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We introduce local characteristic decomposition based path-conservative central-upwind schemes 
for (nonconservative) hyperbolic systems of balance laws. The proposed schemes are made to be 
well-balanced via a flux globalization approach, in which source terms are incorporated into the 
fluxes: This helps to enforce the well-balanced property when the resulting quasi-conservative 
system is solved using the local characteristic decomposition based central-upwind scheme 
recently introduced in [A. Chertock, S. Chu, M. Herty, A. Kurganov, and M. Lukáčová
Medvid ’ ová, J. Comput. Phys., 473 (2023), Paper No. 111718]. Nonconservative product terms 
are also incorporated into the global fluxes using a path-conservative technique. We illustrate 
the performance of the developed schemes by applying them to one- and two-dimensional 
compressible multfluid systems and thermal rotating shallow water equations.

1. Introduction

This paper is focused on the development of highly accurate and robust numerical methods for the nonconservative hyperbolic 
systems of balance laws, which in the one-dimensional (1-D) case read as

𝑼 𝑡 + 𝑭 (𝑼 )𝑥 =𝐵(𝑼 )𝑼𝑥 +𝑺(𝑥, 𝑡,𝑼 ), (1.1)

where 𝑥 is a spatial variable, 𝑡 is the time, 𝑼 ∈ℝ𝑑 is a vector of unknown functions, 𝑭 ∶ℝ𝑑 →ℝ𝑑 are nonlinear fluxes, 𝐵 ∈ℝ𝑑×𝑑 , 
and 𝑺 ∶ℝ𝑑 →ℝ𝑑 are source terms.

Designing a numerical scheme for (1.1) is a challenging task for a number of reasons. First, it is well-known that solutions of (1.1) 
may develop complicated nonsmooth structures even for smooth initial data. Second, the presence of nonconservative products (when 
𝐵 ≠ 0) brings many challenges for studying these systems both theoretically and numerically. In general, when 𝑼 is discontinuous, 
weak solutions of (1.1) cannot be understood in the sense of distributions. Instead, one can introduce Borel measure solutions [19,30, 
31]. This concept of weak solutions was utilized to develop path-conservative finite-volume (FV) methods; see, e.g., [1,6--9,35,36,38] 
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and reference therein. Third, a novel scheme should be well-balanced (WB) in the sense that it should be capable of exactly preserving 
some of the physically relevant steady-state solutions satisfying

𝑭 (𝑼 )𝑥 −𝐵(𝑼 )𝑼𝑥 −𝑺(𝑥, 𝑡,𝑼 ) =𝑀(𝑼 )𝑬(𝑥, 𝑡,𝑼 )𝑥 = 𝟎.

Here, 𝑀 ∈ℝ𝑑×𝑑 and 𝑬 is the vector of equilibrium variables, which are constant at the steady states provided 𝑀 is invertible; see 
[26]. Particular details of 𝑀 and 𝑬 depend on the problem at hand.

In this paper, we focus on one of the popular classes of FV methods, the Riemann-problem-solver-free central-upwind (CU) schemes, 
which were originally introduced in [25,28,29] as a ``black-box'' solver for general multidimensional hyperbolic systems of con
servation laws and then successfully applied to a variety of hyperbolic systems. In [8], the CU schemes were first reformulated 
in a path-conservative framework and then extended to the 1-D nonconservative systems (1.1), resulting in the second-order path
conservative CU (PCCU) schemes. These schemes are WB in the sense that they are capable of preserving simple steady-state solutions 
like ``lake-at-rest'' of several shallow water models.

In order to design PCCU schemes capable of preserving more complicated steady states, path-conservative techniques were incor
porated into the flux globalization framework: This results in a new class of flux globalization based WB PCCU schemes introduced 
in [26]. A flux globalization approach, which was introduced in [5,14,20,21,33], relies on the following quasi-conservative form of 
(1.1):

𝑼 𝑡 +𝑲(𝑼 )𝑥 = 𝟎, (1.2)

where 𝑲(𝑼 ) is a global flux

𝑲(𝑼 ) = 𝑭 (𝑼 ) −𝑾 (𝑼 ), 𝑾 (𝑼 ) =

𝑥 

∫̂
𝑥

[
𝐵(𝑼 )𝑼 𝜉(𝜉, 𝑡) +𝑺(𝜉, 𝑡,𝑼 (𝜉, 𝑡))

]
d𝜉, (1.3)

and 𝑥 is an arbitrary number. The flux globalization based WB PCCU schemes are obtained by applying the CU numerical flux to the 
semi-discretization of (1.2) and by using the path-conservative technique for the evaluation of the integrals in (1.3). These schemes 
have been applied to a variety of hyperbolic systems in [2--4,10,17,26].

Even though the flux globalization based WB PCCU schemes from [26] are accurate, efficient, and robust, higher resolution of the 
numerical solutions can be achieved by reducing numerical dissipation present in those schemes. This can be done, for example, by 
using the local characteristic decomposition (LCD) based CU (LCD-CU) numerical fluxes instead of the original CU ones employed in 
[2--4,10,26]. The LCD-CU schemes have been recently introduced in [12] for hyperbolic systems of conservation laws, but its proper 
extension to the hyperbolic systems of balance laws is not straightforward. In this paper, we use the flux globalization approach and 
then apply the LCD-CU numerical fluxes to the resulting quasi-conservative systems to substantially enhance the performance of the 
flux globalization based WB PCCU schemes. Effectively, this approach is equivalent to a very specific discretization of the source 
and nonconservative product terms, which could be hard to develop without the flux globalization approach, which allows one to 
“automatically'' balance the terms and, at the same time, to use the LCD-based technique to reduce the amount of numerical dissipation 
present at the Riemann-problem-solver-free (and hence robust) CU numerical fluxes. We derive the new LCD-PCCU schemes and apply 
them to two particular systems. First, we consider the 𝛾 -based compressible multfluid systems, which can be, in principle, written 
in the conservative form, but we use its nonconservative formulation to achieve high resolution of material interfaces. Second, we 
consider a challenging thermal rotating shallow water (TRSW) model, which contains geometric source term due to a noflat bottom 
topography, source terms due to Coriolis forces, and generically nonconservative momentum exchange terms.

The rest of the paper is organized as follows. In §2, we briefly describe the 1-D second-order LCD-CU scheme. In §3, we propose 
the novel scheme by considering the nonconservative system (1.1) and design a 1-D flux globalization based WB LCD-PCCU scheme. 
In §4, we extend the 1-D LCD-PCCU scheme to the two-dimensional (2-D) case. Finally, in §5, we apply the developed LCD-PCCU 
schemes to the 𝛾 -based compressible multfluid systems and TRSW equations. We illustrate the performance of the scheme on a 
number of numerical examples.

2. 1-D LCD-CU scheme

In this section, we briefly describe the second-order semi-discrete LCD-CU scheme, which is a slightly modfied version of the 
scheme from [12]. For the difference between the schemes, we refer the reader to Remarks 2.1--2.3 below.

We consider a 1-D hyperbolic system of conservative laws

𝑼 𝑡 + 𝑭 (𝑼 )𝑥 = 𝟎, (2.1)

cover the computational domain with the uniform cells 𝐶𝑗 ∶= [𝑥
𝑗− 1

2
, 𝑥

𝑗+ 1
2
] of size Δ𝑥 centered at 𝑥𝑗 = (𝑥

𝑗− 1
2
+ 𝑥

𝑗+ 1
2
)∕2, and denote 

by 𝑼 𝑗 (𝑡) the computed cell averages of 𝑼 (⋅, 𝑡),

𝑼 𝑗 (𝑡) ∶≈
1 
Δ𝑥 ∫

𝐶𝑗

𝑼 (𝑥, 𝑡) d𝑥, 𝑗 = 1,… ,𝑁,
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which are assumed to be available at a certain time 𝑡 ≥ 0. Note that both 𝑼 𝑗 (𝑡) and many other indexed quantities below are time
dependent, but from here on, we suppress their time-dependence for the sake of brevity.

The computed cell averages (2.1) are evolved in time by numerically solving the following system of ODEs:

d𝑼 𝑗

d𝑡 
= −


LCD
𝑗+ 1

2
−

LCD
𝑗− 1

2

Δ𝑥 
,

where the LCD-CU numerical fluxes are given by


LCD
𝑗+ 1

2
=𝑅

𝑗+ 1
2
𝑃 LCD
𝑗+ 1

2
𝑅−1
𝑗+ 1

2
𝑭 −

𝑗+ 1
2
+𝑅

𝑗+ 1
2
𝑀LCD

𝑗+ 1
2
𝑅−1
𝑗+ 1

2
𝑭 +

𝑗+ 1
2
+𝑅

𝑗+ 1
2
𝑄LCD

𝑗+ 1
2
𝑅−1
𝑗+ 1

2

(
𝑼+

𝑗+ 1
2
−𝑼−

𝑗+ 1
2

)
. (2.2)

Here, 𝑭±
𝑗
= 𝑭 (𝑼±

𝑗
) and 𝑼±

𝑗+ 1
2

are the one-sided values of a piecewise linear interpolant

𝑼̃ (𝑥) = 𝑼 𝑗 + (𝑼𝑥)𝑗 (𝑥− 𝑥𝑗 ), 𝑥 ∈ 𝐶𝑗, (2.3)

at the cell interface 𝑥 = 𝑥
𝑗+ 1

2
, namely

𝑼−
𝑗+ 1

2
= 𝑼 𝑗 +

Δ𝑥
2 

(𝑼𝑥)𝑗 , 𝑼+
𝑗+ 1

2
= 𝑼 𝑗+1 −

Δ𝑥
2 

(𝑼𝑥)𝑗+1. (2.4)

In order to ensure the non-oscillatory nature of this reconstruction, we compute the slopes (𝑼 𝑥)𝑗 in (2.4) using a generalized minmod 
limiter [32,34,40]:

(𝑼𝑥)𝑗 =minmod

(
𝜃
𝑼 𝑗 − 𝑼 𝑗−1

Δ𝑥 
, 
𝑼 𝑗+1 − 𝑼 𝑗−1

2Δ𝑥 
, 𝜃

𝑼 𝑗+1 − 𝑼 𝑗

Δ𝑥 

)
, 𝜃 ∈ [1,2], (2.5)

applied in the component-wise manner. Here, the minmod function is dfined as

minmod(𝑧1, 𝑧2,…) ∶=
⎧⎪⎨⎪⎩
min𝑗{𝑧𝑗} if 𝑧𝑗 > 0 ∀ 𝑗,
max𝑗{𝑧𝑗} if 𝑧𝑗 < 0 ∀ 𝑗,
0 otherwise,

(2.6)

and the parameter 𝜃 can be used to control the amount of numerical viscosity present in the resulting scheme. We have taken 𝜃 = 1.3
in all of the numerical experiments reported in §5.

The diagonal matrices 𝑃 LCD
𝑗+ 1

2

, 𝑀LCD
𝑗+ 1

2

, and 𝑄LCD
𝑗+ 1

2

are given by

𝑃 LCD
𝑗+ 1

2
= diag

(
(𝑃 LCD

1 )
𝑗+ 1

2
,… , (𝑃 LCD

𝑑
)
𝑗+ 1

2

)
, 𝑀LCD

𝑗+ 1
2
= diag

(
(𝑀LCD

1 )
𝑗+ 1

2
,… , (𝑀LCD

𝑑
)
𝑗+ 1

2

)
,

𝑄LCD
𝑗+ 1

2
= diag

(
(𝑄LCD

1 )
𝑗+ 1

2
,… , (𝑄LCD

𝑑
)
𝑗+ 1

2

) (2.7)

with (
(𝑃 LCD

𝑖 )
𝑗+ 1

2
, (𝑀LCD

𝑖 )
𝑗+ 1

2
, (𝑄LCD

𝑖 )
𝑗+ 1

2

)
(2.8)

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

1 
(𝜆+

𝑖
)
𝑗+ 1

2
− (𝜆−

𝑖
)
𝑗+ 1

2

(
(𝜆+

𝑖
)
𝑗+ 1

2
,−(𝜆−𝑖 )𝑗+ 1

2
, (𝜆+

𝑖
)
𝑗+ 1

2
(𝜆−𝑖 )𝑗+ 1

2

)
if (𝜆+

𝑖
)
𝑗+ 1

2
− (𝜆−𝑖 )𝑗+ 1

2
> 𝜀0,

1 
𝑎+
𝑗+ 1

2

− 𝑎−
𝑗+ 1

2

(
𝑎+
𝑗+ 1

2
,−𝑎−

𝑗+ 1
2
, 𝑎+

𝑗+ 1
2
𝑎−
𝑗+ 1

2

)
if (𝜆+

𝑖
)
𝑗+ 1

2
− (𝜆−𝑖 )𝑗+ 1

2
≤ 𝜀0 and 𝑎+

𝑗+ 1
2
− 𝑎−

𝑗+ 1
2
> 𝜀0,

(1
2
,
1
2
,0
)

if 𝑎+
𝑗+ 1

2
− 𝑎−

𝑗+ 1
2
≤ 𝜀0,

where

(𝜆+
𝑖
)
𝑗+ 1

2
= max

{
𝜆𝑖
(
𝐴(𝑼−

𝑗+ 1
2
)
)
, 𝜆𝑖

(
𝐴(𝑼+

𝑗+ 1
2
)
)
, 0

}
,

(𝜆−𝑖 )𝑗+ 1
2
= min

{
𝜆𝑖
(
𝐴(𝑼−

𝑗+ 1
2
)
)
, 𝜆𝑖

(
𝐴(𝑼+

𝑗+ 1
2

)
)
, 0

}
,

𝑖 = 1,… , 𝑑.

Here, 𝐴(𝑼 ) = 𝜕𝑭

𝜕𝑼
(𝑼 ) is the Jacobian, 𝜆1(𝐴(𝑼 ) ≤ …𝜆𝑑 (𝐴(𝑼 ) are its eigenvalues, and the matrices 𝑅

𝑗+ 1
2

and 𝑅−1
𝑗+ 1

2

are such that 

𝑅−1
𝑗+ 1

2

𝐴
𝑗+ 1

2
𝑅
𝑗+ 1

2
is diagonal, where 𝐴

𝑗+ 1
2
=𝐴(𝑼̂

𝑗+ 1
2
) and 𝑼̂

𝑗+ 1
2

is either a simple average (𝑼 𝑗 +𝑼 𝑗+1)∕2 or another type of average 
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of the 𝑼 𝑗 and 𝑼 𝑗+1 states. The one-sided local speeds of propagation 𝑎±
𝑗+ 1

2

can be estimated using the largest and the smallest 

eigenvalues of 𝐴, for example, by taking

𝑎+
𝑗+ 1

2
= max

{
𝜆𝑑

(
𝐴(𝑼+

𝑗+ 1
2
)
)
, 𝜆𝑑

(
𝐴(𝑼−

𝑗+ 1
2
)
)
,0
}

, 𝑎−
𝑗+ 1

2
= min

{
𝜆1
(
𝐴(𝑼+

𝑗+ 1
2
)
)
, 𝜆1

(
𝐴(𝑼−

𝑗+ 1
2
)
)
,0
}

.

Finally, 𝜀0 in (2.8) is a very small desingularization constant, which is taken 𝜀0 = 10−18 in all of the numerical examples reported in 
§5.

Remark 2.1. The numerical flux (2.2) is identical to the LCD-CU numerical flux in [12], which we have simplfied using the fact that

𝑃 LCD
𝑗+ 1

2
+𝑀LCD

𝑗+ 1
2
= 𝐼, (2.9)

where 𝐼 is the identity matrix.

Remark 2.2. We perform a piecewise linear reconstruction for the conservative variables 𝑼 rather than the local characteristic 
variables as it was done in [12]. As no substantial spurious oscillations have been observed in any of the conducted numerical 
examples, there is no need to switch to the local characteristic variables in this case. This allows the developed scheme to be more 
efficient than the original LCD-CU scheme from [12].

Remark 2.3. The desingularization in (2.8) is performed differently than in [12]. Our numerical experiments indicate that the current 
desingularization is more robust compared with the previous desingularization strategy.

3. 1-D flux globalization based LCD-PCCU scheme

In this section, we propose an extension of the LCD-CU scheme from §2 to the nonconservative system (1.1) and design a 1-D flux 
globalization based LCD-PCCU scheme.

We apply the LCD-CU scheme to the quasi-conservative system (1.2)--(1.3) to obtain

d𝑼 𝑗

d𝑡 
= −


LCD
𝑗+ 1

2
−

LCD
𝑗− 1

2

Δ𝑥 
, (3.1)

where the numerical fluxes LCD
𝑗+ 1

2
are given by (compare with (2.2))


LCD
𝑗+ 1

2
=𝑅

𝑗+ 1
2
𝑃 LCD
𝑗+ 1

2
𝑅−1
𝑗+ 1

2
𝑲−

𝑗+ 1
2
+𝑅

𝑗+ 1
2
𝑀LCD

𝑗+ 1
2
𝑅−1
𝑗+ 1

2
𝑲+

𝑗+ 1
2
+𝑅

𝑗+ 1
2
𝑄LCD

𝑗+ 1
2
𝑅−
𝑗+ 1

2

(
𝑼̆

+
𝑗+ 1

2
− 𝑼̆

−
𝑗+ 1

2

)
. (3.2)

Here, 𝑲±
𝑗+ 1

2

are the global fluxes, which are computed as the same as in [3, §2].

The global fluxes 𝑲±
𝑗+ 1

2

are computed using the point values 𝑼±
𝑗+ 1

2

, which, in order to ensure the WB property of the resulting 

scheme, are to be obtained with the help of a piecewise linear reconstruction (2.3)--(2.6) applied to the equilibrium variables 𝑬
(instead of 𝑼 ):

𝑬−
𝑗+ 1

2
=𝑬𝑗 +

Δ𝑥
2 

(𝑬𝑥)𝑗 , 𝑬+
𝑗+ 1

2
=𝑬𝑗+1 −

Δ𝑥
2 

(𝑬𝑥)𝑗+1,

where 𝑬𝑗 ∶=𝑬(𝑥𝑗 , 𝑡, 𝑼 𝑗 ). We then obtain the corresponding values 𝑼±
𝑗+ 1

2

by solving the (nonlinear systems of) equations

𝑬
(
𝑥
𝑗+ 1

2
+ 0, 𝑡,𝑼+

𝑗+ 1
2

)
=𝑬+

𝑗+ 1
2

and 𝑬
(
𝑥
𝑗+ 1

2
− 0, 𝑡,𝑼−

𝑗+ 1
2

)
=𝑬−

𝑗+ 1
2

(3.3)

for 𝑼+
𝑗+ 1

2

and 𝑼−
𝑗+ 1

2
, respectively. We emphasize that the values 𝑼±

𝑗+ 1
2

cannot be used in (3.2) instead of 𝑼̆±
𝑗+ 1

2
as 𝑼+

𝑗+ 1
2

may not be 

equal to 𝑼−
𝑗+ 1

2
at discrete steady states. We therefore use another set of point values 𝑼̆±

𝑗+ 1
2
, which are obtained by solving modfied 

versions of (3.3):

𝑬̆
(
𝑥
𝑗+ 1

2
+ 0, 𝑡, 𝑼̆+

𝑗+ 1
2

)
=𝑬+

𝑗+ 1
2

and 𝑬̆
(
𝑥
𝑗+ 1

2
− 0, 𝑡, 𝑼̆−

𝑗+ 1
2

)
=𝑬−

𝑗+ 1
2
.

Here, the functions 𝑬̆ are the modfications of the functions 𝑬 , which are made in such a way that 𝑼̆+
𝑗+ 1

2
= 𝑼̆

−
𝑗+ 1

2
as long as 𝑬+

𝑗+ 1
2

=

𝑬−
𝑗+ 1

2
and, at the same time, 𝑼̆+

𝑗+ 1
2
= 𝑼+

𝑗+ 1
2

+ ((Δ𝑥)2) and 𝑼̆−
𝑗+ 1

2
= 𝑼−

𝑗+ 1
2
+ ((Δ𝑥)2) for smooth solutions; see [2--4,10,26] for 

examples of such modfications for several particular systems.
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The diagonal matrices 𝑃 LCD
𝑗+ 1

2

, 𝑀LCD
𝑗+ 1

2

, and 𝑄LCD
𝑗+ 1

2

in (3.2) are dfined by (2.7)--(2.8), but with

(𝜆+
𝑖
)
𝑗+ 1

2
= max

{
𝜆𝑖
((𝑼−

𝑗+ 1
2
)
)
, 𝜆𝑖

((𝑼+
𝑗+ 1

2
)
)
, 0

}
,

(𝜆−𝑖 )𝑗+ 1
2
= min

{
𝜆𝑖
((𝑼−

𝑗+ 1
2
)
)
, 𝜆𝑖

((𝑼+
𝑗+ 1

2
)
)
, 0

}
,

𝑖 = 1,… , 𝑑,

where (𝑼 ) = 𝜕𝑭

𝜕𝑼
(𝑼 ) − 𝐵(𝑼 ) and the matrices 𝑅

𝑗+ 1
2

and 𝑅−1
𝑗+ 1

2

are such that 𝑅−1
𝑗+ 1

2

̂
𝑗+ 1

2
𝑅
𝑗+ 1

2
is diagonal for ̂

𝑗+ 1
2
= (𝑼̂

𝑗+ 1
2
). 

Finally, the one-sided local speeds of propagation 𝑎±
𝑗+ 1

2

are estimated by

𝑎+
𝑗+ 1

2

= max
{
𝜆𝑑

((𝑼+
𝑗+ 1

2

)
)
, 𝜆𝑑

((𝑼−
𝑗+ 1

2
)
)
, 0

}
, 𝑎−

𝑗+ 1
2
= min

{
𝜆1
((𝑼+

𝑗+ 1
2

)
)
, 𝜆1

((𝑼−
𝑗+ 1

2
)
)
, 0

}
.

Remark 3.1. The introduced 1-D semi-discrete flux globalization based LCD-PCCU scheme is WB. In order to prove this, we only 
need to show that if the discrete data are at a steady state, namely, if 𝐸𝑗 ≡𝐸 = Const, then the RHS of (3.1) vanishes. Following the 
proof of [3, Theorem 2.1], we obtain

𝑲+
𝑗+ 1

2
=𝑲−

𝑗+ 1
2
=𝑲+

𝑗− 1
2
= 𝑲̂ = Const, ∀𝑗. (3.4)

Substituting (3.4) and (2.9) into (3.2) and taking into account the fact that at the steady states 𝑼̆+
𝑗+ 1

2
= 𝑼̆

−
𝑗+ 1

2
, ∀𝑗, yields


LCD
𝑗+ 1

2
= 𝑲̂ +𝑅

𝑗+ 1
2
𝑄LCD

𝑗+ 1
2
𝑅−
𝑗+ 1

2

(
𝑼̆

+
𝑗+ 1

2
− 𝑼̆

−
𝑗+ 1

2

)
= 𝑲̂ , ∀𝑗,

which ensures that the RHS of (3.1) vanishes.

4. 2-D flux globalization based LCD-PCCU scheme

In this section, we propose a novel 2-D LCD-PCCU scheme for

𝑼 𝑡 + 𝑭 (𝑼 )𝑥 +𝑮(𝑼 )𝑦 = 𝐵(𝑼 )𝑼𝑥 +𝐶(𝑼 )𝑼 𝑦 +𝑺𝑥(𝑥, 𝑦, 𝑡,𝑼 ) +𝑺𝑦(𝑥, 𝑦, 𝑡,𝑼 ), (4.1)

where 𝑭 ,𝑮 ∶ℝ𝑑 →ℝ𝑑 , 𝐵,𝐶 ∈ℝ𝑑×𝑑 , 𝑺𝑥 ∶ℝ𝑑 →ℝ𝑑 , and 𝑺𝑦 ∶ℝ𝑑 →ℝ𝑑 . To this end, we design the 2-D scheme in a ``dimension-by
dimension'' manner.

As in the 1-D case, we first rewrite the general 2-D nonconservative system (4.1) in the following quasi-conservative form:

𝑼 𝑡 +𝑲(𝑼 )𝑥 +𝑳(𝑼 )𝑦 = 𝟎, 𝑲(𝑼 ) = 𝑭 (𝑼 ) −𝑾 𝑥(𝑼 ), 𝑳(𝑼 ) =𝑮(𝑼 ) −𝑾 𝑦(𝑼 ), (4.2)

where

𝑾 𝑥(𝑼 ) ∶=

𝑥 

∫̂
𝑥

[
𝐵(𝑼 )𝑼 𝜉(𝜉, 𝑦, 𝑡) +𝑺𝑥(𝜉, 𝑦, 𝑡,𝑼 (𝜉, 𝑦, 𝑡))

]
d𝜉,

𝑾 𝑦(𝑼 ) ∶=

𝑦 

∫̂
𝑦

[
𝐶(𝑼 )𝑼 𝜂(𝑥, 𝜂, 𝑡) +𝑺𝑦(𝑥, 𝜂, 𝑡,𝑼 (𝑥, 𝜂, 𝑡))

]
d𝜂,

with 𝑥 and 𝑦 being arbitrary numbers.
Applying the 2-D version of the semi-discrete LCD-CU scheme from §2 to the quasi-conservative system (4.2) results in the following 

system of ODEs:

d𝑼 𝑗,𝑘

d𝑡 
= −


LCD
𝑗+ 1

2 ,𝑘
−

LCD
𝑗− 1

2 ,𝑘

Δ𝑥 
−


LCD
𝑗,𝑘+ 1

2
−

LCD
𝑗,𝑘− 1

2

Δ𝑦 
, (4.3)

where the numerical fluxes LCD
𝑗+ 1

2 ,𝑘
and LCD

𝑗,𝑘+ 1
2

are given by
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
LCD
𝑗+ 1

2 ,𝑘
=𝑅

𝑗+ 1
2 ,𝑘

𝑃 LCD
𝑗+ 1

2 ,𝑘
𝑅−1
𝑗+ 1

2 ,𝑘
𝑲(𝑼E

𝑗,𝑘
) +𝑅

𝑗+ 1
2 ,𝑘

𝑀LCD
𝑗+ 1

2 ,𝑘
𝑅−1
𝑗+ 1

2 ,𝑘
𝑲(𝑼W

𝑗+1,𝑘)

+𝑅
𝑗+ 1

2 ,𝑘
𝑄LCD

𝑗+ 1
2 ,𝑘

𝑅−1
𝑗+ 1

2 ,𝑘

(
𝑼̆

W
𝑗+1,𝑘 − 𝑼̆

E
𝑗,𝑘

)
,


LCD
𝑗,𝑘+ 1

2
=𝑅

𝑗,𝑘+ 1
2
𝑃 LCD
𝑗,𝑘+ 1

2
𝑅−1
𝑗,𝑘+ 1

2
𝑳(𝑼N

𝑗,𝑘
) +𝑅

𝑗,𝑘+ 1
2
𝑀LCD

𝑗,𝑘+ 1
2
𝑅−1
𝑗,𝑘+ 1

2
𝑳(𝑼S

𝑗,𝑘+1)

+𝑅
𝑗,𝑘+ 1

2
𝑄LCD

𝑗,𝑘+ 1
2
𝑅−1
𝑗,𝑘+ 1

2

(
𝑼̆

S
𝑗,𝑘+1 − 𝑼̆

N
𝑗,𝑘

)
.

(4.4)

Here, 𝑲(𝑼E
𝑗,𝑘
), 𝑲(𝑼W

𝑗+1,𝑘) and 𝑳(𝑼N
𝑗,𝑘
), 𝑳(𝑼S

𝑗,𝑘+1) are global fluxes in the 𝑥- and 𝑦-direction, computed using the corresponding 
reconstructed point values

𝑼E
𝑗,𝑘

≈𝑼 (𝑥
𝑗+ 1

2
− 0, 𝑦𝑘, 𝑡), 𝑼W

𝑗+1,𝑘 ≈𝑼 (𝑥
𝑗+ 1

2
+ 0, 𝑦𝑘, 𝑡),

𝑼𝑁
𝑗,𝑘

≈𝑼 (𝑥𝑗 , 𝑦𝑘+ 1
2
− 0, 𝑡), 𝑼𝑆

𝑗,𝑘+1 ≈𝑼 (𝑥𝑗 , 𝑦𝑘+ 1
2
+ 0, 𝑡),

𝑼̆
E
𝑗,𝑘, 𝑼̆W

𝑗+1,𝑘, 𝑼̆N
𝑗,𝑘, and 𝑼̆S

𝑗,𝑘+1 are alternative approximations of the same point values, and the matrices 𝑃 LCD
𝑗+ 1

2 ,𝑘
, 𝑃 LCD

𝑗,𝑘+ 1
2

, 𝑀LCD
𝑗+ 1

2 ,𝑘
, 

𝑀LCD
𝑗,𝑘+ 1

2

, 𝑄LCD
𝑗+ 1

2 ,𝑘
, and 𝑄LCD

𝑗,𝑘+ 1
2

are analogous to the corresponding matrices 𝑃 LCD
𝑗+ 1

2

, 𝑀LCD
𝑗+ 1

2

, and 𝑄LCD
𝑗+ 1

2

in the 1-D case.

For details on the evaluation of the point values of 𝑼 , we refer the reader to [2]. The global fluxes 𝑲(𝑼E
𝑗,𝑘
), 𝑲(𝑼W

𝑗+1,𝑘), 𝑳(𝑼
N
𝑗,𝑘
), 

and 𝑳(𝑼S
𝑗,𝑘+1) are computed using the WB path-conservative technique as in [2]. The LCD matrices 𝑃 LCD

𝑗+ 1
2 ,𝑘

, 𝑀LCD
𝑗+ 1

2 ,𝑘
, 𝑄LCD

𝑗+ 1
2 ,𝑘

, 𝑃 LCD
𝑗,𝑘+ 1

2

, 

𝑀LCD
𝑗,𝑘+ 1

2

, and 𝑄LCD
𝑗,𝑘+ 1

2

are computed as in [12], but based on the eigensystems of ̂𝑭

𝑗+ 1
2 ,𝑘

=𝑭 (𝑼̂
𝑗+ 1

2 ,𝑘
) ∶= 𝜕𝑭

𝜕𝑼
(𝑼̂

𝑗+ 1
2 ,𝑘

) − 𝐵(𝑼̂
𝑗+ 1

2 ,𝑘
)

and ̂𝑮

𝑗,𝑘+ 1
2

=𝑮(𝑼̂
𝑗,𝑘+ 1

2
) ∶= 𝜕𝑮

𝜕𝑼
(𝑼̂

𝑗,𝑘+ 1
2
)−𝐶(𝑼̂

𝑗,𝑘+ 1
2
), where 𝑼̂

𝑗+ 1
2 ,𝑘

is a proper average of 𝑼 𝑗+1,𝑘 and 𝑼 𝑗,𝑘, and 𝑼̂
𝑗,𝑘+ 1

2
is a proper 

average of 𝑼 𝑗,𝑘+1 and 𝑼 𝑗,𝑘. As in §2, we do not employ local characteristic variables in the piecewise linear reconstruction and 
perform the desingularization of 𝑃 LCD

𝑗+ 1
2 ,𝑘

, 𝑀LCD
𝑗+ 1

2 ,𝑘
, 𝑄LCD

𝑗+ 1
2 ,𝑘

, 𝑃 LCD
𝑗,𝑘+ 1

2

, 𝑀LCD
𝑗,𝑘+ 1

2

, and 𝑄LCD
𝑗,𝑘+ 1

2

as in (2.8).

Remark 4.1. The introduced 2-D semi-discrete flux globalization based LCD-PCCU scheme is WB in the sense that it is capable of 
exactly preserving discrete steady states, for which 𝑲 (𝑼 ) is independent of 𝑥 and 𝑳(𝑼 ) is independent of 𝑦. We omit the proof for the 
sake of brevity. We stress that the 2-D systems may admit genuinely 2-D steady states, which cannot be preserved by the proposed 
scheme. To the best of our knowledge, no existing numerical method is capable of exactly preserving general 2-D steady states, even 
the smooth ones.

5. Numerical examples

In this section, we apply the developed LCD-PCCU schemes to the 𝛾 -based compressible multfluid and TRSW equations. We con
duct several numerical experiments and compare the performance of the LCD-PCCU schemes with their PCCU counterparts obtained 
by applying the original CU numerical fluxes in (3.1) and (4.3). For instance, in the 1-D case, such a PCCU scheme is obtained by 
replacing (2.8) by

(
(𝑃𝑖)𝑗+ 1

2
, (𝑀𝑖)𝑗+ 1

2
, (𝑄𝑖)𝑗+ 1

2

)
=

⎧⎪⎪⎨⎪⎪⎩

1 
𝑎+
𝑗+ 1

2

− 𝑎−
𝑗+ 1

2

(
𝑎+
𝑗+ 1

2
,−𝑎−

𝑗+ 1
2
, 𝑎+

𝑗+ 1
2
𝑎−
𝑗+ 1

2

)
if 𝑎+

𝑗+ 1
2
− 𝑎−

𝑗+ 1
2
> 𝜀0,

(1
2
,
1
2
,0
)

otherwise.

In all of the numerical examples, we have solved the ODE systems (3.1) and (4.3) using the three-stage third-order strong stability 
preserving (SSP) Runge-Kutta method (see, e.g., [22,23]) and used the CFL number 0.45.

5.1. 𝛾 -based compressible multfluid equations

In this section, we show the applications of the developed LCD-PCCU schemes introduced in §3 and §4 to the 1-D and 2-D 𝛾

based compressible multfluid systems [11,39], which in the 2-D case can be written as (4.1) with 𝑼 =
(
𝜌, 𝜌𝑢, 𝜌𝑣,𝐸,Γ,Π

)⊤
, 𝑭 (𝑼 ) =(

𝜌𝑢, 𝜌𝑢2 +𝑝, 𝜌𝑢𝑣, 𝑢(𝐸+𝑝),0,0
)⊤

, 𝑮(𝑼 ) =
(
𝜌𝑣, 𝜌𝑢𝑣, 𝜌𝑣2 +𝑝, 𝑣(𝐸+𝑝),0,0)⊤, 𝑺𝑥(𝑥, 𝑦, 𝑡,𝑼 ) = 𝑺𝑦(𝑥, 𝑦, 𝑡,𝑼 ) ≡ 𝟎, 𝐵(𝑼 ) = diag(0,0,0,0, 𝑢, 𝑢), 

and 𝐶(𝑼 ) = diag(0,0,0,0, 𝑣, 𝑣). Here, 𝜌 is the density, 𝑢 and 𝑣 are the 𝑥- and 𝑦-velocities, 𝑝 is the pressure, and 𝐸 is the total energy. 
The system is closed through the following (stiff) equation of state (EOS) for each of the fluid components:

𝑝 = (𝛾 − 1)
[
𝐸 − 𝜌

2 
(𝑢2 + 𝑣2)

]
− 𝛾𝜋∞, (5.1)
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Table 5.1

Example 1: 𝐿1-errors in 𝜌 computed by the PCCU and LCD-PCCU schemes and the 
corresponding experimental convergence rates.

Δ𝑥 = 1∕50 Δ𝑥 = 1∕100 Rate Δ𝑥 = 1∕200 Rate 
PCCU 1.16e-0 6.65e-1 0.803 3.39e-1 0.972 
LCD-PCCU 8.53e-1 4.21e-1 1.019 1.96e-1 1.103 

where the parameters 𝛾 and 𝜋∞ represent the specific heat ratio and stiffness parameter, respectively (when 𝜋∞ ≡ 0 for all of the 
components, the system reduces to the ideal gas multicomponent case). The variables Γ and Π are dfined as Γ ∶= 1 

𝛾−1 and Π ∶= 𝛾𝜋∞
𝛾−1 .

Remark 5.1. We note that the studied 𝛾 -based compressible multfluid equations contain no source terms and thus there is no need 
to numerically enforce the WB property. We therefore do not need to introduce any equilibrium variables—instead, we reconstruct 
the conservative quantities 𝑼 and replace 𝑼̆±

𝑗+ 1
2

in (3.2) with 𝑼±
𝑗+ 1

2

and 𝑼̆E
𝑗,𝑘, 𝑼̆W

𝑗+1,𝑘, 𝑼̆N
𝑗,𝑘, and 𝑼̆S

𝑗,𝑘+1 in (4.4) with 𝑼E
𝑗,𝑘

, 𝑼W
𝑗+1,𝑘, 

𝑼N
𝑗,𝑘

, and 𝑼S
𝑗,𝑘+1.

Remark 5.2. It should be observed that the studied 𝛾 -based compressible multfluid system can be rewritten in a fully conservative 
form by replacing the equation

Γ𝑡 = −𝑢Γ𝑥 − 𝑣Γ𝑦 and Π𝑡 = −𝑢Π𝑥 − 𝑣Π𝑦 (5.2)

with the conservative ones, obtained by combining (5.2) with the continuity equation 𝜌𝑡 + (𝜌𝑢)𝑥 + (𝜌𝑣)𝑦 = 0, which results in

(𝜌Γ)𝑡 + (𝜌𝑢Γ)𝑥 + (𝜌𝑣Γ)𝑦 = 0 and (𝜌Π)𝑡 + (𝜌𝑢Π)𝑥 + (𝜌𝑣Π)𝑦 = 0.

However, applying the LCD-CU scheme to the resulting fully conservative system may lead to appearance of significant spurious 
oscillations in the velocity and pressure fields in the vicinity of contact waves/material interfaces; see [39], where it was shown that 
a nonconservative form is preferable for designing accurate numerical methods. We therefore solve the nonconservative system, for 
which, as one can easily prove, the LCD-PPCU schemes satisfy Abgrall’s principle (also called E-property), that is, 𝑢, 𝑣, and 𝑝 remain 
constant in the vicinity of isolated contact waves.

Remark 5.3. In Appendix A, we provide the expressions for the matrices ̂
𝑗+ 1

2
and ̂𝑭

𝑗+ 1
2 ,𝑘

and the corresponding matrices 𝑅
𝑗+ 1

2
and 

𝑅
𝑗+ 1

2 ,𝑘
for the 1-D and 2-D 𝛾 -based compressible multfluid systems, respectively. The matrices ̂𝑮

𝑗,𝑘+ 1
2

and 𝑅
𝑗,𝑘+ 1

2
can be obtained 

in an analogous way.

5.1.1. One-dimensional examples

In this section, we consider two numerical examples for the 1-D version of the 𝛾 -based compressible multfluid equations.

Example 1�-``shock-bubble'' interaction

In the first example taken from [18], we consider the ``shock-bubble'' interaction problem. The initial data are given by

(𝜌, 𝑢, 𝑝; 𝛾, 𝜋∞)(𝑥,0) =
⎧⎪⎨⎪⎩
(13.1538,0; 1,5∕3,0), |𝑥| < 0.25,
(1.3333,−0.3535,1.5; 1.4,0), 𝑥 > 0.75,
(1,0,1; 1.4,0), otherwise,

which correspond to a left-moving shock, initially located at 𝑥 = 0.75, and a resting ``bubble'' with a radius of 0.25, initially located 
at the origin.

We impose the solid wall boundary conditions at the both ends of the computational domain [−1,2] and compute the numerical 
solutions by both the LCD-PCCU and PCCU schemes until the final time 𝑡 = 3 on a uniform mesh with Δ𝑥 = 1∕50. The obtained 
densities are presented in Fig. 5.1 together with the reference solution computed by the PCCU scheme on a much finer mesh with 
Δ𝑥 = 1∕1000. As one can see, the LCD-PCCU scheme achieves sharper resolution than the PCCU one. We also compute the 𝐿1 -errors 
(against the reference solution) in 𝜌 computed by the PCCU and LCD-PCCU schemes. The errors reported in Table 5.1, cofirm that 
the LCD-PCCU scheme is more accurate than its PCCU counterpart though the experimental convergence rates for both schemes are 
close to 1 as expected in the case of discontinuous solutions. 

Example 2�-water-air ``shock-bubble'' interaction

In the second 1-D example also taken from [18], we consider a gas-liquid multfluid system, where the liquid component is 
modeled by the stiff EOS (5.1) with 𝜋∞ ≫ 1. The initial conditions,
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Fig. 5.1. Example 1: Density 𝜌 computed by the PCCU and LCD-PCCU schemes (left) and zoom at 𝑥 ∈ [−0.65,0.25] (right). (For interpretation of the colors in the 
figure(s), the reader is referred to the web version of this article.)

Fig. 5.2. Example 2: Density 𝜌 computed by the PCCU and LCD-PCCU schemes (left) and zoom at 𝑥∈ [2.5,4.8] (right). 

Table 5.2

Example 2: 𝐿1-errors in 𝜌 computed by the PCCU and LCD-PCCU schemes and 
the corresponding experimental convergence rates.

Δ𝑥 = 1∕10 Δ𝑥 = 1∕20 Rate Δ𝑥 = 1∕40 Rate 
PCCU 4.06e-1 2.57e-1 0.660 1.53e-1 0.748 
LCD-PCCU 1.93e-1 1.05e-1 0.878 5.70e-2 0.881 

(𝜌, 𝑢, 𝑝; 𝛾, 𝜋∞) =
⎧⎪⎨⎪⎩
(0.05,0,1; 1.4,0), |𝑥− 6| < 3,
(1.325,−68.525,19153; 4.4,6000), 𝑥 > 11.4,
(1,0,1; 4.4,6000), otherwise,

correspond to the left-moving shock, initially located at 𝑥 = 11.4, and a resting air ``bubble'' with a radius 3, initially located at 𝑥 = 6.
We impose the free boundary conditions at the both ends of the computational domain [0,18] and compute the numerical solutions 

until the final time 𝑡 = 0.045 on a uniform mesh with Δ𝑥 = 1∕10 by both the LCD-PCCU and PCCU schemes. The obtained results are 
presented in Fig. 5.2 together with the reference solution computed by the PCCU scheme on a much finer mesh with Δ𝑥 = 1∕1000. 
As one can see, the LCD-PCCU solution achieves sharper resolution than its PCCU counterpart, especially of the contact wave located 
at about 𝑥 = 3. In this example, we also compute the 𝐿1-errors (against the reference solution) in 𝜌 computed by the PCCU and 
LCD-PCCU schemes. The errors reported in Table 5.2, show that the LCD-PCCU scheme is more accurate than its PCCU counterpart. 

5.1.2. Two-dimensional examples

We now consider three 2-D examples, in which we plot the Schlieren images of the magnitude of the density gradient field, |∇𝜌|. 
To this end, we use the shading function

exp
(
− 80|∇𝜌| 

max(|∇𝜌|)
)
,

where the numerical derivatives of the density are computed using standard central differencing.

Example 3�-shock-helium bubble interaction

In the first 2-D example taken from [15,37], a shock wave in the air hits the light resting bubble which contains helium. We take 
the following initial conditions:
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Fig. 5.3. Initial setting for the 2-D numerical examples. 

(𝜌, 𝑢, 𝑣, 𝑝; 𝛾, 𝑝∞) =
⎧⎪⎨⎪⎩
(4∕29,0,0,1; 5∕3,0) in region A,
(1,0,0,1; 1.4,0) in region B,
(4∕3,−0.3535,0,1.5; 1.4,0) in region C,

where regions A, B, and C are outlined in Fig. 5.3, and the computational domain is [−3,1] × [−0.5,0.5]. We impose the solid wall 
boundary conditions on the top and bottom and the free boundary conditions on the left and right edges of the computational domain. 

We compute the numerical solutions until the final time 𝑡 = 3 on a uniform mesh with Δ𝑥 = Δ𝑦 = 1∕500. In Fig. 5.4, we present 
different stages of the shock-bubble interaction computed by the PCCU and LCD-PCCU schemes. One can clearly see that the bubble 
interface develops very complex structures after the bubble is hit by the shock, especially at large times. We note that the obtained 
results are in a good agreement with the experimental findings presented in [24] and the computational results presented in [13, 
15,37]. Notably, at an early time 𝑡 = 0.5, the resolution of the bubble interface significantly improves with the implementation of 
the LCD-PCCU scheme. As time progresses, instabilities arise within the interface, which are smeared by a more dissipative PCCU 
scheme. The differences in resolution become more pronounced at later times 𝑡 = 2 and 2.5, and especially at 𝑡 = 3, indicating that 
the LCD-PCCU scheme clearly outperforms the PCCU one. 

Example 4�-shock-R22 bubble interaction

In the second 2-D example also taken from [15,37], a shock wave in the air hits the heavy resting bubble which contains R22 gas. 
The initial conditions are

(𝜌, 𝑢, 𝑣, 𝑝; 𝛾, 𝜋∞) =
⎧⎪⎨⎪⎩
(3.1538,0,0,1; 1.249,0) in region A,
(1,0,0,1; 1.4,0) in region B,
(4∕3,−0.3535,0,1.5; 1.4,0) in region C,

and the rest of the settings are the same as in Example 3.
We compute the numerical solutions until the final time 𝑡 = 3 on a uniform mesh with Δ𝑥 =Δ𝑦 = 1∕500 and present different stages 

of the shock-bubble interaction computed by the PCCU and LCD-PCCU schemes in Fig. 5.5. One can clearly see that upon encountering 
the bubble, the shock wave undergoes both refraction and rflection. Under the force of the shock, the bubble undergoes compression 
and motion. These findings are in a good agreement with the computational results reported in [15,37]. Fig. 5.5 demonstrates that the 
LCD-PCCU scheme captures material interfaces more accurately (compared to the PCCU scheme) and also enhances the resolution of 
fine details of the computed solution. Once again, this indicates that the LCD-PCCU scheme is less diffusive than its PCCU counterpart. 

Example 5�-a cylindrical explosion problem

In the last 2-D example taken from [18] (see also [41]), we consider the case where a cylindrical explosive source is located 
between an air-water interface and an impermeable wall. The initial conditions are given by

(𝜌, 𝑢, 𝑣, 𝑝; 𝛾, 𝜋∞) =
⎧⎪⎨⎪⎩
(1.27,0,0,8290,2,0), (𝑥− 5)2 + (𝑦− 2)2 < 1,
(0.02,0,0,1; 1.4,0), 𝑦 > 4,
(1,0,0,1; 7.15,3309), otherwise,

with the solid wall boundary conditions imposed at the bottom, and the free boundary conditions set on the other sides of the 
computational domain [0,10] × [0,6].

We compute the numerical solutions until the final time 𝑡 = 0.02 on a uniform mesh with Δ𝑥 =Δ𝑦 = 1∕80 by the studied PCCU and 
LCD-PCCU schemes. In Fig. 5.6, we present time snapshots of the obtained results, which qualitatively look similar to the numerical 
results reported in [18,41]. As one can see, the LCD-PCCU scheme captures both the material interfaces and many of the developed 
wave structures substantially sharper than the PCCU scheme. 

One can also notice a substantial difference between the PCCU and LCD-PCCU solutions at the final time. In order to clarify this 
point, we rfine the mesh and compute the numerical solution on a finer mesh with Δ𝑥 = Δ𝑦 = 1∕160 by the PCCU scheme and 
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Fig. 5.4. Example 3: Shock-helium bubble interaction by the PCCU (left column) and LCD-PCCU (right column) schemes at different times. 
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Fig. 5.5. Example 4: Shock-R22 bubble interaction by the PCCU (left column) and LCD-PCCU (right column) schemes at different times. 
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Fig. 5.6. Example 5: Time evolution of the solution computed by the PCCU (left column) and LCD-PCCU (right column) schemes. 

Fig. 5.7. Example 5: A finer mesh (Δ𝑥=Δ𝑦 = 1∕160) PCCU solution at 𝑡 = 0.02. 

present the obtained result in Fig. 5.7, where one can clearly see that the PCCU solution computed on a finer mesh is close to the 
LCD-PCCU solution computed with Δ𝑥=Δ𝑦 = 1∕80. Once again, this indicates that the LCD-PCCU solution is more accurate than the 
PCCU one. 

5.2. Thermal rotating shallow water equations

In this section, we apply the developed LCD-PCCU schemes to the 1-D and 2-D TRSW equations [27], which in the 2-D case can 
be written as the system (4.1) with
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Fig. 5.8. Example 6: ℎ and 𝑏 computed by the PCCU and LCD-PCCU schemes. 

𝑼 = (ℎ, 𝑞, 𝑝, ℎ𝑏)⊤, 𝑭 (𝑼 ) =
(
ℎ𝑢,ℎ𝑢2 + 𝑏 

2
ℎ2, ℎ𝑢𝑣,ℎ𝑢𝑏

)⊤

,

𝑮(𝑼 ) =
(
ℎ𝑣,ℎ𝑢𝑣,ℎ𝑣2 + 𝑏 

2
ℎ2, ℎ𝑣𝑏

)⊤
, 𝐵(𝑼 ) = 𝐶(𝑼 ) ≡ 𝟎,

𝑺𝑥(𝑥, 𝑦, 𝑡,𝑼 ) = (0, 𝑓ℎ𝑣− ℎ𝑏𝑍𝑥,0,0)⊤, 𝑺𝑦(𝑥, 𝑦, 𝑡,𝑼 ) = (0,0,−𝑓ℎ𝑢− ℎ𝑏𝑍𝑦,0)⊤,

(5.3)

where ℎ denotes the thickness of the fluid layer, 𝑢 and 𝑣 are the zonal and meridional velocities, 𝑞 ∶= ℎ𝑢 and 𝑝 ∶= ℎ𝑣 are the 
corresponding discharges, 𝑏 is the layer-averaged buoyancy variable, and 𝑍(𝑥, 𝑦) stands for a time-independent bottom topography. 
In the oceanic context, 𝑏 = 𝑔𝜌∕𝜌0, where 𝑔 is the acceleration due to gravity, 𝜌 and 𝜌0 are the variable and constant parts of the water 
density, respectively. In the atmospheric context, the densities 𝜌 and 𝜌0 should be replaced with the potential temperatures 𝜃 and 𝜃0. 
Finally, 𝑓 (𝑦) = 𝑓0 + 𝛽𝑦 is the Coriolis parameter, where 𝑓0 and 𝛽 are positive constants.

Remark 5.4. For the TRSW equations, we use the equilibrium variables introduced in [2] and compute the point values (𝑼±
𝑘+ 1

2

and 

𝑼̆
±
𝑘+ 1

2
in the 1-D case and 𝑼E

𝑗,𝑘
, 𝑼W

𝑗+1,𝑘, 𝑼N
𝑗,𝑘

, 𝑼S
𝑗,𝑘+1, 𝑼̆E

𝑗,𝑘, 𝑼̆W
𝑗+1,𝑘, 𝑼̆N

𝑗,𝑘, and 𝑼̆S
𝑗,𝑘+1 in the 2-D case) as well as the global fluxes 

(𝑳±
𝑘+ 1

2

in the 1-D case and 𝑲(𝑼W
𝑗,𝑘
), 𝑲(𝑼W

𝑗+1,𝑘), 𝑳(𝑼
N
𝑗,𝑘
), and 𝑳(𝑼S

𝑗,𝑘+1) in the 2-D case) precisely as it was done in [2]. We have also 

used the same numerical diffusion switch function, which helps to enforce the WB property, as in [2].

Remark 5.5. In Appendix B, we provide the expressions for the matrices ̂
𝑘+ 1

2
and ̂𝑭

𝑗+ 1
2 ,𝑘

and the corresponding matrices 𝑅
𝑘+ 1

2

and 𝑅
𝑗+ 1

2 ,𝑘
for the 1-D and 2-D TRSW equations, respectively. The matrices ̂𝑮

𝑗,𝑘+ 1
2

and 𝑅
𝑗,𝑘+ 1

2
can be obtained in an analogous way.

5.2.1. One-dimensional examples

In this section, we consider two numerical examples for the so-called 1-D Ripa system, which is the 1-D version of (4.1), (5.3), 
but with 𝑓 (𝑦) ≡ 0:⎧⎪⎪⎨⎪⎪⎩

ℎ𝑡 + (ℎ𝑣)𝑦 = 0,

𝑝𝑡 +
(
ℎ𝑣2 + 𝑏 

2
ℎ2

)
𝑦
= −ℎ𝑏𝑍𝑦,

(ℎ𝑏)𝑡 + (ℎ𝑣𝑏)𝑦 = 0.

Example 6�-constant pressure equilibrium

In the first example taken from [2], we consider the following initial data:

(ℎ,𝑣, 𝑏)(𝑦,0) =

{
(2,0,1) if 𝑦 < 0,
(1,0,4) otherwise,

(5.4)

which are prescribed in the computational domain [−5,5] together with the flat bottom topography 𝑍(𝑦) ≡ 0 subject to the free 
boundary conditions.

We first compute the numerical solution by the PCCU and LCD-PCCU schemes until the final time 𝑡 = 10 on the uniform mesh with 
Δ𝑥 = 1∕20 and plot the obtained fluid thickness ℎ and buoyancy variables 𝑏 in Fig. 5.8, where the reference solution is computed by 
the PCCU scheme on a much finer mesh with Δ𝑥 = 1∕400. We stress that both the PCCU and LCD-PCCU schemes can exactly preserve 
the steady state and the obtained errors for both ℎ and 𝑏 are zeros. 

We then test the ability of the proposed schemes to capture small perturbations of this steady state. To this end, we first denote 
by ℎeq(𝑦) = ℎ(𝑦,0) given by (5.4), and then modify the initial condition of ℎ in the following manner:
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Fig. 5.9. Example 6: ℎ computed by the PCCU and LCD-PCCU schemes at 𝑡 = 1.2 (top row) and 1.6 (bottom row) and zoom at 𝑥∈ [−1.5,1] (right column). 

Fig. 5.10. Example 6: ℎ− ℎeq computed by the PCCU and LCD-PCCU schemes at 𝑡 = 1.2 (top row) and 1.6 (bottom row) and zoom at 𝑥∈ [−1.5,1] (right column). 

ℎ(𝑦,0) = ℎeq(𝑦) +

{
0.1 if 𝑦 ∈ [−1.8,−1.7],
0 otherwise.

We compute the solution until the final time 𝑡 = 1.6 on a uniform mesh with Δ𝑥 = 1∕20 and plot the obtained fluid thickness together 
with the reference solution computed by the LCD-PCCU scheme on a much finer mesh with Δ𝑥 = 1∕400 (Fig. 5.9) and the difference 
between the perturbed and steady solutions (Fig. 5.10) at times 𝑡 = 1.2 and 1.6. One can clearly see that the LCD-PCCU scheme 
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Table 5.3

Example 6: 𝐿1-errors in ℎ computed by the PCCU and LCD-PCCU schemes and 
the corresponding experimental convergence rates at 𝑡= 1.2.

Δ𝑥 = 1∕20 Δ𝑥 = 1∕40 Rate Δ𝑥 = 1∕80 Rate 
PCCU 8.16e-2 4.72e-2 0.790 2.49e-2 0.923 
LCD-PCCU 1.25e-2 8.55e-3 0.548 5.05e-3 0.760 

Fig. 5.11. Example 7: ℎ+𝑍 computed by the PCCU and LCD-PCCU schemes at 𝑡 = 0.1 (top row) and 0.2 (bottom row) and zoom at 𝑥∈ [−0.05,0.1] (right column). 

achieves sharper resolution than the PCCU scheme. Moreover, the LCD-PCCU solution is substantially less oscillatory than the PCCU 
one. We also compute the 𝐿1-errors (against the reference solution) in ℎ computed by the PCCU and LCD-PCCU schemes at 𝑡 = 1.2. 
The errors reported in Table 5.3, show that the LCD-PCCU scheme is much more accurate than its PCCU counterpart though the 
experimental convergence rates of the LCD-PCCU scheme is lower. 

Example 7�-dam break over a noflat bottom

In the second example taken from [16], we consider the dam break problem subject to the following initial data:

(ℎ,𝑣, 𝑏)(𝑦,0) =

{
(5 −𝑍(𝑦),0,1) if 𝑦 < 0,
(2 −𝑍(𝑦),0,5) otherwise,

and the noflat bottom topography

𝑍(𝑦) =
⎧⎪⎨⎪⎩
cos

(
10𝜋(𝑥+ 0.3)

)
+ 1 if − 0.4 ≤ 𝑦 ≤ −0.2,

1
2

[
cos

(
10𝜋(𝑥− 0.3)

)
+ 1

]
0.2 ≤ 𝑦 ≤ 0.4,

0 otherwise.

The initial conditions are prescribed in the computational domain [−1,1] subject to the free boundary conditions.
We compute the numerical solution by the PCCU and LCD-PCCU schemes until the final time 𝑡 = 0.2 on a uniform mesh with 

Δ𝑥 = 1∕100 and plot the obtained water surface ℎ+𝑍 in Fig. 5.11, where the reference solution is computed by the PCCU scheme 
on a much finer mesh with Δ𝑥 = 1∕2000. One can clearly see that the LCD-PCCU scheme produces higher-resolution results than the 
PCCU one. We also compute the 𝐿1-errors (against the reference solution) in ℎ+𝑍 computed by the PCCU and LCD-PCCU schemes 
at 𝑡 = 0.2. The errors reported in Table 5.4, once again, show that the LCD-PCCU scheme is much more accurate than its PCCU 
counterpart. 
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Table 5.4

Example 7: 𝐿1-errors in ℎ+𝑍 computed by the PCCU and LCD-PCCU schemes and 
the corresponding experimental convergence rates at 𝑡= 0.2.

Δ𝑥 = 1∕100 Δ𝑥 = 1∕200 Rate Δ𝑥 = 1∕400 Rate 
PCCU 5.44e-2 3.08e-2 0.821 1.48e-2 1.057 
LCD-PCCU 2.99e-2 1.65e-3 0.858 7.50e-3 1.137 

Fig. 5.12. Example 8: ℎ and 𝑏 computed by the PCCU (left column) and LCD-PCCU (right column) schemes. 

5.2.2. Two-dimensional examples

In this section, we consider three numerical examples for the 2-D TRSW equations.

Example 8�-small perturbations of a 2-D steady state

In this example taken from [16], we take 𝑓 (𝑦) ≡ 0 and consider the following initial conditions:

(ℎ, 𝑢, 𝑣, 𝑏)(𝑥, 𝑦,0) =
⎧⎪⎨⎪⎩
(
3.1 −𝑍(𝑥, 𝑦),0,0, 43

)
if 0.01 < 𝑥2 + 𝑦2 < 0.09,(

3 −𝑍(𝑥, 𝑦),0,0, 43
)

if 0.09 < 𝑥2 + 𝑦2 < 0.25 or 𝑥2 + 𝑦2 < 0.01,
(2 −𝑍(𝑥, 𝑦),0,0,3) otherwise,

with the noflat bottom topography consisting of two Gaussian shaped humps:

𝑍(𝑥, 𝑦) =

{
0.5 𝑒−100

[
(𝑥+0.5)2+(𝑦+0.5)2

]
if 𝑥 < 0,

0.6 𝑒−100
[
(𝑥−0.5)2+(𝑦−0.5)2

]
otherwise.

The initial data are prescribed in the computational domain [−1,1] × [−1,1] subject to the free boundary conditions.
We compute the numerical solution by the PCCU and LCD-PCCU schemes until the final time 𝑡 = 0.12 on a uniform mesh with 

Δ𝑥 = Δ𝑦 = 1∕50. The obtained results are presented in Fig. 5.12, where one can clearly see that the LCD-PCCU scheme outperforms 
the PCCU one, since the ℎ- and 𝑏-components computed by the PCCU scheme are smeared; see Fig. 5.12. We also plot the 1-D slices 
of ℎ and 𝑏 along the diagonal 𝑦 = 𝑥; see Fig. 5.13, where the reference solution is computed by the PCCU scheme on a much finer 
mesh with Δ𝑥 =Δ𝑦 = 1∕400. As one can see, the LCD-PCCU scheme achieves higher resolution than the PCCU one. 
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Fig. 5.13. Example 8: Diagonal slices of ℎ (left) and 𝑏 (right) computed by the PCCU and LCD-PCCU schemes; zoom at [−0.75,0.75]. 

Fig. 5.14. Example 9: ℎ and 𝑏 computed by the PCCU (left column) and LCD-PCCU (right column) schemes. 

Example 9�-radial dam break over the flat bottom

In this example taken from [16], we compare the PCCU and LCD-PCCU schemes on a circular dam-break problem with a flat 
bottom topography (𝑍(𝑥, 𝑦) ≡ 0) and no Coriolis forces (𝑓 (𝑦) ≡ 0). The initial conditions,

(ℎ, 𝑢, 𝑣, 𝑏)(𝑥, 𝑦,0) =

{
(1.5,0,0,1) if 𝑥2 + 𝑦2 < 0.25,
(1.2,0,0,1.5) otherwise,

are prescribed in the computational domain [−1,1] × [−1,1] subject to the free boundary conditions.
We compute the numerical solution by the PCCU and LCD-PCCU schemes until the final time 𝑡 = 0.15 on a uniform mesh with 

Δ𝑥 =Δ𝑦 = 1∕50. The computed results are presented in Fig. 5.14, where one can clearly see that the LCD-PCCU scheme outperforms 
the PCCU scheme. We also plot the 1-D slices of ℎ and 𝑏 along the diagonal 𝑦 = 𝑥; see Fig. 5.15, where the reference solution is 
computed by the PCCU scheme on a much finer mesh with Δ𝑥 =Δ𝑦 = 1∕400. As one can see, the LCD-PCCU scheme outperforms its 
PCCU counterpart. 
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Fig. 5.15. Example 9: Diagonal slices of ℎ (left) and 𝑏 (right) computed by the PCCU and LCD-PCCU schemes; zoom at [−0.6,0.6]. 

Example 10�-relaxation of localized anomalies on the equatorial 𝛽-plane

In the last example taken from [27], we consider the relaxation of localized anomalies on the 𝛽-plane, where the Coriolis parameter 
is 𝑓 (𝑦) = 𝑦, with the initial data

ℎ(𝑥, 𝑦,0) ≡ 1, 𝑞(𝑥, 𝑦,0) = 𝑝(𝑥, 𝑦,0) ≡ 0, 𝑏(𝑥, 𝑦,0) = 1 + 1
2
𝑒
−
(

1 
50 𝑥

2+ 1
2 𝑦

2
)
,

prescribed in the computational domain [−40,80] × [−10,10] subject to the free boundary conditions.
We compute the numerical solution by the PCCU and LCD-PCCU schemes until the final time 𝑡 = 120 on a uniform mesh with 

Δ𝑥 = Δ𝑦 = 2∕15 and plot the obtained numerical results in Fig. 5.16, where one can see that our results are consistent with those 
reported in [27], and at the same time, the LCD-PCCU scheme outperforms the PCCU one. In order to better see the difference between 
the computed solutions, we also plot the 1-D slices of ℎ along 𝑦 = 0 in Fig. 5.17, where the reference solution is computed by the 
PCCU scheme on a finer mesh with Δ𝑥 =Δ𝑦 = 1∕25. One can see that the LCD-PCCU scheme achieves significantly better resolution 
than the PCCU one. 

In this example, we also check the efficiency of the proposed LCD-PCCU scheme by performing a more thorough comparison 
between the studied schemes. To this end, we measure the CPU time consumed during the above calculations by the LCD-PCCU 
scheme and rfine the mesh used by the PCCU scheme to the level that exactly the same CPU time is consumed to compute both of 
the numerical solutions: This way, we take into account additional computational cost of the LCD-PCCU scheme. The corresponding 
grids are Δ𝑥 = Δ𝑦 = 2∕15 for the LCD-PCCU scheme, and Δ𝑥 = Δ𝑦 = 1∕9 for the PCCU scheme. The obtained numerical results are 
plotted in Fig. 5.18, where one can clearly see that the LCD-PCCU solution is still more accurate than the PCCU one. 

CRediT authorship contribution statement

Shaoshuai Chu: Writing -- review & editing, Writing -- original draft, Visualization, Validation, Software, Methodology, In
vestigation, Formal analysis, Conceptualization. Michael Herty: Writing -- review & editing, Methodology, Investigation, Funding 
acquisition, Conceptualization. Alexander Kurganov: Writing -- review & editing, Writing -- original draft, Visualization, Validation, 
Supervision, Project administration, Methodology, Investigation, Funding acquisition, Formal analysis, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared to 
ifluence the work reported in this paper.

Acknowledgements

The work of S. Chu was supported in part by the DFG (German Research Foundation) through HE5386/19-3, 27-1. The work 
of M. Herty was funded by the DFG–SPP 2183: Eigenschaftsgeregelte Umformprozesse with the Project(s) HE5386/19-2,19-3 En
twicklung eines flexiblen isothermen Reckschmiedeprozesses für die eigenschaftsgeregelte Herstellung von Turbinenschaufeln aus 
Hochtemperaturwerkstoffen (424334423) and by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)--SPP 
2410 Hyperbolic Balance Laws in Fluid Mechanics: Complexity, Scales, Randomness (CoScaRa) within the Project(s) HE5386/26-1 
(Numerische Verfahren für gekoppelte Mehrskalenprobleme,525842915) and (Zufällige kompressible Euler Gleichungen: Numerik 
und ihre Analysis, 525853336) HE5386/27-1. The work of A. Kurganov was supported in part by NSFC grant 12171226 and by the 
fund of the Guangdong Provincial Key Laboratory Of Computational Science And Material Design (No. 2019B030301001).

Journal of Computational Physics 524 (2025) 113692 

18 



S. Chu, M. Herty and A. Kurganov 

Fig. 5.16. Example 10: Time snapshots of ℎ computed by the PCCU (left column) and LCD-PCCU (right column) schemes. 
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Fig. 5.17. Example 10: Slices of ℎ and 𝑏 along the line 𝑦 = 0 computed by the PCCU and LCD-PCCU schemes using Δ𝑥 =Δ𝑦 = 2∕15 at different times. 

Fig. 5.18. Example 10: Slices of ℎ and 𝑏 along the line 𝑦 = 0 computed by the PCCU scheme using Δ𝑥 = Δ𝑦 = 1∕9 and LCD-PCCU scheme using Δ𝑥 = Δ𝑦 = 2∕15 at 
different times.
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Appendix A. LCD matrices for the 𝜸-based compressible multfluid equations

A.1. One-dimensional case

In order to compute the LCD matrices for the 1-D 𝛾 -based compressible multfluid system, we first compute the matrix  = 𝜕𝑭

𝜕𝑼
−𝐵:

(𝑼 ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0
𝛾 − 3
2 

𝑢2 (3 − 𝛾)𝑢 𝛾 − 1 (1 − 𝛾)𝑝 1 − 𝛾

𝑢𝑐2

1 − 𝛾
+
( 𝛾
2 
− 1

)
𝑢3

𝑐2

𝛾 − 1
+
(3
2
− 𝛾

)
𝑢2 𝛾𝑢 (1 − 𝛾)𝑝𝑢 (1 − 𝛾)𝑢

0 0 0 𝑢 0
0 0 0 0 𝑢

⎞⎟⎟⎟⎟⎟⎟⎟⎠
, (A.1)

where 𝑐 =
√

𝛾(𝑝+𝜋∞)
𝜌 is the speed of sound, and then introduce ̂

𝑗+ 1
2
=(𝑼̂

𝑗+ 1
2
), which is given by (A.1) with 𝛾 , 𝑢, 𝑝, and 𝑐 replaced 

with

𝛾̂ =
𝛾𝑗 + 𝛾𝑗+1

2 
, 𝑢̂ =

𝑢𝑗 + 𝑢𝑗+1

2 
, 𝑝̂ =

𝑝𝑗 + 𝑝𝑗+1

2 
, and 𝑐 =

√
𝛾̂(𝑝̂+ 𝜋̂∞)

𝜌̂
,

respectively. Here,

𝛾𝑗 =
1 
Γ𝑗

+ 1, (𝜋∞)𝑗 =
Π𝑗

Γ𝑗 + 1
, 𝜌̂ =

𝜌𝑗 +𝜌𝑗+1

2 
, 𝑢𝑗 =

(𝜌𝑢)𝑗
𝜌𝑗

,

𝑝𝑗 = (𝛾𝑗 − 1)
[
𝐸𝑗 −

1
2
𝜌𝑗𝑢

2
𝑗

]
− 𝛾𝑗 (𝜋∞)𝑗 , 𝜋̂∞ =

(𝜋∞)𝑗 + (𝜋∞)𝑗+1
2 

.

Notice that all of the ̂(⋅) quantities have to have a subscript index, that is, ̂(⋅) = ̂(⋅)
𝑗+ 1

2
, but we omit it for the sake of brevity for all 

of the quantities except for ̂
𝑗+ 1

2
. We then compute the matrix 𝑅

𝑗+ 1
2

composed of the right eigenvectors of ̂
𝑗+ 1

2
and obtain

𝑅
𝑗+ 1

2
=

⎛⎜⎜⎜⎜⎜⎜⎝

1 1 0 0 1
𝑢̂− 𝑐 𝑢̂ 0 0 𝑢̂+ 𝑐

𝑐2

𝛾̂ − 1
+ 1

2
𝑢̂2 − 𝑢̂𝑐

𝑢̂2

2 
𝑝̂ 0 𝑐2

𝛾̂ − 1
+ 1

2
𝑢̂2 + 𝑢̂𝑐

0 0 1 −1 0
0 0 0 𝑝̂ 0

⎞⎟⎟⎟⎟⎟⎟⎠
,

𝑅−1
𝑗+ 1

2
= 1 

2𝑐2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(𝛾̂ − 1)𝑢̂2

2 
+ 𝑢̂𝑐 −𝑐 − (𝛾̂ − 1)𝑢̂ 𝛾̂ − 1 (1 − 𝛾̂)𝑝̂ 1 − 𝛾̂

2𝑐2 − (𝛾̂ − 1)𝑢̂2 2(𝛾̂ − 1)𝑢̂ 2(1 − 𝛾̂) 2(𝛾̂ − 1)𝑝̂ 2(𝛾̂ − 1)

0 0 0 2𝑐2 2𝑐2
𝑝̂

0 0 0 0 −2𝑐2
𝑝̂

(𝛾̂ − 1)𝑢̂2

2 
− 𝑢̂𝑐 𝑐 − (𝛾̂ − 1)𝑢̂ 𝛾̂ − 1 (1 − 𝛾̂)𝑝̂ 1 − 𝛾̂

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

A.2. Two-dimensional case

We now compute the matrix ̂𝑭

𝑗+ 1
2 ,𝑘

and the corresponding matrices 𝑅
𝑗+ 1

2 ,𝑘
and 𝑅−1

𝑗+ 1
2 ,𝑘

for the 2-D 𝛾 -based compressible multfluid 

system.
We first compute 𝑭 = 𝜕𝑭

𝜕𝑼
−𝐵:

𝑭 (𝑼 ) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0
𝛾 − 3
2 

𝑢2 + 𝛾 − 1
2 

𝑣2 (3 − 𝛾)𝑢 (1 − 𝛾)𝑣 𝛾 − 1 (1 − 𝛾)𝑝 1 − 𝛾

−𝑢𝑣 𝑣 𝑢 0 0 0
𝑢𝑐2

1 − 𝛾
+
( 𝛾
2 
− 1

)
𝑢(𝑢2 + 𝑣2) 𝑐2

𝛾 − 1
+
(3
2
− 𝛾

)
𝑢2 + 1

2
𝑣2 (1 − 𝛾)𝑢𝑣 𝛾𝑢 (1 − 𝛾)𝑝𝑢 (1 − 𝛾)𝑢

0 0 0 0 𝑢 0
0 0 0 0 0 𝑢

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (A.2)
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and then introduce the matrix ̂𝑭

𝑗+ 1
2 ,𝑘

=(𝑼̂
𝑗+ 1

2 ,𝑘
), which is given by (A.2) with 𝛾 , 𝑢, 𝑣, 𝑝, and 𝑐 replaced with

𝛾̂ =
𝛾𝑗,𝑘 + 𝛾𝑗+1,𝑘

2 
, 𝑢̂ =

𝑢𝑗,𝑘 + 𝑢𝑗+1,𝑘

2 
, 𝑣̂ =

𝑣𝑗,𝑘 + 𝑣𝑗+1,𝑘

2 
, 𝑝̂ =

𝑝𝑗,𝑘 + 𝑝𝑗+1,𝑘

2 
, 𝑐 =

√
𝛾̂(𝑝̂+ 𝜋̂∞)

𝜌̂
,

respectively. Here,

𝛾𝑗,𝑘 =
1 

Γ𝑗,𝑘
+ 1, (𝜋∞)𝑗,𝑘 =

Π𝑗,𝑘

Γ𝑗,𝑘 + 1
, 𝜌̂ =

𝜌𝑗,𝑘 +𝜌𝑗+1,𝑘

2 
, 𝑢𝑗,𝑘 =

(𝜌𝑢)𝑗,𝑘
𝜌𝑗,𝑘

, 𝑣𝑗,𝑘 =
(𝜌𝑢)𝑗,𝑘
𝜌𝑗,𝑘

,

𝑝𝑗,𝑘 = (𝛾𝑗,𝑘 − 1)
[
𝐸𝑗,𝑘 −

1
2
𝜌𝑗,𝑘𝑢

2
𝑗,𝑘

− 1
2
𝜌𝑗,𝑘𝑣

2
𝑗,𝑘

]
− 𝛾𝑗,𝑘(𝜋∞)𝑗,𝑘, 𝜋̂∞ =

(𝜋∞)𝑗,𝑘 + (𝜋∞)𝑗+1,𝑘
2 

.

Notice that all of the ̂(⋅) quantities have to have a subscript index, that is, ̂(⋅) = ̂(⋅)
𝑗+ 1

2 ,𝑘
, but we omit it for the sake of brevity for 

all of the quantities except for ̂𝑭

𝑗+ 1
2 ,𝑘

. We then compute the matrix 𝑅
𝑗+ 1

2 ,𝑘
composed of the right eigenvectors of ̂𝑭

𝑗+ 1
2 ,𝑘

and obtain

𝑅
𝑗+ 1

2 ,𝑘
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 0 0 1
𝑢̂− 𝑐 𝑢̂ 0 0 0 𝑢̂+ 𝑐

𝑣̂ 𝑣̂ 1 0 0 𝑣̂

𝑐2

𝛾̂ − 1
+ 1

2
𝑢̂2 + 1

2
𝑣̂2 − 𝑢̂𝑐

𝑢̂2 + 𝑣̂2

2 
𝑣̂ 𝑝̂ 0 𝑐2

𝛾̂ − 1
+ 1

2
𝑢̂2 + 1

2
𝑣̂2 + 𝑢̂𝑐

0 0 0 1 1 0
0 0 0 0 −𝑝̂ 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠

𝑅−1
𝑗+ 1

2 ,𝑘
= 1 

2𝑐2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(𝛾̂ − 1)(𝑢̂2 + 𝑣̂2)
2 

+ 𝑢̂𝑐 −𝑐 − (𝛾̂ − 1)𝑢̂ (1 − 𝛾̂)𝑣̂ 𝛾̂ − 1 (1 − 𝛾̂)𝑝̂ 1 − 𝛾̂

2𝑐2 − (𝛾̂ − 1)(𝑢̂2 + 𝑣̂2) 2(𝛾̂ − 1)𝑢̂ 2(𝛾̂ − 1)𝑣̂ 2(1 − 𝛾̂) 2(𝛾̂ − 1)𝑝̂ 2(𝛾̂ − 1)
−2𝑐2𝑣̂ 0 2𝑐2 0 0 0

0 0 0 0 2𝑐2 2𝑐2
𝑝̂

(𝛾̂ − 1)(𝑢̂2 + 𝑣̂2)
2 

− 𝑢̂𝑐 𝑐 − (𝛾̂ − 1)ℎ𝑎𝑡𝑢 (1 − 𝛾̂)𝑣̂ 𝛾̂ − 1 (1 − 𝛾̂)𝑝̂ 1 − 𝛾̂

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Appendix B. LCD matrices for the TRSW equations

B.1. One-dimensional case

In order to compute the LCD matrices for the 1-D TRSW equations, we first compute the matrix  = 𝜕𝑮

𝜕𝑼
−𝐶 :

(𝑼 ) =

⎛⎜⎜⎜⎜⎝
0 0 1 0

−𝑢𝑣 𝑣 𝑢 0
𝑏ℎ

2 
− 𝑣2 0 2𝑣 ℎ

2 
−𝑏𝑣 0 𝑏 𝑣

⎞⎟⎟⎟⎟⎠
, (B.1)

and then introduce the matrices ̂
𝑘+ 1

2
=(𝑼̂

𝑘+ 1
2
), which are given by (B.1) with ℎ, 𝑢, 𝑣, and 𝑏 replaced with

ℎ̂ =
ℎ𝑘 +ℎ𝑘+1

2 
, 𝑢̂ =

𝑢𝑘 + 𝑢𝑘+1
2 

, 𝑣̂ =
𝑣𝑘 + 𝑣𝑘+1

2 
, 𝑏̂ =

𝑏𝑘 + 𝑏𝑘+1
2 

,

respectively. Here, 𝑢𝑘 = 𝑞𝑘∕ℎ𝑘, 𝑣𝑘 = 𝑝𝑘∕ℎ𝑘, and 𝑏𝑘 = (ℎ𝑏)𝑘∕ℎ𝑘.
Notice that all of the ̂(⋅) quantities have to have a subscript index, that is, ̂(⋅) = ̂(⋅)

𝑘+ 1
2
, but we omit it for the sake of brevity for all 

of the quantities except for ̂
𝑘+ 1

2
. We then compute the matrix 𝑅

𝑘+ 1
2

composed of the right eigenvectors of ̂
𝑘+ 1

2
and obtain

𝑅
𝑘+ 1

2
= 1

𝑏̂

⎛⎜⎜⎜⎜⎝
1 −1 0 1
𝑢̂ 0 𝑏̂ 𝑢̂

𝑣̂−
√
𝑏̂ℎ̂ −𝑣̂ 0 𝑣̂+

√
𝑏̂ℎ̂

𝑏̂ 𝑏̂ 0 𝑏̂

⎞⎟⎟⎟⎟⎠
, 𝑅−1

𝑘+ 1
2
= 1

4

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏̂+ 2𝑣̂

√
𝑏̂

ℎ̂
0 −2

√
𝑏̂

ℎ̂
1

−2𝑏̂ 0 0 2
−2𝑢̂ 4 0 −2 𝑢̂

𝑏̂

𝑏̂− 2𝑣̂

√
𝑏̂

ℎ̂
0 2

√
𝑏̂

ℎ̂
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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B.2. Two-dimensional case

We now compute the matrix ̂𝑭

𝑗+ 1
2 ,𝑘

and the corresponding matrices 𝑅
𝑗+ 1

2 ,𝑘
and 𝑅−1

𝑗+ 1
2 ,𝑘

for the 2-D TRSW equations.

We first compute 𝑭 = 𝜕𝑭

𝜕𝑼
−𝐵:

𝑭 (𝑼 ) =

⎛⎜⎜⎜⎜⎝
0 1 0 0

𝑏ℎ

2 
− 𝑢2 2𝑢 0 ℎ

2 
−𝑢𝑣 𝑣 𝑢 0
−𝑏𝑢 𝑏 0 𝑢

⎞⎟⎟⎟⎟⎠
, (B.2)

and then introduce the matrices ̂𝑭

𝑗+ 1
2 ,𝑘

=(𝑼̂
𝑗+ 1

2 ,𝑘
), which are given by (B.2) with ℎ, 𝑢, 𝑣, and 𝑏 replaced with

ℎ̂ =
ℎ𝑗,𝑘 +ℎ𝑗+1,𝑘

2 
, 𝑢̂ =

𝑢𝑗,𝑘 + 𝑢𝑗+1,𝑘

2 
, 𝑣̂ =

𝑣𝑗,𝑘 + 𝑣𝑗+1,𝑘

2 
, 𝑏̂ =

𝑏𝑗,𝑘 + 𝑏𝑗+1,𝑘

2 
,

respectively. Here 𝑢𝑘 = 𝑞𝑗,𝑘∕ℎ𝑗,𝑘, 𝑣𝑘 = 𝑝𝑗,𝑘∕ℎ𝑗,𝑘, and 𝑏𝑘 = (ℎ𝑏)𝑗,𝑘∕ℎ𝑗,𝑘.

Notice that all of the ̂(⋅) quantities have to have a subscript index, that is, ̂(⋅) = ̂(⋅)
𝑗+ 1

2 ,𝑘
, but we omit it for the sake of brevity for 

all of the quantities except for ̂𝑭

𝑗+ 1
2 ,𝑘

. We then compute the matrix 𝑅
𝑗+ 1

2
composed of the right eigenvectors of ̂𝑭

𝑗+ 1
2 ,𝑘

and obtain

𝑅
𝑗+ 1

2 ,𝑘
= 1

𝑏̂

⎛⎜⎜⎜⎜⎝
1 −1 0 1

𝑢̂−
√
𝑏̂ℎ̂ −𝑢̂ 0 𝑢̂+

√
𝑏̂ℎ̂

𝑣̂ 0 𝑏̂ 𝑣̂

𝑏̂ 𝑏̂ 0 𝑏̂

⎞⎟⎟⎟⎟⎠
, 𝑅−1

𝑗+ 1
2 ,𝑘

= 1
4

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑏̂+ 2𝑢̂

√
𝑏̂

ℎ̂
0 −2

√
𝑏̂

ℎ̂
1

−2𝑏̂ 0 0 2
−2𝑣̂ 0 4 −2 𝑣̂

𝑏̂

𝑏̂− 2𝑢̂

√
𝑏̂

ℎ̂
2

√
𝑏̂

ℎ̂
0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Data availability

Data will be made available on request.
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