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Abstract
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Mária Lukáčová-Medvid’ová
lukacova@uni-mainz.de

1 Heinrich-Heine-University, Düsseldorf, Germany

2 Johannes Gutenberg University, Mainz, Germany

3 RWTH Aachen University, Aachen, Germany

0123456789().: V,-vol 123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-026-03446-x&domain=pdf
http://orcid.org/0009-0002-2113-4211


   33 Page 2 of 32 Journal of Scientific Computing           (2026) 109:33 

1 Introduction

The Active Flux (AF) method, originally introduced by Eymann and Roe [19, 20] and Roe
et al. [22, 28–32], is a relatively new variant of finite volume methods for hyperbolic con-
servation laws. Its key feature is the use of point value degrees of freedom located along
cell boundaries, in addition to cell average values that are commonly used in finite volume
methods. This enables the construction of globally continuous piecewise quadratic recon-
structions, which can be used to obtain fully discrete third-order accurate methods with a
compact stencil. By contrast, classical finite volume methods, which only use cell averages
of conserved quantities as degrees of freedom, require an increased stencil to achieve high-
order accuracy. The evolution of the point values is central to the AF method. For scalar
conservation laws, characteristics can be used to compute the evolution of the point values;
see, e.g., [8, 14, 20]. Exact evolution operators are available for the trivial case of advection
and the nontrivial case of acoustics in one, two, and three dimensions. More details can be
found in [7, 9, 12, 20, 22]. Barsukow et al. [9, 12] showed that Cartesian grid AF methods
for acoustics, which use the exact evolution operator for evolving the point values, preserve
all steady states.

The development of AF methods for more general hyperbolic problems, where no exact
evolution operators are available, is currently a very active field of research. The Euler equa-
tions of gas dynamics, as well as the equations of magnetohydrodynamics, are important
examples. Eymann and Roe [20] suggested using splitting methods that separately approxi-
mate acousticwave propagation and nonlinear transport. This approachwas further developed
in the PhD thesis of Fan [21]. A related recent contribution of Barsukow [10] used a splitting
method for updating the point values in the Euler equations.

Intensive recent research activities are devoted to the development of semi-discrete meth-
ods that use the degrees of freedom ofAFmethods. Thesemethods are named generalizedAF
methods, see [1, 18], and point-average-moment polynomial-interpreted (PAMPA) schemes,
see [3, 5]. The point and cell average values provide compact stencils for the spatial dis-
cretisation. High-order stability-preserving Runge–Kutta methods are used for the temporal
discretisation. The method of lines approach also simplifies theoretical studies, as shown in
[4, 6, 11, 13]. However, the temporal discretisation of semi-discrete methods increases the
stencil, and the resulting methods have quite restrictive CFL conditions.

Our own work is devoted to the further development of fully discrete AF methods. Such
methods rely on evolution operators for the point value degrees of freedom. Previously,
Lukáčová et al. [25, 27] developed evolution operators for linear hyperbolic systems using
the Method of Bicharacteristics. These evolution operators are based on integrals along the
base of characteristic cones and thus take all directions of wave propagation into account.
The so-called EG2 evolution operator for acoustics [25] and linearized Euler equations [27]
is so far the only known third-order accurate approximate evolution operator of this type.
In [16], fully discrete third-order accurate AF methods for acoustics and linearised Euler
equations have been presented using the EG2 evolution operator for the point value update.
The study of the acoustic equations allows one to compare the resulting AFmethods with the
presumably optimal method that uses the exact evolution operator. While the use of the exact
evolution operator for acoustics provides AF methods stable for time steps corresponding
to a CFL condition of the form CFL ≤ 0.5, i.e., optimal for AF methods with this stencil
[15], the use of the EG2 evolution operator leads to a more restrictive stability condition of
the form CFL ≤ 0.279. The same time step restriction was observed for the linearised Euler
equations [16]. Early evidence of theEG2 evolution operator for the nonlinear Euler equations
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appears in [16]. In [17], the nonlinear situation was explored in more detail, including an
accuracy study for smooth problems and computations of shock waves that require limiting.
All previous studies confirm that fully discrete AF methods yield accurate results even on
coarse grids.

In this paper, we consider the two-dimensional acoustic equations, which are given by

∂t p + c∇ · u = 0

∂tu + c∇ p = 0,
(1)

where u : R
2 × R

+ → R
2 denotes the velocity, p : R

2 × R
+ → R is the pressure,

and c ∈ R
+ represents the speed of sound. In the following, we propose new approximate

evolution operators for acoustics that yield third-order accurate AF and improved stability.
To this end, we first derive evolution operators that are exact for quadratic plane waves. This
suggests a modification of the EG2 evolution operator by applying the Taylor expansion over
mantle integrals and carefully adjusting the integral over the basis of the characteristic cone
to yield an exact solution to the wave equation in 1D. While the resulting AF method does
not offer improved stability, it yields smaller global errors and a simpler implementation.
In the next step, we propose consistent modifications to the EG2 evolution operator that
improve the stability of the AF method. These new operators integrate over several circles of
different radii rather than a single one. Here, more efficient implementations can be obtained
by replacing the exact integration with quadrature rules. Parameter studies show that versions
of these new evolution operators lead to AF methods, which are stable for time steps that
satisfy CFL ≤ 0.44, i.e., close to the optimal limit. Finally, we also study the influence of the
reconstruction operator on the stability and accuracy of the AF method. We investigate two
biquadratic reconstruction operators using either the AF degrees of freedom or a CWENO
reconstruction based on the neighbouring cell averages. In the latter case, the numerical
fluxes are again computed using Simpson’s rule, and the solution at the quadrature nodes
is approximated using our different approximate evolution operators. The resulting finite
volume methods can be seen as generalised AF methods. They are, by construction, third-
order accurate and appear to be stable for all considered approximate EG operators at CFL =
0.5. Moreover, by including all six neighbours of the edge midpoints in the approximate
evolution, larger time steps corresponding to CFL=0.7 are allowed.

For smooth test problems, the magnitude of the error of the AF method with a CWENO
reconstruction (AFCW) is typically larger than that of the AF methods that use the classical
AF degrees of freedom for the reconstruction. This seems to be due to a larger stencil,
which, on the other hand, allows a less restricted stability condition. Note, however, that for
CFL=0.7, the AFCWmethod with the so-called EGquad operator yields errors comparable to
those obtained by the AF reconstruction.While all methods provide accurate approximations
of discontinuous solution structures, the AFCW method shows slightly more smearing and
a slightly less accurate approximation of the stationary vortex.

This paper is organised as follows. In Sect. 2, we briefly review the two-dimensional AF
method together with two existing evolution operators for updating of point values–the exact
evolutionoperator and theEG2evolutionoperator; see, e.g., [16].We then introduce a series of
test problems that will be tested by different versions of AFmethods. In Sect. 3, we introduce
a new evolution operator that exactly reproduces planar waves for quadratic initial data. We
show that this operator is third-order accurate. These accuracy studies motivate a simplified
implementation that replaces integration with simple quadrature formulas. In Sect. 4 we
introduce another new approximate evolution operator, which modifies the EG2 operator in
such away that the stability of the resultingAFmethod is improved.We show that this operator
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is third-order accurate and that stable methods are obtained for time steps which satisfy
CFL ≤ 0.44. In Sect. 5, we explore the influence of the spatial reconstruction by constructing
fully discrete AFCW methods, i.e. the AF methods with a CWENO reconstruction. While
all methods are third-order accurate, the AFCW methods are more sensitive to the choice of
the approximate evolution operator and the newly proposed EGquad yields the most accurate
results.

2 Fully Discrete Cartesian Grid Active FluxMethods

Let us divide a two-dimensional computational domain � into uniform rectangular cells

�i, j := [xi− 1
2
, xi+ 1

2
] × [y j− 1

2
, y j+ 1

2
]

centered at
(
xi , y j

) =
((

xi− 1
2

+ xi+ 1
2

)
/2,

(
y j− 1

2
+ y j+ 1

2

)
/2

)
, with xi+ 1

2
− xi− 1

2
≡ �x

and y j+ 1
2

− y j− 1
2

≡ �y for all i, j . Denote by Qi, j (t) the cell average of q (·, ·, t) over
�i, j

Qi, j (t) ≈ 1

�x �y

∫

�i, j

q (x, y, t) dx dy,

and suppose that all Qi, j (t) are available at a given time level t = tn ≥ 0. A finite volume
method can be written as follows

Qn+1
i, j = Qn

i, j − �t

�x

(
Fi+ 1

2 , j − Fi− 1
2 , j

)
− �t

�y

(
Gi, j+ 1

2
− Gi, j− 1

2

)
, (2)

with numerical fluxes that approximate two-dimensional integrals, i.e.

Fi− 1
2 , j ≈ 1

�t�y

∫ tn+1

tn

∫ y
j+ 1

2

y
j− 1

2

f (q(xi− 1
2
, y, t))dydt,

Gi, j− 1
2

≈ 1

�t�x

∫ tn+1

tn

∫ x
i+ 1

2

x
i− 1

2

g(q(x, y j− 1
2
, t))dxdt .

(3)

Numerical methods typically require a reconstruction, an evolution and an averaging step.
The averaging step computes cell average values at the new time level. It is implemented
via the finite volume update in (2) and a choice of quadrature rules for approximating the
integrals in (3). In AF methods, the most common choice of the quadrature rule is Simpson’s
rule, which leads to fluxes of the form

F
i− 1

2 , j
= 1

36

[
f
(
q(x

i− 1
2
, y

j− 1
2
, tn)

) + 4 f
(
q(x

i− 1
2
, y j , tn)

) + f
(
q(x

i− 1
2
, y

j+ 1
2
, tn)

)

+ 4 f
(
q(x

i− 1
2
, y

j− 1
2
, t
n+ 1

2
)
) + 16 f

(
q(x

i− 1
2
, y j , tn+ 1

2
)
) + 4 f

(
q(x

i− 1
2
, y

j+ 1
2
, t
n+ 1

2
)
)

+ f
(
q(x

i− 1
2
, y

j− 1
2
, tn+1)

) + 4 f
(
q(x

i− 1
2
, y j , tn+1)

) + f
(
q(x

i− 1
2
, y

j+ 1
2
, tn+1)

)]
,

and analogously for Gi, j− 1
2
.

For the reconstruction, we use the globally continuous, piecewise quadratic Cartesian grid
AF reconstruction. On each cell we introduce reference coordinates (ξ, η) ∈ [−1, 1]2 via the
affine mapping

ξ = 2 (x − xi )

�x
, η = 2

(
y − y j

)

�y
.
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We reconstruct a local quadratic polynomial on �i, j at time tn in a modal basis,

qi, j (ξ, η) =
m∑

k=0

CkNk (ξ, η) . (4)

For AF reconstruction,m = 8 is chosen, the coefficients Ck and basis functions Nk are given
in [15].

The AF method requires approximations of point values along the grid cell boundary at
times tn+ 1

2
and tn+1. Their approximations are crucial parts of fully discrete AF methods.

In this paper, we use truly multi-dimensional evolution operators to approximate these point
values. In particular, we will derive new evolution operators for the acoustic equations and
compare the resulting AF method with previously proposed methods.

2.1 Previously Proposed Truly Multi-dimensional Evolution Operators

2.1.1 Exact Evolution Operator

Eymann and Roe [20], Fan and Roe [22] and Barsukow et al. [12] derived the exact evolution
formulas for point values. The formulas, expressed using derivatives in radial direction r ,
have the form

p (x, t) = ∂r (rMr {p (x, 0)}) |r=ct − 1

ct
∂r

(
r2Mr {n · u (x, 0)}) |r=ct

u (x, t) = u(x, 0) − 1

ct
∂r (r

2Mr {np(x, 0)})|r=ct

+
∫ ct

0

1

r
∂r

(
1

r
∂r

(
r3Mr {(n · u(x, 0))n} − rMr {u(x, 0)})

)
dr ,

where n = (cos θ, sin θ)T is the unit direction vector, and Mr { f (x)} describes the spherical
mean of a scalar function f over a disc with radius r and can be computed via

Mr { f (x)} := 1

2πr

∫ 2π

0

∫ r

0
f (x + r̃ cos (θ) , y + r̃ sin (θ))

r̃√
r2 − r̃2

dr̃dθ.

The resultingAFmethod based on the globally continuous piecewise quadratic reconstruction
is third-order accurate. Note that the accuracy is limited by the reconstruction. The flux
computation using Simpson’s rule would allow fourth-order accuracy. It was shown in [15],
that the resulting method is stable for time steps that satisfy CFL ≤ 0.5, with

CFL = max

{
c�t

�x
,
c�t

�y

}
.

This is optimal for a third-order accurate method that uses a compact stencil. Barsukow et
al. [12] showed that the resulting AF method preserves all steady states. Thus, the method in
particular preserves vorticity.

2.1.2 EG2 Approximate Evolution Operator

Lukáčová et al. [25] derived an exact and several approximate evolution operators for acous-
tics using the method of bicharacteristics. They derived an exact and approximate expression
for the solutions p, u, v at a given point (x, y) at time t + �t that can be computed from a

123



   33 Page 6 of 32 Journal of Scientific Computing           (2026) 109:33 

known representation of the solution in the neighbourhood of the point (x, y) at time t . The
exact operator reads

p (P) = 1

2π

∫ 2π

0
(p (Q (θ)) − u (Q (θ)) cos (θ) − v (Q (θ)) sin (θ)) dθ

− 1

2π

∫ t+�t

t

∫ 2π

0
S

(
t̃, θ

)
dθdt̃,

u (P) = 1

2π

∫ 2π

0

(
p (Q (θ)) cos (θ) + u (Q (θ)) cos2 (θ) + v (Q (θ)) sin (θ) cos (θ)

)
dθ

+ 1

2
u

(
P ′) + 1

2π

∫ t+�t

t

∫ 2π

0
S

(
t̃, θ

)
cos (θ) dθdt̃

− 1

2
c
∫ t+�t

t
px

(
P

(
t̃
))
dt̃,

v (P) = 1

2π

∫ 2π

0

(
p (Q (θ)) sin (θ) + v (Q (θ)) sin2 (θ) + u (Q (θ)) sin (θ) cos (θ)

)
dθ

+ 1

2
v

(
P ′) + 1

2π

∫ t+�t

t

∫ 2π

0
S

(
t̃, θ

)
sin (θ) dθdt̃

− 1

2
c
∫ t+�t

t
py

(
P

(
t̃
))
dt̃,

(5)

where P = (x, y, t + �t), P ′ = (x, y, t), Q (θ) = (x + c�t cos (θ) , y + c�t sin (θ) , t),
and

S
(
t̃, θ

) =c
(
ux

(
x̃, ỹ, t̃

)
sin2 (θ) − (

uy
(
x̃, ỹ, t̃

) + vx
(
x̃, ỹ, t̃

)))
.

(
. sin (θ) cos (θ) + vy

(
x̃, ỹ, t̃

)
cos2 (θ)

)

with
(x̃, ỹ) = (

x + c
(
t + �t − t̃

)
cos (θ) , y + c

(
t + �t − t̃

)
sin (θ)

)
.

By combining exact and approximate steps, they derived a third-order evolution operator.
An exact step is given by

u (P) = u
(
P ′) − c

∫ t+�t

t
px

(
x, y, t̃

)
dt̃,

v (P) = v
(
P ′) − c

∫ t+�t

t
py

(
x, y, t̃

)
dt̃,

(6)

which follows by integrating the second and third equations of (1) from P ′ to P . Further
details on the derivation of a third-order approximate evolution operator are given in [16]
and [25]. The operator is called EG2 and is given as follows
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Table 1 Errors measured in the
L1-norm and EOC for
Example 2.1 using exact
evolution with CFL = 0.5 at
t = 0.1.

Res Error in EOC
p u, v p u, v

64 × 64 1.60 × 10−5 9.31 × 10−6 – –

128 × 128 2.04 × 10−6 1.17 × 10−6 2.976 2.990

256 × 256 2.54 × 10−7 1.46 × 10−7 3.003 3.009

p (P) = 1

π

∫ 2π

0
(p (Q (θ)) − u (Q (θ)) cos (θ) − v (Q (θ)) sin (θ)) dθ − p

(
P ′) + O (

�t3
)
,

u (P) = 1

π

∫ 2π

0

(
−p (Q (θ)) cos (θ) + u (Q (θ))

(
2 cos2 (θ) − 1

2

)
+ 2v (Q (θ)) sin (θ) cos (θ)

)
dθ

+ O (
�t3

)
,

v (P) = 1

π

∫ 2π

0

(
−p (Q (θ)) sin (θ) + 2u (Q (θ)) sin (θ) cos (θ) + v (Q (θ))

(
2 sin2 (θ) − 1

2

))
dθ

+ O (
�t3

)
.

(7)

The AF method based on the EG2 approximate evolution operator has been introduced
and studied in [16]. The method is third-order accurate and stable for time steps satisfying
CFL ≤ 0.279. Note that the accuracy of the method is limited by the reconstruction as well
as the accuracy of the evolution operator. In contrast to the exact evolution operator, the AF
method no longer exactly preserves vorticity.

2.2 Test Problems

In this section, we define a series of test problems for the acoustic equations and illustrate
the performance of the AF method with exact evolution for these problems.

The first problem was proposed by Lukáčová et al. [25], providing an exact smooth time
periodic solution for the acoustic equations with irrotational initial values, which can be used
for numerical convergence studies. Results are given in Tables 1 and 2.

Example 2.1 We consider exact solutions of the acoustic equations of the form

p (x, y, t) = −1

c
cos (2πct) (sin (2πx) + sin (2π y)) ,

u (x, y, t) = 1

c
sin (2πct) cos (2πx) ,

v (x, y, t) = 1

c
sin (2πct) cos (2π y) .

Let the computation domain be [−1, 1]×[−1, 1], with periodic boundary conditions imposed
in both the x- and y-directions. The solution at time t = 0 is used as the initial data.

The second problem was proposed by Chudzik et al. [16]. Similar to Example 2.1, the
test consists of an exact smooth time-periodic solution of the acoustic equations but with
non-irrotational data. The results are given in Tables 3 and 4.
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Table 2 Errors measured in the
L1-norm and EOC for
Example 2.1 using exact
evolution with CFL = 0.5 at
t = 1

Res Error in EOC
p u, v p u, v

64 × 64 2.00 × 10−4 2.01 × 10−6 – –

128 × 128 2.51 × 10−5 1.27 × 10−7 2.993 3.984

256 × 256 3.14 × 10−6 7.99 × 10−9 2.998 3.995

Table 3 Errors measured in the
L1-norm and EOC for
Example 2.2 using exact
evolution with CFL = 0.5 at
t = 0.1.

Res Error in EOC
p u, v p u, v

64 × 64 1.20 × 10−5 1.27 × 10−5 – –

128 × 128 1.50 × 10−6 1.60 × 10−6 2.994 2.981

256 × 256 1.86 × 10−7 2.00 × 10−7 3.013 3.004

Table 4 Errors measured in the
L1-norm and EOC for
Example 2.2 using exact
evolution with CFL = 0.5 at
t = 1

Res Error in EOC
p u, v p u, v

64 × 64 2.50 × 10−6 1.57 × 10−4 – –

128 × 128 1.60 × 10−7 1.97 × 10−5 3.963 2.997

256 × 256 1.01 × 10−8 2.46 × 10−6 3.985 2.999

Example 2.2 We consider exact solutions of the acoustic equations of the form

p (x, y, t) = 1

c
(cos (2πx) − cos (2π y)) sin (2πct)

u (x, y, t) = −1

c
(sin (2πx) cos (2πct) + sin (2π y))

v (x, y, t) = 1

c
(sin (2πx) + sin (2π y) cos (2πct)) .

Test computations are performed on the interval [−1, 1] × [−1, 1] with periodic boundary
conditions in x- and y-directions, using the solution at time t = 0 as initial values.

As shown in Tables 2 and 4, the observed convergence order of the components with an
exact solution being zero is four over the considered time, which is higher than the expected
third-order accuracy. We note that the precise value of the convergence rate depends on the
error measure used. In our study, errors are computed by comparing cell averages, i.e.

E�x,�y = �x�y
∑

i, j

∣∣∣Q̄i, j − Q̄exact
i, j

∣∣∣ . (8)

Here, Q̄exact
i, j denotes an approximation of the exact cell average values of �i, j obtained

using Simpson’s rule. When the error is evaluated by comparing exact and approximate
point values instead, the observed convergence order can reduce at certain times, while
no superconvergence is observed, as reported in [16]. Similar variations in the observed
convergence behaviour have also been reported by Samani and Roe [33].
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The next test problem was introduced by Barsukow et al. [12] to study the ability of
methods to preserve a stationary vortex for acoustics. It is motivated by the well-known
Gresho vortex problem for the Euler equations.

Example 2.3 Weapproximate solutions of the two-dimensional acoustic equationswith initial
values of the form

p (r , 0) = 0, u (x, y, 0) = n

⎧
⎨

⎩

5r : 0 ≤ r ≤ 0.2
2 − 5r : 0.2 < r ≤ 0.4

0 : r > 0.4,

with r = √
x2 + y2, n = (− sin (θ) , cos (θ))T , θ ∈ [0, 2π) and u = (u, v)T . The com-

putational domain is [−0.75, 0.75] × [−0.75, 0.75], and periodic boundary conditions are
imposed in both x− and y− directions.

Barsukow et al. [12] showed that the third-order accurate Cartesian grid AF method with an
exact evolution operator is stationary preserving, i.e., it exactly preserves a discrete repre-
sentation of all stationary states. In order to test how well different methods approximate the
steady state, they proposed to compute solutions at time t = 100. The left column of Fig. 3
shows numerical solutions on grids with 64 × 64 and 128 × 128 cells that conform to the
theoretical result.

In the final test problem, we study the performance of the method for the approximation
of discontinuous solution structures. This problem was also considered in [16, 25].

Example 2.4 We consider the two-dimensional acoustic equations with initial values of the
form

u0 (x, y) = v0 (x, y) =
{

1√
2

: |y| < |x |
− 1√

2
: |y| ≥ |x |

p0 (x, y) = 1

The speed of sound is set to c = 1 and the computational domain is [−1, 1]×[−1, 1]. We use
zero-order extrapolation at the boundaries, which takes the wave propagation in the diagonal
direction into account, e.g., ghost cells at the left boundary C0, j are filled with cells C1, j−1 if
they are not close to the bottom left corner; otherwise, they are filled with cells C1, j+1.

The top row of Fig. 4 shows approximate solutions of Example 2.4 at t = 0.5 calculated
on grids with 64 × 64 and 128 × 128 grid cells.

In the remaining sections, we introduce new third-order accurate evolution operators and
investigate their stability and performance for the test problems.

3 New Evolution Operator Reproducing Exactly Quadratic PlaneWaves

Inspiredby the previousworkofLukáčová [26],where stable approximate evolutionoperators
for the FVEGmethod were derived, we apply a similar strategy here to improve the accuracy
and stability of the AF method. In this section, we introduce a new evolution operator that
is derived based on the exact solution for one-dimensional quadratic initial data. Motivated
by the quadratic continuous reconstruction employed in our scheme, we aim to construct an
evolution operator that can naturally accommodate and accurately evolve quadratic terms.
The use of this operator leads to a third-order fully discrete AF scheme, which allows for
time steps comparable to those employed in the method using EG2 as the evolution operator.
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We consider one-dimensional data of the form

p (x, y, 0) =
{
pRx2, x > 0,

0, x ≤ 0,
u (x, y, 0) =

{
uRx2, x > 0,

0, x ≤ 0,
v (x, y, 0) = 0.

For simplicity, we have taken the left state to be zero. Note that for the linear acoustic equation
system, the superposition principle holds, and a more general piecewise quadratic solution
can easily be deduced. The exact solution is given by

p (x, y, t) =

⎧
⎪⎪⎨

⎪⎪⎩

pR
(
x2 + c2t2

) − 2uRxct, x > ct,
1

2

(
pR − uR

)
(x + ct)2 , −ct < x ≤ ct,

0, x < −ct,

u (x, y, t) =

⎧
⎪⎪⎨

⎪⎪⎩

uR
(
x2 + c2t2

) − 2pRxct, x > ct,
1

2

(
uR − pR

)
(x + ct)2 , −ct < x ≤ ct,

0, x < −ct,

v (x, y, t) = 0.

(9)

Substituting these data into the mantle integrals (5) leads to an approximate evolution
operator, called EGquad.

More precisely, wemodify the EG2 operator such that its numerical solution over one time
step remains consistent with the exact solution (9). Direct calculations in the first equation
of the approximate evolution operator EG2 (7) give

1

π

∫ 2π

0
p (Q (θ)) dθ =1

2
(c�t)2 pR,

1

π

∫ 2π

0
u (Q (θ)) cos (θ) dθ = 4

3π
(c�t)2 uR,

1

π

∫ 2π

0
v (Q (θ)) sin (θ) dθ = 4

3π
(c�t)2 vR .

In order to preserve an exact planar wave solution, we derive a suitable approximation
justified by Lemma A.1 with n = 4. This yields

∫ 2π

0
u (Q (θ)) cos (θ) dθ =π

2
[u (Q (0)) − u (Q (π))] + O (

�t3
)
,

∫ 2π

0
v (Q (θ)) sin (θ) dθ =π

2

[
v

(
Q

(π

2

))
− v

(
Q

(
3π

2

))]
+ O (

�t3
)
.

Next, we rewrite the corresponding terms in the EG2 operator to achieve the exact solution
after one time step for one-dimensional quadratic data. Specifically, we have for ω1, ω2 ∈ R

1

π

∫ 2π

0
u (Q (θ)) cos (θ) dθ

= ω1

∫ 2π

0
u (Q (θ)) cos (θ) dθ +

(
1

π
− ω1

) ∫ 2π

0
u (Q (θ)) cos (θ) dθ

= ω1

∫ 2π

0
u (Q (θ)) cos (θ) dθ +

(
1

π
− ω1

)
π

2
[u (Q (0)) − u (Q (π))] + O (

�t3
)
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= 4

3
ω1u

R (c�t)2 +
(
1

2
− π

2
ω1

)
uR (c�t)2 + O (

�t3
)

=
(
4

3
ω1+

(
1

2
− π

2
ω1

))
uR (c�t)2 + O (

�t3
)
,

and

1

π

∫ 2π

0
v (Q (θ)) sin (θ) dθ

= ω2

∫ 2π

0
v (Q (θ)) sin (θ) dθ +

(
1

π
− ω2

) ∫ 2π

0
v (Q (θ)) sin (θ) dθ

= ω2

∫ 2π

0
v (Q (θ)) sin (θ) dθ +

(
1

π
− ω2

)
π

2

[
v

(
Q

(π

2

))
− v

(
Q

(
3π

2

))]
+ O (

�t3
)

= 4

3
ω2v

R (c�t)2 +
(
1

2
− π

2
ω2

)
vR (c�t)2 + O (

�t3
)

=
(
4

3
ω2+

(
1

2
− π

2
ω2

))
vR (c�t)2 + O (

�t3
)
.

The choice of ω1 = 0 and ω2 = 0 leads to

1

π

∫ 2π

0
u (Q) cos θ dθ = 1

2
uR (c�t)2 + O (

�t3
)
,

1

π

∫ 2π

0
v (Q) sin θ dθ = 1

2
vR (c�t)2 + O (

�t3
)
.

Substituting the above results in (7), one can obtain EGquad (10). An analogous procedure
leads directly to (11), (12).

p(P) = − p
(
P ′) + 1

π

∫ 2π

0
p(Q(θ)) dθ − 1

2
[u(Q(0)) − u(Q(π))]

− 1

2

[
v
(
Q

(
π
2

) ) − v
(
Q

( 3π
2

) )] + O(�t3), (10)

u(P) = − 1

2
[p(Q(0)) − p(Q(π))] + 1

π

∫ 2π

0
[u(Q(θ))

(
2 cos2(θ) − 1

2

)

+ 2v(Q(θ)) sin(θ) cos(θ)] dθ + O(�t3), (11)

v (P) = − 1

2

[
p
(
Q

(
π
2

) ) − p
(
Q

( 3π
2

) )] + 1

π

∫ 2π

0
[v(Q(θ))

(
2 sin2(θ) − 1

2

)

+ 2u(Q(θ)) sin(θ) cos(θ)] dθ + O(�t3). (12)

Numerical results indicate that the AF method based on the EGquad operator (10)-(12)
remains stable under the same CFL condition as the EG2 operator. In Sects. 4.2, 4.3, and 4.4,
we will investigate the numerical performance of this new evolution operator and compare it
with new operators that permit larger time steps, which will be introduced in the following
section.
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4 New Evolution Operator with Increased Stability

In this section, we derive an evolution operator that increases the stability of the resulting
AF method. This operator is derived from the EG2 formulas with a slight modification that
does not affect the order of accuracy but leads to a method that is stable even for much larger
time steps. To derive the new evolution operator for p, we use the existing one from the
EG2 operator. The first approximation in equation (7) depends on the value of a point at the
previous time level. This point value is replaced by a third-order approximation. A suitable
approximation can be found using Lemma 4.1.

Lemma 4.1 Let f ∈ C3 (�), where � ⊂ R
2 and that contains the closed disk BR (x0, y0).

For R > 0, define the circle parametrisation QR (θ) = (x0 + R cos (θ) , y0 + R sin (θ)),
θ ∈ [0, 2π]. Then

f (x0, y0) = 1

3

(
4

2π

∫ 2π

0
f
(
Q R

2
(θ)

)
dθ − 1

2π

∫ 2π

0
f (QR (θ)) dθ

)
+ O (

R3) ,

for R > 0 sufficiently small.

Proof Using the two-dimensional Taylor expansion at (x0, y0), we obtain

f (x0 + R cos (θ) , y0 + R sin (θ)) = f (x0, y0) + R cos (θ) fx (x0, y0) + R sin (θ) fy (x0, y0)

+ R2

2

(
cos2 (θ) fxx (x0, y0) + 2 cos (θ) sin (θ) fxy (x0, y0) + sin2 (θ) fyy (x0, y0)

)

+O
(
R3

)
.

Hence,

1

2π

∫ 2π

0
4 f

(
Q R

2
(θ)

)
− f (QR (θ)) dθ

= 1

2π

∫ 2π

0
3 f (x0, y0) + R cos (θ) fx (x0, y0) + R sin (θ) fy (x0, y0) dθ + O (

R3)

= 1

2π

(
3 f (x0, y0)

∫ 2π

0
1dθ + R fx (x0, y0)

∫ 2π

0
cos (θ) dθ + R fy (x0, y0)

∫ 2π

0
sin (θ) dθ

)
+ O (

R3)

= 3 f (x0, y0) + O (
R3) .

Dividing by three yields the claim. �

Remark 4.1 If f ∈ C4 (�) the error term improves from O (

R3
)
to O (

R4
)
.

The combination of Lemma 4.1 and EG2 leads to an infinite family of third-order evolution
formulas for p (P) using R = δc�t with δ ∈ [0, 1]. It has the form

p (P) = 1

π

∫ 2π

0
(p (Q (θ)) − u (Q (θ)) cos (θ) − v (Q (θ)) sin (θ)) dθ

− 1

3

(
4

2π

∫ 2π

0
p

(
Q δ

2 c�t (θ)
)
dθ − 1

2π

∫ 2π

0
p (Qδc�t (θ)) dθ

)
+ O (

�t3
)
.

(13)

The combination of the formula for updating p (P) and the original EG2 formulas for u (P)

and v (P) leads to new evolution operators, which we refer to as EG2δ . Note that for δ = 0,
EG20 reduces to EG2.
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Furthermore, the exact equation in (5) for u (P) contains the term 1
2u

(
P ′). This contri-

bution is lost when using the exact integration step (6), which suggests two possible ways
of approximation. The first option is to replace the term 1

2u
(
P ′) in the exact formula by an

approximation obtained from Lemma 4.1. The second option is to replace the term u
(
P ′) in

the integration step (6) by such an approximation. The same applies to the update of v (P).
The formulas obtained by the first option are

u (P) = 1

π

∫ 2π

0

(
−p (Q (θ)) cos (θ) + u (Q (θ))

(
2 cos2 (θ) − 1

2

)
+ 2v (Q (θ)) sin (θ) cos (θ)

)
dθ

−
(
u

(
P ′) − 1

3

(
4

2π

∫ 2π

0
u

(
Q ν

2 c�t (θ)
)
dθ − 1

2π

∫ 2π

0
u (Qνc�t (θ)) dθ

))
+ O (

�t3
)
,

v (P) = 1

π

∫ 2π

0

(
−p (Q (θ)) sin (θ) + 2u (Q (θ)) sin (θ) cos (θ) + v (Q (θ))

(
2 sin2 (θ) − 1

2

))
dθ

−
(

v
(
P ′) − 1

3

(
4

2π

∫ 2π

0
v

(
Q ν

2 c�t (θ)
)
dθ − 1

2π

∫ 2π

0
v (Qνc�t (θ)) dθ

))
+ O (

�t3
)
.

(14)
Using the second option yields

u (P) = 1

π

∫ 2π

0

(
−p (Q (θ)) cos (θ) + u (Q (θ))

(
2 cos2 (θ) − 1

2

)
+ 2v (Q (θ)) sin (θ) cos (θ)

)
dθ

+
(
u

(
P ′) − 1

3

(
4

2π

∫ 2π

0
u

(
Q ν

2 c�t (θ)
)
dθ − 1

2π

∫ 2π

0
u (Qνc�t (θ)) dθ

))
+ O (

�t3
)
,

v (P) = 1

π

∫ 2π

0

(
−p (Q (θ)) sin (θ) + 2u (Q (θ)) sin (θ) cos (θ) + v (Q (θ))

(
2 sin2 (θ) − 1

2

))
dθ

+
(

v
(
P ′) − 1

3

(
4

2π

∫ 2π

0
v

(
Q ν

2 c�t (θ)
)
dθ − 1

2π

∫ 2π

0
v (Qνc�t (θ)) dθ

))
+ O (

�t3
)
.

For both options, we have ν ∈ [0, 1]. However, the formulas in (14) yield better numerical
results.We refer to the evolution that uses (13) for updating p (P) and (14) for updating u (P)

and v (P) as EG2δ,ν . In Sect. 4.1, we will show that both new evolution operators, EG2δ and
EG2δ,ν , increase the admissible time step of the AF methods for well-chosen values of δ and
ν. However, they also increase the computational cost, since additional integrals are involved.
To reduce computational costs, Lemma A.1 is applied to all integrals. This ensures that the
numerical integration is third-order accurate. Numerical experiments have shown that it is
necessary to choose n = 8 instead of 4, which is used for the EGquad operator. Consequently,
all integrals are approximated using the values at the points Q (0), Q

(
π
4

)
, Q

(
π
2

)
, Q

( 3π
4

)
,

Q (π), Q
(
5π
4

)
, Q

( 3π
2

)
, and Q

( 7π
4

)
. We denote by ÊG2δ the EG2δ operator based on the

circle approximations. Analogously, we refer to ÊG2δ,ν .
We will now study the stability and accuracy of the new AF methods.

4.1 Investigation of Linear Stability

To analyse the linear stability of theAFmethodwith different evolution operators for updating
the point values, we consider discretisations on a square domain with periodic boundary
conditions in both spatial directions. The domain is discretised using a grid with m ×m grid
cells. The linear method can be written in the form

Un+1 = B (�t)Un,
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Table 5 Maximum admissible CFL numbers for the stable method with EG2δ , δ = 0, 0.1, . . . , 1

δ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

CFL 0.279 0.287 0.286 0.290 0.297 0.309 0.332 0.418 0.418 0.418 0.418

Table 6 Maximum admissible
CFL numbers for the stable
method with EG2δ ,
δ = 0, 0.7, 0.8, 0.9, 1 for the
evolution of p (P) and exact
evolution for u (P) and v (P)

δ 0 0.7 0.8 0.9 1.0

CFL 0.279 0.431 0.453 0.462 0.471

Table 7 Maximum admissible
CFL numbers for the stable
method EG2δ,ν for different
combinations of δ and ν

CFL numbers for different values of δ and ν

δ = 0.7 δ = 0.8 δ = 0.9 δ = 1.0

ν = 0.1 0.434 0.371 0.434 0.434

ν = 0.2 0.426 0.440 0.437 0.433

ν = 0.3 0.417 0.438 0.435 0.431

ν = 0.4 0.411 0.435 0.434 0.430

ν = 0.5 0.403 0.421 0.431 0.429

where the vector Un contains all degrees of freedom of the two-dimensional Cartesian grid
simulation and the matrix B describes the evolution of the degrees of freedom during one
time step with size �t using the AF method. We can investigate the stability of the method
under different time step restrictions. A necessary condition for stability is that all eigenval-
ues of B (�t) lie within the unit circle. We have previously found that the AF method with
EG2 is stable under the condition CFL ≤ 0.279. As indicated in Fig. 2, the new approximate
evolution operator EGquad remains also stable for CFL ≤ 0.279. For a method employing
EG2δ , δ = 0, 0.1, . . . , 1, we observe that, as the radius of the circles used for the approxi-
mation of the point values increases, the maximum admissible CFL number also increases.
The results are shown in Table 5. Up to approximations, using R = 0.5c�t the CFL number
is comparable to the one that we get using the original EG2 operator. For δ ≥ 0.7, the CFL
number increases significantly to 0.418, which represents a considerable improvement over
the previous evolution operators. For the calculations, we use a 20 × 20 grid. Numerical
simulations on finer grids confirm stability under the same time step restriction.

Calculations using the exact formulas for u (P) and v (P) indicate that, for EG2δ with
δ > 0.7, the admissible CFL number is determined by these formulas; see Table 6.

These results suggest that further improvement of the stability of the AFmethods requires
adapting the approximate evolution equations for u (P) and v (P), as realised in EG2δ,ν . Its
maximum admissible CFL number increases further, for well-chosen δ and ν, to 0.44. Table 7
lists the maximum admissible CFL numbers for different combinations of ν and δ.

In Fig. 1 we show the eigenvalues of the matrix B for the AF method using different
evolution operators with CFL = 0.44. The second plot displays the results obtained with
the original EG2 operator, where the real part of many eigenvalues lies outside the unit
circle. After modifying the formulas for p (P), the distribution of the eigenvalues changes
significantly (see fourth plot) and becomes more comparable to that of the method using the
exact evolution operator (see first plot). Further adjustments to the formulas for u (P) and
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Fig. 1 Eigenvalues of the matrix B for the AFmethod using (from left to right): exact evolution, EG2, EGquad,
EG20.7 and EG20.8,0.2 with CFL = 0.44. A 20 × 20 grid with periodic boundary conditions was used

Fig. 2 Eigenvalues of the matrix B for the AF method using exact evolution, EG2 and EGquad with CFL
= 0.279. A 20 × 20 grid with periodic boundary conditions was used

v (P) alter the eigenvalue distribution such that all eigenvalues remain inside the unit circle
up to CFL = 0.44 (see fifth plot). As documented in Fig. 1 (third plot), and in Fig. 2, the AF
method with EGquad operator is unstable for CFL = 0.44, but remains stable for CFL=0.279.

In the Appendix, we present a further simplification of the AF methods with ÊG21.0 and
ÊG21.0,0.2 operators using numerical quadrature for the integration along the base of the
bicharacteristic cones. Our numerical experiments confirm that these AF methods are stable
up to a CFL number equal to 0.4.

4.2 Investigation of Accuracy

In this section, we present the accuracy results for the different new evolution operators
and compare them with those obtained using the exact evolution operator. To this end, we
consider Examples 2.1 and 2.2.

Tables 8 and 9 show the results for Example 2.1. The computations are performed on grids
with 64 × 64, 128 × 128, and 256 × 256 grid cells. We measure the error of p at t = 0.1
and t = 1 for the AF method using exact evolution, EG2, EGquad, EG20.7, and EG20.8,0.2.
For each method, the time steps are chosen close to their respective stability limit, i.e.,
CFL= 0.5, 0.276, 0.276, 0.418, and 0.439 were used for the AF method with the exact and
approximate evolution operators EG2, EGquad, EG20.7, and EG20.8,0.2, respectively.

Allmethods exhibit third-order accuracy.As expected, themethodwith the exact evolution
yields the smallest errors for all test cases and time levels. All four methods yield errors of the
same order of magnitude. Among the methods employing approximate evolution operators,
EG20.8,0.2 produces the smallest errors, although the results are very similar to those obtained
with EGquad and EG20.7. In contrast, the errors obtained with EG2 are systematically larger
than those of the other approximate methods.

Similar results are obtained for Example 2.2. We now measure the errors in u and v at
times t = 0.1 and t = 1. The results show that the methods using approximate evolution

123



   33 Page 16 of 32 Journal of Scientific Computing           (2026) 109:33 

Table 8 Errors measured in the L1-norm and final EOC for Example 2.1 using exact evolution, EG2, EGquad,
EG20.7, and EG20.8,0.2 at t = 0.1.

Res Error in p
exact EG2 EGquad EG20.7 EG20.8,0.2

64 × 64 1.60 × 10−5 3.07 × 10−5 2.62 × 10−5 2.14 × 10−5 2.43 × 10−5

128 × 128 2.04 × 10−6 3.91 × 10−6 3.36 × 10−6 3.19 × 10−6 3.02 × 10−6

256 × 256 2.54 × 10−7 4.92 × 10−7 4.26 × 10−7 3.97 × 10−7 3.74 × 10−7

EOC 3.003 2.989 2.982 3.004 3.011

Table 9 Errors measured in the L1-norm and EOC for Example 2.1 using exact evolution, EG2, EGquad,
EG20.7, and EG20.8,0.2 at t = 1

Res Error in p
exact EG2 EGquad EG20.7 EG20.8,0.2

64 × 64 2.00 × 10−4 3.45 × 10−4 2.99 × 10−4 3.05 × 10−4 2.95 × 10−4

128 × 128 2.51 × 10−5 4.33 × 10−5 3.76 × 10−5 3.80 × 10−5 3.72 × 10−5

256 × 256 3.14 × 10−6 5.41 × 10−6 4.70 × 10−6 4.77 × 10−6 4.64 × 10−6

EOC 2.998 2.999 2.998 2.997 3.005

Table 10 Errors measured in the L1-norm and EOC for Example 2.2 using exact evolution, EG2, EGquad,
EG20.7, and EG20.8,0.2 at t = 0.1.

Res Error in u, v

exact EG2 EGquad EG20.7 EG20.8,0.2

64 × 64 1.27 × 10−5 1.92 × 10−5 1.65 × 10−5 1.92 × 10−5 1.94 × 10−5

128 × 128 1.60 × 10−6 2.40 × 10−6 2.07 × 10−6 2.38 × 10−6 2.40 × 10−6

256 × 256 2.00 × 10−7 2.99 × 10−7 2.59 × 10−7 2.97 × 10−7 2.99 × 10−7

EOC 3.004 3.000 2.996 3.006 3.007

operators yield nearly identical errors. Even though this is not directly apparent from the
numerical values, it was shown in [16, Table 5] that the convergence order of the AF method
with exact evolution is not third order at all times.

Convergence studies for the corresponding AFmethods that use numerical integration can
be found in Appendix Appendix B.1.

4.3 Approximation of the Stationary Vortex

In this section, we compare the performance of the AF method that uses exact evolution,
EGquad, EG20.7 and EG20.8,0.2 for the stationary vortex described in Example 2.3. Barsukow
et al. [12] showed that the third-order accurate Cartesian grid AFmethodwith exact evolution
operator is stationary preserving. In [16] Chudzik et al. showed that the method using EG2
is not stationary preserving. As expected, none of the AF methods that use the new evolution
operator preserves the stationary vortex. The numerical results are shown in Fig. 3. The
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Table 11 Errors measured in the L1-norm and EOC for Example 2.2 using exact evolution, EG2, EGquad,
EG20.7, and EG20.8,0.2 at t = 1

Res Error in u, v

exact EG2 EGquad EG20.7 EG20.8,0.2

64 × 64 1.57 × 10−4 2.72 × 10−4 2.37 × 10−4 2.41 × 10−4 2.33 × 10−4

128 × 128 1.97 × 10−5 3.41 × 10−5 2.96 × 10−5 2.99 × 10−5 2.93 × 10−5

256 × 256 2.46 × 10−6 4.25 × 10−6 3.70 × 10−6 3.75 × 10−6 3.64 × 10−6

EOC 2.999 3.001 3.000 2.997 3.006
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Fig. 3 Approximation of the stationary vortex using a grid with 64 × 64 (top) and 128 × 128 (bottom) cells
at t = 100 with an AF method using exact evolution(left), EGquad (center left), EG20.7 (center right) and
EG20.8,0.2 (right)

solutions were calculated on grids with 64× 64 and 128× 128 grid cells. Apart from the AF
method, which uses exact evolution, all methods produce similar solutions. Furthermore, the
solutions are similar to those obtained using EG2 as the evolution operator, as shown in Fig.
8 of [16]. We refer the reader to Appendix Appendix B.2 for results obtained by simplified
AF methods using numerical quadratures for evolution operators (Table 10).

4.4 Approximation of Discontinuous Solutions

We now investigate the performance of the AF methods with EGquad, EG20.7 and EG20.8,0.2
evolution operators for the approximation of a discontinuous solution as obtained in Example
2.4. The results will be compared with those obtained by the AF method with the exact
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Fig. 4 Approximation of discontinuous solution at t = 0.5 on grids with 64 × 64 (left), 128 × 128 (middle)
and 256 × 256 (right) cells using the AF method with exact evolution (first row), EG2 (second row), EG20.7
(third row) and EGquad (fourth row). All methods use time steps near their stability limit

evolution operator. All methods lead to accurate approximations even on coarse grids as
shown in Fig. 4.

Appendix Appendix B.3 presents the corresponding results for simplified AF methods
using numerical quadratures for the integration along the base of the bicharacteristic cone.
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4.5 Comparison of Computational Cost

Compared to EG2, the new evolution operators EG2δ and EG2δ,ν allow larger CFL num-
bers, but require integrations over three circles instead of only one. Despite this moderately
increased integration effort per time step, the larger admissible CFL numbers lead to a reduc-
tion of the overall computational cost. In contrast, EGquad uses the same CFL number as
EG2 and slightly reduces the computational cost by replacing some integrals with evaluated
point values. To assess the resulting computational efficiency of the different approaches, we
briefly describe the implementation of the point value update and later present results from
numerical experiments. The update of the point values involves integrals of the form

∫ 2π

0
qrec (Qδ(θ)) sinα(θ) cosβ(θ)dθ, (15)

where q ∈ {p, u, v}, α, β ∈ {0, 1, 2} and δ ∈ (0, 1]. Note that Q1(θ) = Q(θ). We consider
the update of a left point value Qn

i− 1
2 , j

located at (xi− 1
2
, y j ). The other point values, i.e.

Qn
i, j− 1

2
and Qn

i− 1
2 , j− 1

2
, can be considered analogously. In the considered case, the integral

(15) lies in the two neighbouring cells �i−1, j and �i, j . It can be written as

∑

k,l∈{0,1,2}
q̃k,li, j

∫ π
2

− π
2

sinα+k(θ) cosβ+l(θ) dθ +
∑

k,l∈{0,1,2}
q̃k,li−1, j

∫ 3π
2

π
2

sinα+k(θ) cosβ+l(θ) dθ,

(16)
where the coefficients q̃k,li, j , k, l ∈ {0, 1, 2}, are linear combinations of the degrees of freedom
of cell �i, j . The precise form of the coefficients depends on the size of the considered
time step and thus the radii of the circles used in the approximative evolution operator. Let
τ ∈ (0,�t ] and rewrite q̃k,li, j in the form

q̃k,li, j = τ̃ ˜̃qk,li, j , (17)

where τ̃ depends on τ , while ˜̃qk,li, j is independent of τ . Since the integrals in (16) are inde-
pendent of q , they only need to be computed once per simulation run. Among the different
components involved in the evaluation of (16) and (17), the computation of ˜̃qk,li, j is the most
expensive as it needs to be done for each grid cell and each point value degree of freedom.
However, these computations need to be done only once per time step, independent of the
number of circles used in the approximative evolution operator. Hence, the additional com-
putational effort required when replacing the EG2 evolution operator by EG2δ or EG2δ,ν

can be expressed inexpensively. Thus, although the use of EG2δ or EG2δ,ν is in every time
step slightly more expensive than EG2, the larger admissible CFL numbers still lead to a
significant reduction of the overall computational cost. This was also confirmed by numer-
ical simulations. We reconsider Example 2.1 and perform simulations on a grid with 1282

grid cells at time t = 1. Table 9 already showed that the accuracy obtained with the new
evolution operators compares well with the accuracy obtained with EG2. In Table 12, we
present the relative computational costs per time step and per simulation run of the AF meth-
ods using EG20.8,0.2 with CFL = 0.279 and CFL = 0.44, compared to the method using
EG2 and EGquad with CFL = 0.279. We performed 15 simulations for each test problem,
averaged the measured runtimes and normalized by the mean runtime of the Active Flux
method using EG2 with CFL = 0.279. In contrast to EG2, some integrals in (16) vanish
identically for EGquad, which makes the computation slightly cheaper. The results show that
the new evolution operators EG2δ,ν slightly increase the computational cost per time step.
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Table 12 Comparison of the
relative runtimes of EG2, EGquad

and EG20.8,0.2. The runtimes are
normalized with respect to one
EG2 simulation run with
CFL = 0.279. The relative
standard deviation (RSD) is given
in the last column

Relative runtime
CFL per time step per simulation run RSD

EG2 0.279 1.000 1.000 0.005

EGquad 0.279 0.9437 0.9437 0.004

EG20.8,0.2 0.279 1.121 1.121 0.006

EG20.8,0.2 0.440 1.130 0.714 0.003

However, the larger admissible CFL numbers significantly reduce the overall computational
costs per simulation run. Furthermore, the relative standard deviation is below 0.6% for all
configurations, indicating that the measured runtimes are statistically reliable. Comparable
results are obtained for other grid resolutions and test cases.

5 Central Weighted Essentially Non-Oscillatory Reconstruction

In the preceding sections, the stability requirements of the AF method were primarily
addressed through the design of new evolution operators. To further enhance stability, we
now introduce a novel AFCW method that combines the CWENO reconstruction with the
approximate EG operators proposed in the previous sections.

The fundamental advantage of any AF method is its compact, high-order representation
of the solution, whose Degrees of Freedom (DoFs) consist of both conservative cell averages
and non-conservative point values on edges. By employing the CWENO reconstruction, we
effectively increase the stencil and provide the necessary flexibility to incorporate upwind-
ing information via the evolution operators. Note that we still use the point values at edges
as independently evolved variables by means of an approximate evolution operator. In the
present paperwework eitherwithCWENOormore classical active flux reconstruction. How-
ever, for nonlinear problems both can be adaptively used depending on a suitable smoothness
indicator. The resulting combination leverages the compact, high-order character of AF and
the robust, non-oscillatory limiting of CWENO, thereby delivering the enhanced stability
required for hyperbolic systems.

The AFCW method is based on a nonlinear reconstruction, and its reconstruction step is
therefore more expensive than the unlimited Active Flux reconstruction. For the test cases
considered in this paper, such limiting is not required. Nevertheless, a limited reconstruction
is expected to be advantageous for more advanced nonlinear problems, where oscillation
control and robustness become essential. Once the CWENO polynomial has been computed,
however, it involves fewer basis functions than the classical Active Flux reconstruction.
Consequently, the evaluation of any of the proposed evolution operators is less expensive for
the AFCW reconstruction. The overall efficiency of AFCW therefore results from a trade-off
between the additional cost of the nonlinear CWENO weights and the cheaper evaluation of
the reconstructed polynomial in the evolution step as well as a larger possible CFL number.

To achieve high-order spatial accuracy within each computational cell, we adopt a third-
order CWENO reconstruction procedure; see, e.g., [23, 24]. Unlike standard CWENO
applications that supply only interface point values for use in numerical fluxes, here we
reconstruct, in each mesh cell, a piecewise quadratic polynomial that will be used in the
approximate evolution operators. Then in (4), we set m = 5 with coefficients Ck and basis
functions Nk listed in Table 13.
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Table 13 Coefficients and basis
functions for CWENO
reconstruction

k Ck Nk

0 Qi, j 1

1 2ω0 (c1 − Sa) +
4∑

m=1

ωm am
ξ

2

2 2ω0 (c2 − Sb) +
4∑

m=1

ωm bm
η

2

3 2ω0 c3
ξ2

4
− 1

12

4 2ω0 c4
η2

4
− 1

12

5 2ω0 c5
ξ η

4

The quadratic modes are chosen to have zero cell average so thatC0 = Qi, j . The auxiliary
central coefficients c� are computed from neighbouring cell averages

c0 = Qi, j , c1 = 1

2

(
Qi+1, j − Qi−1, j

)
, c2 = 1

2

(
Qi, j+1 − Qi, j−1

)
,

c3 = 1

2

(
Qi+1, j + Qi−1, j

) − Qi, j , c4 = 1

2

(
Qi, j+1 + Qi, j−1

) − Qi, j ,

c5 = 1

4

(
Qi+1, j+1 − Qi+1, j−1 − Qi−1, j+1 + Qi−1, j−1

)
.

The parameters am and bm (m = 1, . . . , 4) denote the one-sided first differences associated
with four directional substencils (east–north, west–north, west–south, east–south):

a1 = Qi+1, j − Qi, j , a2 = Qi, j − Qi−1, j , a3 = Qi, j − Qi−1, j , a4 = Qi+1, j − Qi, j ,

b1 = Qi, j+1 − Qi, j , b2 = Qi, j+1 − Qi, j , b3 = Qi, j − Qi, j−1, b4 = Qi, j − Qi, j−1.

We also define the (scaled) averages

Sa = 1

8

4∑

m=1

am, Sb = 1

8

4∑

m=1

bm .

To achieve third-order accuracy in smooth regions and non-oscillatory behaviour near dis-
continuities, the nonlinear CWENO weights are

ω̃m = γm

(ε + βm)r
, ωm = ω̃m

∑4
s=0 ω̃s

, m = 0, 1, 2, 3, 4,

with linear weights γ0 = 1
2 and γ1 = γ2 = γ3 = γ4 = 1

8 . Here ε > 0 is a small parameter and
r ≥ 1 is usually chosen to be an even integer; in all numerical examples, we take ε = 10−12

and r = 2. By construction, ωm ≥ 0 and
∑4

m=0 ωm = 1.
Finally, the smoothness indicators are

β0 = 4 (c1 − Sa)
2 + 4 (c2 − Sb)

2 + 5

3

(
c23 + c24

) + 4

3
c25,
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Table 14 Errors measured in the L1-norm and EOC for Example 2.1 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.5 at t = 0.1

Res Error in p EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 2.10 × 10−4 1.21 × 10−4 2.04 × 10−4 – – –

128 × 128 2.52 × 10−5 1.42 × 10−5 2.46 × 10−5 3.058 3.089 3.052

256 × 256 3.03 × 10−6 1.67 × 10−6 3.02 × 10−6 3.052 3.084 3.025

Table 15 Errors measured in the L1-norm and EOC for Example 2.1 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.5 at t = 1.

Res Error in p EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 2.30 × 10−3 1.27 × 10−3 2.40 × 10−3 – – –

128 × 128 2.91 × 10−4 1.59 × 10−4 2.94 × 10−4 2.984 2.993 3.029

256 × 256 3.64 × 10−5 1.99 × 10−5 3.68 × 10−5 2.997 3.000 2.999

and
βm = a2m + b2m, m = 1, 2, 3, 4.

With these definitions, the polynomial qi, j provides a third-order accurate, non-oscillatory
CWENO reconstruction on each cell.

5.1 Investigation of Accuracy

In this section, we present the accuracy study for the AFCW methods obtained using the
third-order CWENO reconstruction in combination with the EG2, EGquad, and EG20.8,0.2
operators. We consider Examples 2.1 and 2.2, compute the numerical results on a sequence
of grids with 64× 64, 128× 128, and 256× 256 cells at times t = 0.1 and t = 1, and report
the obtained results in Tables 14, 15, 16, 17. As one can see, all AFCW methods achieve
third-order accuracy and are stable for CFL = 0.5. In addition, one can observe that the
method employing the EGquad operator provides higher accuracy compared to the methods
using the EG2 or EG20.8,0.2 operators. In comparison with the errors of the AF methods
using the original reconstruction (see Tables 8, 9, 10, 11), the errors obtained in the present
case are noticeably larger for CFL=0.5. Note, however, that for CFL=0.7 the AFCWmethod
with EGquad operator yields comparable errors with those reported in Tables 8, 9, 10, 11; see
Tables 18, 19, 20, 21. In this case, approximate evolution operators integrate over the base
circle of the bicharacteristic cone, taking into account all six neighbouring cells around the
midpoint of an edge.

5.2 Approximation of the Stationary Vortex

In this section, we investigate the numerical behaviour of the AFCW methods for the sta-
tionary vortex described in Example 2.3. The corresponding results for EG2, EGquad and
EG20.8,0.2 on 64 × 64 and 128 × 128 grids are presented in Fig. 5. On relatively coarse
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Table 16 Errors measured in the L1-norm and EOC for Example 2.2 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.5 at t = 0.1.

Res Error in u, v EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 1.65 × 10−4 9.50 × 10−5 1.61 × 10−4 – – –

128 × 128 1.98 × 10−5 1.11 × 10−5 1.93 × 10−5 3.063 3.093 3.0558

256 × 256 2.38 × 10−6 1.31 × 10−6 2.38 × 10−6 3.053 3.085 3.0257

Table 17 Errors measured in the L1-norm and EOC for Example 2.2 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.5 at t = 1

Res Error in u, v EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 1.81 × 10−3 9.99 × 10−4 1.89 × 10−3 – – –

128 × 128 2.29 × 10−4 1.25 × 10−4 2.31 × 10−4 2.988 2.998 3.034

256 × 256 2.86 × 10−5 1.56 × 10−5 2.89 × 10−5 2.998 3.001 3.000

Table 18 Errors measured in the L1-norm and EOC for Example 2.1 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.7 at t = 0.1

Res Error in p EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 1.65 × 10−4 6.36 × 10−5 1.38 × 10−4 – – –

128 × 128 1.81 × 10−5 5.37 × 10−6 1.61 × 10−5 3.191 3.566 3.103

256 × 256 2.07 × 10−6 4.79 × 10−7 1.97 × 10−6 3.130 3.486 3.026

Table 19 Errors measured in the L1-norm and EOC for Example 2.1 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.7 at t = 1

Res Error in p EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 1.49 × 10−3 3.06 × 10−4 1.64 × 10−3 – – –

128 × 128 1.89 × 10−4 3.68 × 10−5 1.98 × 10−4 2.979 3.056 3.054

256 × 256 2.37 × 10−5 4.45 × 10−6 2.42 × 10−5 3.000 3.049 3.028

Table 20 Errors measured in the L1-norm and EOC for Example 2.2 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.7 at t = 0.1

Res Error in u, v EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 1.30 × 10−4 5.01 × 10−5 1.09 × 10−4 – – –

128 × 128 1.42 × 10−5 4.22 × 10−6 1.26 × 10−5 3.195 3.569 3.108

256 × 256 1.62 × 10−6 3.77 × 10−7 1.55 × 10−6 3.131 3.487 3.027
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Table 21 Errors measured in the L1-norm and EOC for Example 2.2 using AFCWmethod with EG2, EGquad

and EG20.8,0.2 with CFL = 0.7 at t = 1

Res Error in u, v EOC
EG2 EGquad EG20.8,0.2 EG2 EGquad EG20.8,0.2

64 × 64 1.18 × 10−3 2.42 × 10−4 1.30 × 10−3 – – –

128 × 128 1.49 × 10−4 2.89 × 10−5 1.55 × 10−4 2.983 3.061 3.058

256 × 256 1.86 × 10−5 3.49 × 10−6 1.90 × 10−5 3.001 3.050 3.029
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Fig. 5 Approximation of the stationary vortex using a grid with 64× 64 (top) and 128× 128 (bottom) cells at
t = 100 with AFCWmethod using EG2 (left), EGquad (middle) and EG20.8,0.2 (right) operators, respectively

grids, the reconstructed solution exhibits oscillations and a noticeable deviation from the
stationary state. As the grid resolution increases, these oscillations gradually diminish, and
the overall solution becomes more consistent with the expected stationary pattern. This trend
can be attributed to the wider spatial stencil employed in the CWENO reconstruction, which
reduces the performance on coarse meshes. Nevertheless, EG2, EGquad and EG20.8,0.2 oper-
ators remain stable even at the maximum admissible CFL number. Moreover, for the same
grid resolution, the EGquad operator tends to preserve the stationary state more effectively
than the EG2 operator and EG20.8,0.2.
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Fig. 6 Approximation of discontinuous solution at t = 0.5 on grids with 64 × 64 (left), 128 × 128 (middle)
and 256 × 256 (right) cells using AFCW method with EG2 (first row), EGquad (second row) and EG20.8,0.2
(third row) operators, respectively. All methods use CFL = 0.7

5.3 Approximation of Discontinuous Solution

We now present the performance of the AFCW methods with EG2, EGquad and EG20.8,0.2
evolution operators for the discontinuous problem, as described in Example 2.4. As illustrated
in Fig. 6, all schemes are capable of capturing the discontinuities sharply andwithout spurious
oscillations. The results for EGquad (second row) and EG0.8,0.2 operator (third row) demon-
strate performance highly comparable to the AFCWmethod with EG2 operator, maintaining
sharpness at the discontinuities similar to the first row. The benefit of increasing the grid
resolution from 64 × 64 (left column) to 256 × 256 (right column) is clearly demonstrated,
yielding a corresponding increase in the fidelity and resolution of the computed solution fea-
tures. In comparisonwith theAFmethods presented in Fig. 4, theAFCWmethods are slightly
smoother near the discontinuities. This suggests that theAFCWmethodsmay possess slightly
higher numerical dissipation while still preserving the overall sharpness characteristic.
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6 Conclusion

We have developed and analysed several new evolution operators for the fully discrete
two-dimensional Active Flux method. The proposed operators are designed to retain the
compactness and high accuracy of the AF method while significantly improving stability.
We first constructed the EGquad operator that is exact for quadratic plane waves, leading
to a third-order accurate method. This new formulation replaces the mantle and base inte-
grals in the exact evolution by a third-order approximated evolution operator with a reduced
computational complexity, without sacrificing accuracy compared to existing evolution oper-
ators. We then introduced two families of evolution operators, EG2δ and EG2δ,ν , obtained
by systematically modifying the EG2 formulation by combining angular averages over three
circles arising from Taylor-based approximations applied to the point values appearing in the
derivation of EG2. A linear stability analysis has demonstrated a substantial enlargement of
the admissible time step: the maximal stable CFL number increases from 0.279 for EG2 to
approximately 0.418 for EG2δ and up to 0.440 for properly chosen EG2δ,ν . Accuracy studies
for smooth periodic test problems have confirmed that all new variants preserve third-order
accuracy. For steady vortex configurations, we have observed that only the scheme based on
the exact evolution operator maintains stationary states precisely. In contrast, the approxi-
mate operators exhibit minor but non-negligible deviations. We have also investigated the
influence of different reconstructions and compared the AF schemes using the compact AF
reconstruction with the third-order CWENO reconstruction. The latter yields the AFCW
methods that have a more compact stencil than standard semi-discrete WENO methods and
achieve third-order accuracy with a CFL number up to 0.7.

Future work will focus on extending the present analysis to nonlinear systems, such as
the Euler equations of gas dynamics. In this nonlinear context, preserving the positivity of
thermodynamic variables such as pressure is crucial. To this end, techniques like considering
the evolution formulation for log p rather than p, as recently explored by Abgrall et al. [2],
could be combined with our AFCW methods to provide an efficient approach for limiting
and positivity preservation.

Appendix A Useful Lemma

Lemma A.1 Let f ∈ C3(�), using polar coordinates, we define f (r , θ) ≡ f (x, y) with
x = r cos θ and y = r sin θ , where r > 0 and θ ∈ [0, 2π]. For a sufficiently small r , denote

Tn = 2π

n

n−1∑

k=0

f

(
r ,

2πk

n

)
, n ∈ N.

Then it holds that ∫ 2π

0
f (r , θ) dθ = Tn + O (

r3
)
, for n = 4, 8.

Proof This result follows directly from Taylor’s expansion. Let us expand f (x, y) at (0, 0)
and substitute x = r cos θ, y = r sin θ , which yields

f (x, y) = f (0, 0) + x∂x f (0, 0) + y∂y f (0, 0)

+ 1

2

(
x2∂xx f (0, 0) + 2xy∂xy f (0, 0) + y2∂yy f (0, 0)

) + O(r3),
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which yields

∫ 2π

0
f (x, y) dθ = 2π f (0, 0) + r2

2
∂xx f (0, 0)

∫ 2π

0
cos2 θ dθ + r2

2
∂yy f (0, 0)

∫ 2π

0
sin2 θ dθ (18)

= 2π f (0, 0) + πr2

2

(
∂xx + ∂yy

)
f (0, 0) + O

(
r3

)
.

Let n=4, then f
(
r , 2πk

n

)
, k = 0, . . . , 3 at (0, 0)

f (r , 0) = f (0, 0) + r∂x f (0, 0) + 1

2
r2∂xx f (0, 0) + O (

r3
)
,

f (r , π) = f (0, 0) − r∂x f (0, 0) + 1

2
r2∂xx f (0, 0) + O (

r3
)
,

f
(
r ,

π

2

)
= f (0, 0) + r∂y f (0, 0) + 1

2
r2∂yy f (0, 0) + O (

r3
)
,

f

(
r ,

3π

2

)
= f (0, 0) − r∂y f (0, 0) + 1

2
r2∂yy f (0, 0) + O (

r3
)
.

Consequently, we have

T4 = π

2

3∑

k=0

f

(
2πk

4

)
= π

2

(
f (r , 0) + f (r , π) + f

(
r ,

π

2

)
+ f

(
r ,

3π

2

))
(19)

= 2π f (0, 0) + π

2
r2

(
∂xx + ∂yy

)
f (0, 0) + O (

r3
)
.

Comparing (18) and (19) yields the desired results. Analogous computations can be applied
for n = 8. �


Appendix B Numerical Integration

In this Section, we compare the performance of AF methods that employ approximate evolu-
tion formulaswith exact integration to those that use numerical integration.AlthoughSect. 4.5
already demonstrated that the computational costs of the new operators can be reduced, these
reductions rely on the specific circle geometry considered there and cannot be transferred
directly to more general geometries. Numerical integration may therefore also be of interest
in situations where the geometry of the circles is not always the same. The main goal of
using numerical integration is to reduce costs. Since multiple point evaluations can be used
for δ = 1, we use different deltas here than in Sect. 4.2. For this purpose, we consider the
operators EG21.0, EG21.0,0.2, ÊG21.0, and ÊG21.0,0.2. To this end, we first perform conver-
gence studies using Examples 2.1 and 2.2 (see Sect.Appendix B.1), and then compare the
results for Example 2.3 (see Sect.Appendix B.2) and Example 2.4 (see Sect.Appendix B.3).
We use CFL = 0.39 for all calculations.

Appendix B.1 Accuracy Results

Tables 22–25 show the results for Examples 2.1 and 2.2 at t = 0.1 and t = 1. Themethods that
compute the evolution formulas using numerical integration are approximately as accurate
as those employing exact integration at this point.
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Table 22 Errors measured in the L1-norm and EOC for Example 2.1 using EG21.0, ÊG21.0, EG21.0,0.2 and

ÊG21.0,0.2 at t = 0.1.

Res Error in p EOC
EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2 EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2

64 2.66 × 10−5 2.53 × 10−5 2.56 × 10−5 2.44 × 10−5 – – – –

128 3.32 × 10−6 3.16 × 10−6 3.19 × 10−6 3.05 × 10−6 3.0032 3.0027 3.0016 3.0000

256 4.13 × 10−7 3.94 × 10−7 3.98 × 10−7 3.81 × 10−7 3.0050 3.0052 3.0043 3.0046

Table 23 Errors measured in the L1-norm and EOC for Example 2.1 using EG21.0, ÊG21.0, EG21.0,0.2 and

ÊG21.0,0.2 at t = 1

Res Error in p EOC
EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2 EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2

64 3.22 × 10−4 3.23 × 10−4 3.16 × 10−4 3.18 × 10−4 – – – –

128 4.05 × 10−5 4.07 × 10−5 3.98 × 10−5 4.01 × 10−5 2.9891 2.9883 2.9898 2.9891

256 5.07 × 10−6 5.08 × 10−6 4.98 × 10−6 5.01 × 10−6 2.9993 2.9991 2.9992 2.9991

Table 24 Errors measured in the L1-norm and EOC for Example 2.2 using EG21.0, ÊG21.0, EG21.0,0.2 and

ÊG21.0,0.2 at t = 0.1.

Res Error in u, v EOC
EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2 EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2

64 2.09 × 10−5 2.19 × 10−5 2.09 × 10−5 2.19 × 10−5 – – – –

128 2.60 × 10−6 2.73 × 10−6 2.60 × 10−6 2.73 × 10−6 3.0080 3.0061 3.0060 3.0045

256 3.23 × 10−7 3.40 × 10−7 3.24 × 10−7 3.41 × 10−7 3.0063 3.0055 3.0049 3.0043

Table 25 Errors measured in the L1-norm and EOC for Example 2.2 using EG21.0, ÊG21.0, EG21.0,0.2 and

ÊG21.0,0.2 at t = 1

Res Error in u, v EOC
EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2 EG21.0 ÊG21.0 EG21.0,0.2 ÊG21.0,0.2

64 2.54 × 10−4 2.54 × 10−4 2.49 × 10−4 2.50 × 10−4 – – – –

128 3.19 × 10−5 3.19 × 10−5 3.13 × 10−5 3.15 × 10−5 2.9926 2.9915 2.9932 2.9923

256 3.98 × 10−6 3.99 × 10−6 3.91 × 10−6 3.94 × 10−6 3.0004 2.9998 3.0001 2.9997

Appendix B.2 Approximation of the Stationary Vortex

Figure7 shows the results for Example 2.3 at t = 100. The performance of the methods that
compute the evolution formulas using numerical integration is approximately the same as
for methods employing exact integration.
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Fig. 7 Approximation of the stationary vortex using a grid with 64× 64 (top) and 128× 128 (bottom) cells at
t = 100 with an AFmethod using EG21.0 (left), ÊG21.0 (center left), EG21.0,0.2 (center right) and ÊG21.0,0.2
(right)

Appendix B.3 Approximation of Discontinuous Solution Structure

Figure8 shows the results for Example 2.4 at t = 0.5. The performance of the methods that
compute the evolution formulas using numerical integration is approximately the same as
that of those employing exact integration.
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Fig. 8 Approximation of discontinuous solution at t = 0.5 on grids with 64 × 64 (left), 128 × 128 (middle)
and 256 × 256 (right) cells using the AF method with EG21.0 (first row), ÊG21.0 (second row), EG21.0,0.2
(third row) and ÊG21.0,0.2 (fourth row)
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