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Abstract

We construct a new fifth-order flux globalization based well-balanced (WB) alternative
weighted essentially non-oscillatory (A-WENO) scheme for general nonconservative systems.
The proposed scheme is a higher-order extension of the WB path-conservative central-upwind
(PCCU) scheme recently proposed in [A. KurcaNov, Y. Liv aAND R. XIn, J. Comput.
Phys., 474 (2023), Paper No. 111773]. We apply the new scheme to the nozzle flow system and
the two-layer shallow water equations. We conduct a series of numerical experiments, which
clearly demonstrate the advantages of using the fifth-order extension of the flux globalization
based WB PCCU scheme.
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nozzle flow system, two-layer shallow water equations.
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1 Introduction

This paper is focused on the development of high-order well-balanced (WB) numerical methods
for the nonconservative hyperbolic systems, which in the one-dimensional (1-D) case read as

U, + F(U), = BU)U,. (1.1)

Here, « is the spatial variable, ¢ is time, U € R? is a vector of unknowns, F : R? — R? is the
nonlinear flux function, and B € R%*9,

Developing a highly accurate numerical scheme for (1.1) is a challenging task due to the
presence of the nonconservative product terms on the right-hand side (RHS) of the studied system,
whose weak solutions can be understood as the Borel measures (see [15,27,28]) rather than in the
sense of distributions. In addition, a good scheme for (1.1) should be WB, that is, it should be
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capable of exactly preserving some of the physically relevant steady-state solutions of (1.1). As it
was shown in [23], for many nonconservative systems steady-state solutions satisfy

F(U), - BU)U, = M(U)E(U), =0, (1.2)

where M € R%? and E is the vector of equilibrium variables, which are constant at the steady
states.

A popular approach for developing accurate and WB numerical schemes for (1.1) is based on the
concept of weak Borel measure solutions, which leads to a class of path-conservative schemes; see,
e.g., [1,6-8,34-36] and references therein. One of these schemes, a second-order path-conservative
central-upwind (PCCU) scheme [7], is particularly simple as it is based on Riemann-problem-
solver-free central-upwind (CU) schemes, which were originally developed in [22,24,26] as a “black-
box” solver for general multidimensional hyperbolic systems. One of the drawbacks of the PCCU
schemes is that they can preserve simple steady states only. For instance, in the two-layer shallow
water equations, the PCCU schemes can only preserve the so-called “lake-at-rest” steady states.

In [23], path-conservative techniques were incorporated into the flux globalization framework,
which led to a flux globalization based WB PCCU scheme, which is capable of preserving a
much wider range of steady states while still accurately treating the nonconservative products.
In general, a flux globalization approach, which was introduced in [5,11,17,18,32], relies on the
following quasi-conservative form of (1.1):

U, + K(U), =0, (1.3)

where K (U) is a global flux

K(U)=F(U) - R{U), R({U)= / BUE)U(¢.1)] dé. (1.4)

and 7 is an arbitrary number. The flux globalization based WB PCCU schemes are obtained
by applying the CU numerical flux to the semi-discretization of (1.3) and by using the path-
conservative technique to the evaluation of the integrals in (1.4). These schemes have been applied
to a variety of hyperbolic systems in [2-4,9,23]. However, all of these WB PCCU schemes are
only second-order accurate, which results in a limited resolution of certain complicated solution
structures unless very fine mesh is used. The goal of this paper is to extend the flux globalization
based WB PCCU schemes to the fifth order of accuracy via an alternative weighted essentially
non-oscillatory (A-WENO) framework.

In the past few decades, high-order finite-volume (FV) and finite-difference (FD) weighted
essentially non-oscillatory (WENO) schemes have gained their popularity due to their ability to
achieve high resolution. These schemes are based on high-order WENO reconstructions and inter-
polations; see the review papers [37,38] and referenced therein. A drawback of FV WENO schemes
is that they use FV WENO reconstructions, which are quite complicated and computationally ex-
pensive, especially in the multidimensional case. On the other hand, FD WENO schemes use 1-D
WENO interpolations even in the multidimensional case, which makes them substantially simpler
than their FV counterparts. The simplest and yet very accurate and powerful FD WENO schemes
are A-WENO schemes were proposed in [21]; see also [10,31,41-43]. A-WENO schemes employ
standard FV numerical fluxes (with no flux splitting required) and achieve high order of accuracy
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thanks to the higher-order correction terms. A-WENO schemes based on the CU numerical fluxes
have been introduced in [41,42] and extended to nonconservative systems in [12,13].

In this paper, we develop flux globalization based WB A-WENO schemes that employ CU
numerical fluxes and fifth-order path-conservative integration techniques. Our A-WENO schemes
utilize new higher-order correction terms, which we have recently introduced in [14]. The designed
schemes are then applied to the nozzle flow system and the two-layer shallow water equations. We
perform a series of numerical experiments, which clearly demonstrate that the proposed fifth-order
scheme achieves higher resolution than its second-order counterpart.

The paper is organized as follows. In §2, we give a brief overview of flux globalization based
WB PCCU schemes. In §3, we construct new flux globalization based WB A-WENO schemes and
then apply them to the nozzle flow system in §3.1 and the two-layer shallow water equations in
§3.2. In §4, we test the new schemes on a number of challenging numerical examples. Finally, in
§5, we give some concluding remarks.

2 Flux Globalization Based WB PCCU Schemes: an Overview

In this section, we give an overview of second-order flux globalization based WB PCCU schemes,
which were introduced in [23] for general nonconservative systems (1.1) written in an equivalent
quasi-conservative form (1.3)—(1.4).

We first introduce a uniform mesh consisting of the F'V cells C; := [:Ej_%, mj+%] of size Tjp1—
z; 1 = Ax centered at x; = (mj_% + xj+%)/2, j=1,...,N. We assume that at a certain time
lovel t, the approximate solution, realized in terms of the cell averages

U,(t) =~ é/U(x,t) dz,
Cj

is available (in the rest of the paper, we will suppress the time-dependence of all of the indexed
quantities for the sake of brevity). We then evolve the cell averages U; in time by solving the
following system of ODEs:

FV _ 4FV
4 A Ee T (2.1)
dt 7 Az ’ '
where IC?X; are the WB PCCU numerical fluxes given by (see [23])
2
- R + + -
K %5y = 4 KO b (O, -0, (2.2)
its t—al at , —a; itz it+3) 7 '
ity its ity it

Uﬁ , and ﬁjﬁ 1 are two slightly different approximations of the one-sided point values of U ( 1 t),
2 2

and ai , are the one-sided local speeds of propagation, which can be estimated using the eigen-
2

values A} < -+ < Ay of the matrix A(U) := 9F/ou — B(U):
a;r% = min {)\1 (.A(UJ:F%))?)\l (.A(U;;%)), 0} : a;% = max {)\d(A(Uj;%)), )\d(A(U;:_%)), 0} :

Since K (U) is a global flux, one needs to use a certain quadrature to evaluate its global part
R(U). The quadrature should rely on the path-conservative technique and it also must be WB.
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To this end, we follow the approach introduced in [23] and compute

K@Epﬂmﬁy—mq%) (2.3)
as follows.
First, in order to ensure the WB property of the resulting scheme, the point values Ujfr , are

to be obtained with the help of a piecewise linear reconstruction of the equilibrium variables E:

_ = Az = Az
E = Ej+—(B); Ej,=Ej—-— (B, (2.4)

N[

where E; := E(U;) and the slopes (E,); are computed using a nonlinear limiter, for instance,
the generalized minmod one (see [30,33,39]):

E,.,—E E.—E,_, E —E;,
(Em)j:minmod(e ]HAx . ]HQAx] Lo JA:E] 1), 0 € 1,2,

applied in a component-wise manner. Here,

min(cy, ¢,...) if ¢ >0, Vi,
minmod(¢y, g, ...) = { max(cy,ca,...) if ¢ <0, Vi,

0 otherwise,

and the parameter 6 is used to control the amount of numerical dissipation present in the resulting
scheme: larger values of 6 correspond to sharper but, in general, more oscillatory reconstructions.

The corresponding values Uﬁ; are then computed by solving the (nonlinear systems of ) equations
2

EU',)=E', and E(U_,)=E

i+3 i+s it+3 J+3

(2.5)

2

Equipped with Ujjfr .1, we proceed with the evaluation of R(Ujjfr ;). We select 7 = x 1, set
2 2
R(U;) := 0, evaluate
2

+ — .
for Uj L and Uj e respectively.

R(UY) = By 1, (2.6)
2
and then recursively obtain

R(U,,) = R(U;

. + _
",)+B;, R(U,)=RU

31%) + B\Il,j+%7 j=1...,N. (2.7)

1
3
In (2.6) and (2.7), By, ;1 and B; are obtained using a proper quadrature for the integrals in

1

By i} :/B(‘I’j+§(3))‘1’}+

0

1(s)ds, B, = /B(U)Ux dz,
2
Cj
where \Ifj+%(s) = \IIH%(S; U]:r%, U;;%) is a sufficiently smooth path connecting the states U]:r%
and U |, that is,
Jt3

\I’j-i-% : [07 1] x R x R — Rd? \Iij-i-% (0; U]:‘%7 Uj—:‘%) =U"

i+3

v (LU, U, )=U",.
’ J‘%( ’UJ-I—%’UJ-&-%) UJ+%
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In order to ensure the resulting scheme to be WB, one has to connect the left and right equilibrium

states E 1 and EJr . We use a linear segment path
2

_ + -
EH%(S) = Ej% —|—5(Ej+% — Ej+§)’ s €[0,1],

which is then used together with (1.2) and trapezoidal quadrature to end up with

_ 1 _ _
By = Fy = Fpy =5 [MUL) + MU (B, - BL).

For B;, we similarly have

+} -3
C (2.8)
_ 1 _ _
~F(U;,) - F(US ) -5 | MU + MU )| (B, - Ef ).

Finally, in (2.2), ﬁ]i , are obtained by solving modified versions of (2.5):

E{U' )=E', and EU_,)=E_

Jt+3 it J+%) J+3°

Here, the functions E are the modifications of the functions E, which are made in such a way

that UJr L= Uj_+1 as long as E = Ej_+l and, at the same time, UJr L= UJr Lt O((Ax)?) and
U, = U. , + O((Ax)?) for smooth solutions.
Jt3 Jt3

3 Flux Globalization Based WB A-WENO Schemes

In this section, we extend the second-order WB PCCU schemes from §2 to the fifth order of
accuracy via the A-WENO framework:

av; - Ky 7K (3.1)
dt Az ’ '

where U; ~ U (z;,t) and K, | 1 are the fifth-order A-WENO numerical fluxes:

Az)?
% J+§ 24

7(Az)*
]_;,_%‘FW( a::z::0$)j+%‘

I

A
-

_<
|

Here, Klﬁﬁ is the WB PCCU numerical flux introduced in §2, and the higher-order correction
2
terms (K,,); 41 and (Kizzz); 41 are FD approximations of the second- and fourth-order spatial

derivatives of K at v =x;,1, respectlvely We follow [14] and compute the correction terms using
the numerical fluxes, which have been already obtained:

1 FVv FV FVv FV
(K)o = 12(Am)2[ Y 4+ 1615, — 30T, + 16KCTYs — KV |,

1 FVv FV FV FV FV
(Kewa)ioy = (apm [KCEYy — 4k, 4 6ICEY, — 4Ky + KV .
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Finally, in order the resulting scheme to be fifth-order accurate, we apply the fifth-order affine-
invariant WENO-Z (Ai-WENO-Z) interpolation [16,29,40] to evaluate E]frl (instead of the piece-
2

wise linear reconstruction (2.4)). In addition, the integral in (2.8) needs to be evaluated using
a quadrature, which is at least fifth-order accurate. In this paper, we use the Newton-Cotes
quadrature introduced in [13, (4.4)].

3.1 Application to the Nozzle Flow System

In this section, we apply the flux globalization based WB A-WENO scheme to the nozzle flow
system, which reads as (1.1) with

op opu 0 00
U=|opu|, FU)=]opu>+aop|, BU)=|0 0 p|, plp)=rp (3.2)
o 0 0 00
and admits steady-state solutions satisfying (1.2) with
1 0 0 q
Ry
MU)=|u op 0|, EU)=|E|, q:=o0pu, E:= 5 + ﬁpV . (3.3)
0 0 1 0

Here, p is the density, u is the velocity, p is the pressure, K > 0 and 1 < v < g are constants, and
o = o(x) denotes the cross-section of the nozzle, which is a given function independent of time.
The nozzle flow system (1.1), (3.2) can be rewritten in the quasi-conservative form (1.3)-(1.4)
with

0 @
KU)=| K |, RU)=|R|, K=opu’+op—R, R:= /p(f,t)ag(i) d¢.  (3.4)
0

In order to construct the fifth-order WB A-WENO scheme, we first compute

2
us K7y

=+ T (o)™,

where u; := q;/(0p);, pj == (0p);/0j, and 0; := o(z;). Given g; and Ej, we perform the Ai-

WENO-Z interpolation to obtain the point values qj.zrl and Eﬁrl, and then numerically solve the
2 2

nonlinear equations

(q-i ;)2
+ J+3 K7y + \1-7v + 171
T Ao, a1 P 39

for (Up)‘i .. Here, the values ot | are obtained by a Ai-WENO-Z interpolation of o. For solution
j+§ +

details, see [23].

2
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. +
+ ., we compute the corresponding values ut o, = 1 /(op)t |
J+§ J+§ 2 it3

= (UP);:_% /gJﬂFJrl , which are then used to estimate the one-sided local speeds of propagation:
2

After obtaining the values (op)

+
and p>
Pits

The global flux K in (3.4) needs to be evaluated by (2.3), which for the nozzle flow system reads
as

+
+
KWU:,)=FU ,)-RU )= ¢ vt , +o5 .pt, | - | B
( J+%) ( J+§) ( J+%) U1 j+%+ j+1P1 its |7
0 0
v . . _
where pt | = ,‘-i(pi 1) and RY , are computed as in §2. In particular, we have Ry := 0,
I3 Jt3 I3 2
2 2
R, =RT B;, R', =R’ By =1,...,N
j+i j,%—’_ Jo +3 j+%+ W j+ 50 J ) » 4V,
where
By i =q ul  +ol pl —q us,—0 .p;
Tty — Lpal TP T Gt j+3Pir1
+ - + -
U +u op). 1+ (op).
]+% ]+% + _ ( p)]+1 ( p)j+l + E_
B ((]76].;— ( l_-l)>
Jt3 Jt3 2 Itz Jt3
and
Bij=q  u. 40, .p.,1—q 1w —o" pt — [(ug, +opE,)dx
I g ey T 0P T G4 T % (ugz +opEz) de,
Cj

where the integral in the last formula is evaluated using the fifth-order Newton-Cotes quadrature
(13, (4.4)].
~+

: o e =
Finally, Uj+% = ((O'p)j+%, Qi1

solving the following nonlinear equations:

T ~ 4 4 : -
)", where Q1 =055 and (O‘p)j [ are obtained by numerically

Bt oIl L R s VG ] 3.6
e i) T 30

with 7,1 = Co 1 +75,.1)/2; for solution details, see [23].
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3.2 Application to the Two-Layer Shallow Water Equations

In this section, we apply the flux globalization based WB A-WENO scheme to the two-layer
shallow water equations, which read as (1.1) with

hy a1 0 o 0 0 0
¢ hlu% + gh% 0 0 —ghi 0 —gh
U=|n|, FU)= " ., BU)=| o o o o o |, 37
0 hou3 + gh% —rghy 0 0 0 —ghy
A 0 0 0 0 0 0
and admit steady-state solutions satisfying (1.2) with
1 0 0 0 0 @
up hy 0 0 O £y
MU =0 0o 1 0 0|, EU :=|4¢]|. (3.8)
0 0 ug he O Ey
0O 0 0 0 1 0
where
2 2
By o= 4g(hy+ho+ Z) and By = 2 4 g(rhy + hy + Z).
2n2 213

Here, hy and hsy are the water depths in the upper and lower layers, respectively, u; and us are the
corresponding velocities, ¢; := hju; and go := haousy represent the corresponding discharges, Z(x)
is a function describing the bottom topography, which can be discontinuous, ¢ is the constant
acceleration due to gravity, and r := Z—; < 1 is the ratio of the constant densities p; (upper layer)
and py (lower layer). The two-layer shallow water equations (1.1), (3.7) can be rewritten in the
quasi-conservative form (1.3)—(1.4) with

R(U) = (0,R;,0,Ry,0)",

K(U) = (q1, K1, g2, K5,0) ", (3.9)

where
xT

O - Ru, Rii= — [ gh(€.0)[haet) + 2(6)], de,
7 (3.10)

xT

Ko = hatl + 903~ Ra. Ryi=— [ ghal€.0)[ha(€6) + Z()] e

z

Kl = hﬂi% +

In order to construct the fifth-order WB A-WENO scheme, we first compute

(a1)3 (2)3

2(ho)?

J

+ g [r(h); + (ha); + Z;]

+9[(h); + (ha); + Z;]

(El)J :

(Ep); =

2(h)3
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where Z; := Z(z;). Given (q1);, (¢2);, (E1);, and (Es),;, we perform the Ai-WENO-Z interpolation
to obtain the point values Ejil = ((ql)ﬁl, <E1)ji+l’ (QQ>].i+l (EQ)J+1 ,0)7, and then at every cell
2 2 2 2

interfaces v =z we numerically solve the (nonlinear) systems of equations

( ((QI)J'r 1)2
Bl = g g ()] + (), + 2
B0 =g (a0 5] s
+ ((q2);ﬁ+%)2 + |
( 2)j+2_m [ (hl) 1+(h2) 1+Z+2]
and ) L
(B, = ((%)jf%) s+ g [+ a)ry, + 75, ]
©2A((h)5) 2 (3.12)
((qz);+%)2 B . . .
(B2)jpy = () ) )y + )y 27

for ((hl) 1,(h2) l) and ((hl) 1,(h2) 1), respectively. Here, the values Zjil n (3.11) and

(3.12) are obtalned using the Ai- WENO Z interpolation of Z. For solution detalls see [23].

After obtaining the values (h1)j ~1 and (hg)j 1, we compute the corresponding values (u,)jﬁr 1 =
3 2 2

(@), 3/ (h)%,,, @ = 1,2, and then evaluate the global numerical fluxes K (Ujjjr ;) at the cell interfaces
3 2
T = x;,1 using (3.7)~(3.10):

(91)]+% 0
2 g 2
(h1) +1 ((Ul)i%) + 5((h1)]i+%) (Rl);i%
£ 0 + + 0y _ +
K(UH%) - F(Uj+%) B R(Uj+%) - <QQ)J'+% g B Oi ’
2 2
() ()" 5 ()| | )y
0 0
where (R; )jil = 1,2 are computed as in §2. In particular, we have (R;); := 0, (R;)T = (Bi)g 1,
2 2 2
and
(Rz>j_+l - (Rz);__% + (Bz)ju (Rz);:_% = (Rz)]_+l + (B )\Il Jj+350 J = 17 7N)
where
g 2 _ N2
(Bi)wges = @)y (W) = (@) (i), y + 5 | ((he)F,)" = (()7,)"]
O ] - 2 (e )
and

Cj
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1 =1,2. Asin §3.1, the integral in the last formula is evaluated using the fifth-order Newton-Cotes
quadrature [13, (4.4)]. The one-sided local speed a]il are estimated using the Lagrange theorem
2

precisely as it was done in [25, §2.3].

Finally, Uﬁ% = ((hl)ﬁ%,(al)ﬁ%,(hg);,';%,(qg);';%)ﬂ where @)ﬁ% = (ql-);.';%, i =1,2, and
(hi)ji ,, 1 =1,2, are obtained by numerically solving the following (nonlinear) systems:
( 2
(@)*,,)
(B, = —= ]+2 g [( )71+ (he)l 0+ Z]_,_l} ,
it+3 2<<h1>]’+1)2 i+3 P
1
R P 1)
i " G )y + (o)), + 2,y
\ Jts
and .
(O .
e g+ (Ba)fy + 2.
its
3.14
(@ 10
By = g HO Ty + By + 2y
\ Jt3
with Zj+% = (Zf+%+2;+%)/2; for solution details, see [23].

4 Numerical Examples

In this section, we apply the developed fifth-order WB A-WENO schemes to several numerical
examples taken from [23] and compare their performance with that of the corresponding second-
order schemes. For the sake of brevity, the tested schemes will be referred to as the 5-Order
Scheme and 2-Order Scheme, respectively.

In all of the examples, we have solved the ODE systems (2.1) and (3.1) using the three-stage
third-order strong stability preserving (SSP) Runge-Kutta solver (see, e.g., [19,20]) and use the
CFL number 0.5. The 2-Order Scheme has been implemented with the minmod parameter = 1.3.

4.1 Nozzle Flow System

We begin with two examples for the nozzle flow system (1.1), (3.2) with x = 1 and v = 1.4.
In both examples, we consider nontrivial steady states, which can be exactly preserved by both
2-Order and 5-Order Schemes at discrete level (this has been numerically verified), and test the
ability of the studied schemes to capture small perturbations of these steady states.

Example 1—Flows in Continuous Convergent and Divergent Nozzles

In the first example, we consider convergent and divergent nozzles described using the smooth
cross-sections

o(x) =0.976 — 0.748 tanh(0.82 — 4) and o(x) = 0.976 + 0.748 tanh(0.8z — 4),
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respectively.

We take the steady states with g = 8, Foq = 58.3367745090349 and goq = 8, Eoq =
21.9230562619897 for the convergent and divergent nozzles, respectively, and compute the dis-
crete values of peq(x) in both the convergent and divergent cases by solving the corresponding
nonlinear equations. We then obtain teq(x) = %a(®)/(0(z)peq())-

Equipped with these steady states, we proceed by adding a small perturbation to the density
field and consider the initial data

1072, z€[2.9,3.1],

0) = 0) e ’
0, otherwise, q(z,0) = o(x)p(z, 0)teq(z)

p(7,0) = peq(x) + {

prescribed in the computational domain [0, 10] subject to free boundary conditions.

We compute the numerical solutions until the final time ¢ = 0.5 by both the 2-Order and 5-
Order Schemes for both convergent and divergent nozzles on a uniform mesh with Az = 1/20 and
plot the differences p(x,t) — peq(z) at times ¢t = 0.1, 0.3, and 0.5 in Figures 4.1 and 4.2. We also
plot the reference solutions computed by the 2-Order Scheme with Az = 1/400. As one can see,
the 5-Order Scheme clearly outperforms the 2-Order Scheme as it achieves much higher resolution
of the perturbations.

7><10'3 t=0.1 t=0.3 t=20.5

6 ——2-Order —5-Order — Reference ——2-Order — 5-Order —— Reference ——2-Order —5-Order —R,cfcrcncc‘
0.02 0.03

5

4 0.02 N

3 0.01 |

2 0.01 |

1 V|

0 0 0

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

7><10'3 t=0.1 t=0.3 t=20.5

6 ——2-Order —5-Order — Reference ——2-Order —5-Order —— Reference ——2-Order —5-Order — Reference
0.02 ] 0.03

5

4 0.02

8 0.01 1

2 0.01

1

0 - ; 0= 0 \ ;

3.6 3.8 4 4.2 44 4.6 5.5 6 6.5 7 7 7.5 8 8.5 9 9.5

Figure 4.1: Example 1 (Convergent Nozzle): The difference p(z,t) — p., (top row) and zoom at
the perturbations (bottom row) at times ¢ = 0.1 (left column), 0.3 (middle column), and 0.5 (right
column).

Example 2—Flows in a Discontinuous Convergent-Divergent Nozzle
In the second example, we consider a convergent-divergent nozzle with a discontinuous o(z) given

by

2, x€]0,7.5]U[12.5,20],
o(r) = .
1, otherwise.
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%103 t=0.1 x1073 t=0.3 15x10‘4 t=0.5
——2-Order —5-Order — Reference 25 ——2-Order —5-Order — Reference ——2-Order —5-Order — Reference
. .
2 10
3
1.5

2 1 5
1 0.5 J 1 J
0 0 0

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

%10 t=0.1 %102 t=10.3 %10 t=0.5

——2-Order —5-Order — Reference ——2-Order —5-Order — Reference ——2-Order —5-Order — Reference

[$)]

3.2 3.4 3.6 3.8 4 4 45 5 55 4.5 5 5.5 6 6.5 7

Figure 4.2: Example 1: Same as in Figure 4.1, but for the divergent nozzle.

We take a steady state with g.q = 8 and Eeq = 57.13486505 and compute the discrete values of
Peq() by solving the corresponding nonlinear equations. We then obtain teq(z) = %a(®)/(o(2)peq(2)).

Equipped with these steady states, we proceed by adding a small perturbation to the density
field and consider the initial data

pla,0) = peals) + {102’ i,

aO - ,O © ,
0, otherwise, q(z,0) = o(z)p(z, 0)teq()

prescribed in the computational domain [0, 20] subject to free boundary conditions.

We compute the solutions until the final time ¢ = 1 by both the 2-Order and 5-Order Schemes
on a uniform mesh with Az = 1/10. In Figure 4.3, we plot the difference p(x,t) — peq(x) at
times t = 0.2, 0.6, and 1 together the reference solutions computed by the 2-Order Scheme with
Az = 1/100. The obtained results clearly demonstrate that the 5-Order Scheme achieves higher
resolution than the 2-Order Scheme, especially at larger times.

4.2 Two-Layer Shallow Water Equations

In this section, we proceed with three numerical examples for the two-layer shallow water equations
(1.1), (3.7). We take r = 0.998 and either g = 10 (Examples 3 and 5) or ¢ = 1 (Example 4).

Example 3—Small Perturbation of Discontinuous Steady State

In this example, we consider a discontinuous steady state given by

1.22373355048230, z < 0,
(7)eq(@) + = {

e = 12,
1.44970064153589, 2 > 0, (61)eal)

0.968329515483846, = <0,

e = 10,
112430026021484, >0, (2l

(ha)eq(w) : = {
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%107 t=0.2 %103 t=0.6 %107 t=1
10 ——2-Order 10 ——2-Order 101 ﬁ ——2-Order
——5-Order 5-Order N ——5-Order
8 ——Reference 8 ——Reference 8r ——Reference
6 6 6
4 4 4
2 2 l 2 J
0 } 0 0
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
%107 _t=02 ‘ x107 =06 , x10°3 _t=1 v ,
10 f—2-Order 101 —2-Order 10 ——2-Order
——>5-Order ——5-Order ——5-Order
8 | — Reference 8 | —Reference 8 ——Reference
6 6 6
4 4 4
2 2 2
0 0 0

25 3 3.5 4 4.5 6 7 8 9 10 1" 12 13 14

Figure 4.3: Example 2: The difference p(x,t) — pe, (top row) and zoom at the perturbations (bottom
row) at times ¢ = 0.2 (left column), 0.6 (middle column), and 1 (right column).

and a discontinuous bottom topography

Z(z) = {—2, r <0,

-1, >0,

and test the ability of the studied 2-Order and 5-Order Schemes to capture small perturbations
of this steady state, which is initially added to the upper layer depth:

0.001, =z € [-0.6,—-0.5],
hi(z,0) = (h)eq(z) + | . |
0, otherwise,

ha(2,0) = (ha)eq(¥),  @1(%,0) = (@1)eq(®),  2(2,0) = (g2)eq ().

These initial data are prescribed in the computational domain [—1,1] subject to free boundary
conditions.

We compute the numerical solution until the final time ¢ = 0.08 by both the 2-Order and
5-Order Schemes on a uniform mesh with Az = 1/100 and plot the difference hy(x,t) — (h1)eq(2)
at times t = 0.02, 0.05, and 0.08 in Figure 4.4. Here, the reference solution is computed by the
2-Order Scheme on a much finer mesh with Az = 1/5000. As one can see, the 5-Order Scheme
outperforms the 2-Order Scheme.

Example 4—Convergence to a Moving-Water Steady State

In the fourth example, we first demonstrate the ability of the proposed 5-Order Scheme to reach
discrete steady state. To this end, we take constant initial data

hi(z,0) =8, ho(x,0) =4, ¢(x,0)=qgs(z,0)=0,
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t =0.02 t =0.05 t =0.08
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0.005
0 0 V——U—
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0.01 -0.01
-0.015 '
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
t= Q‘02 ) t =0.05 ) t =0.08
0.01 —2-Order || 0.01 ——2-Order | 0.015 ——2-Order
. ——5-Order ——5-Order ——5-Order ||
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——Reference 0.005 ——Reference| | ——Reference
0.005 1 )
0.005 1
0 0 0
-0.005 -0.005 -0.005
-0.01
-0.01 -0.01
-0.015
-0.45 -0.4 -0.35 -0.3 -0.25 -0.16 -0.12 -0.08 -0.04 0 0.04 01 015 02 025 03 035

Figure 4.4: Example 3: The difference hi(z,t) — (h1)eq (top row) and zoom at the perturbations
(bottom row) at times ¢t = 0.02 (left column), 0.05 (middle column), and 0.08 (right column).

and a discontinuous bottom topography

Z(x) = .
0, otherwise,

{0.2, € [8,12],
both prescribed in the computational domain [0, 25] subject to the Dirichlet boundary conditions
imposed at x = 0,

h1(07t) = 87 (h2><07t> = 47 (Q1)(07t) = 1197 (QQ)<07t> = 607

and free boundary conditions imposed at x = 25.

We first compute the numerical solutions on a uniform mesh with Az = 1/5 until a very large
time ¢t = 100 to let the solution to converge to the discrete steady state. The obtained results
agree almost perfectly with those reported in [23, Figure 7.20] for the 2-Order Scheme.

We then add a small perturbation to the upper layer water depth and consider the following
initial data:

0.0001, =z € [2,2.25],

hi(2,0) = (h1)e
1(ZL‘ ) ( 1) Q<x)+ {O, otheI‘Wise,

ha(z,0) = (ha)eq(z),  @1(2,0) = (q1)eq(®),  @2(2,0) = (g2)eq(),
subject to free boundary conditions at both ends of the computational domain.

We compute the numerical solutions until the final time ¢ = 1 by both the 2-Order and 5-Order
Schemes on a uniform mesh with Az = 1/5. The obtained differences hy — (hy)eq at times ¢t = 0.2,
0.6, and 1 are plotted in Figure 4.5 together with the reference solution computed by the 2-Order
Scheme on a finer mesh with Az = 1/20. One can observe that the 5-Order Scheme produces
sharper results compared to those obtained by the 2-Order Scheme.
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x107 t=0.2 x10™ t=0.6 %107 t=1
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Figure 4.5: Example 4: The difference hi(x,t) — (h1)eq (top row) and zoom at the perturbations
(bottom row) at times ¢ = 0.2 (left column), 0.6 (middle column), and 1 (right column).

Example 5—Riemann Problems

In the final example, we numerically solve two Riemann problems with the following initial data:

1,1.5,1,1), z <0,

Testl: (hy,q1,ho,q2)(2,0) =
(h1,q1, b2, q2)(x,0) {0.8,1.2,1.2,1.8), otherwise,

1.5,1,1,1.5), z <0,
1.2,1.6,0.9,1.2), otherwise,

(
(
Test2 : (hl,ql,hg,(h)(x,()) = {E

with a discontinuous bottom topography,

Z(x):{_Q’ x <0,

—1.5, otherwise,

prescribed in the computational domain [—1, 1] subject to free boundary conditions.

The numerical solutions computed by the 2-Order and 5-Order Schemes until time ¢t = 0.1 on
a uniform mesh with Az = 1/50 are plotted in Figures 4.6 and 4.7 together with the reference
solution computed by the 2-Order Scheme on a much finer mesh with Az = 1/5000. As one can
see, the results obtained by the 5-Order Scheme are sharper and less oscillatory compared to those
computed by the 2-Order Scheme.

5 Conclusions

In this paper, we have extended the second-order finite-volume flux globalization based well-
balanced (WB) path-conservative central-upwind (PCCU) schemes to fifth order of accuracy via
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hl hl
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Figure 4.6: Example 5 (Test 1): h; and hy (left column) and zoom at = € [—0.2,0.2] (right column).

hy
1.6
——2-Order
——5-Order
——Reference
1.2}
[ 0.8}
——2-Order
——>5-Order
——Reference
0.4 0.4
-1 -0.5 0 0.5 1 0 0.05 01 015 0.2 025
h, h,
16 2 16 2
——2-Order ——2-Order
——>5-Order ——>5-Order
1.4+ ——Reference| 1 14+ ——Reference|{

1.2

0.8 : - : 0.8 - - :
-1 -0.5 0 0.5 1 0 0.05 01 015 02 025

Figure 4.7: Example 5 (Test 2): hy and hy (left column) and zoom at = € [—0.03, 0.25] (right column).

the framework of the finite-difference alternative weighted essentially non-oscillatory (A-WENO)
schemes. The developed fifth-order flux globalization based WB A-WENO PCCU schemes have
been applied to two nonconservative systems—the nozzle flow system and two-layer shallow wa-
ter equations. We have tested the fifth-order schemes on a number of numerical examples and
demonstrated that they clearly outperform their second-order counterparts.
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