10 134.61.159.205 . Redistribution subject to SIAIM license or copyrignt; see nttps://epubs.slam.org/terms-privacy

A1202 CHU, HERTY, LUKACOVA-MEDVID’OVA, AND ZHOU

n(u) = lu— 05|
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Fic. 3.8. Young measure at the final time T =2 with n(u) = %uQ (left) and n(u) = |u — 0.5| (right).

Remark 3.1. In the case of discontinuous fluxes, the distinct solutions are ob-
tained by changing the objective function in the linear programming formulation. This
example demonstrates that the proposed formulation can serve as a selection criterion
for the corresponding solutions.

4. Discussion and outlook. We have proposed a novel numerical method for
random hyperbolic conservation laws based on the concept of measure-valued so-
lutions. The method was presented for one-dimensional hyperbolic system and for
one-dimensional random data. Generalization to multidimensional random space and
multidimensional hyperbolic systems seems straightforward. In the context of the lin-
ear programs, however, this would lead to possibly very high dimensional problems.
Generalization to high-order numerical methods is possible as well. The high-order
reconstruction will enter into the moments that in turn are used in the constraints of
the linear program. Any high-order numerical flux can then be computed using the
solution to the linear program.

Furthermore, in this work, only numerical results for the basis functions ¢;(§) =
0(& — &) (see (2.18)) for its discrete representation have been shown. However, our
approach is more general and can use any orthonormal basis in random space. Hence,
the suggested method yields a unifying framework for the treatment of random hy-
perbolic conservation laws. In particular, the proposed method is less intrusive than
the stochastic Galerkin method using generalized polynomial chaos, since only the
flux function needs to be replaced by the linear programming problem. The conserva-
tive variables and their high-order reconstruction do not require any modification. Of
course, it is still more intrusive than the Monte Carlo or stochastic collocation meth-
ods. The numerical results show that in the considered case of basis functions, the
numerical solutions obtained by the new method and the standard stochastic colloca-
tion method are comparable. The proposed method is computationally less efficient
due to the subsequent solutions of possibly large linear programs.

We point out that our technique uses the underlying measure-valued representa-
tion of a solution and approximates the corresponding Young measure directly. Here,
we proposed a direct computation of the Young measure using a particular discretiza-
tion of the measure. There are also approaches available in the literature, as outlined
in the introduction, which compute the measure using a sequence of moments, as well
as simulation on different spatial grids. Future work will assess the difference between
these approaches and the proposed method.
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