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Abstract

We study dissipative weak (DW) solutions of the Euler equations of gas dynamics using the first-
, second-, third-, fifth-, seventh-, and ninth-order local characteristic decomposition-based central-
upwind (LCDCU), low-dissipation central-upwind (LDCU), and viscous finite volume (VFV) meth-
ods, whose higher-order extensions are obtained via the framework of the alternative weighted
essentially non-oscillatory (A-WENO) schemes. These methods are applied to several benchmark
problems, including several two-dimensional Riemann problems and a Kelvin-Helmholtz instabil-
ity test. The numerical results demonstrate that for methods converging only weakly in space
and time, the limiting solutions are generalized DW solutions, approximated in the sense of -
convergence and dependent on the numerical scheme. For all of the studied methods, we compute
the associated Young measures and compare the DW solutions using entropy production and energy
defect criteria.

Key words: Dissipative solutions; Euler equations of gas dynamics; finite volume methods; high-
order schemes; two-dimensional Riemann problems; Kelvin-Helmholtz instability.
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1 Introduction

We consider the two-dimensional (2-D) Euler equations of gas dynamics, which read as

pr+ (pu)z + (pv)y =0,

(pu)s + (pu® + p)a + (puv), = 0,
(p0)e + (puv); + (pv* + p)y = 0,
Ei+ [w(E +p), + [v(E +p)], = 0.

(1.1)

Here, x and y are spatial variables, ¢ the time, p is the density, v and v are the velocities in the x- and
y-directions, respectively, E is the total energy, p is the pressure. The system (1.1) is closed using the
following polytropic equation of state:

1 1
e(p,0) = b, cp = po— p(p,0) = (y—1)pe=p0 = (y— 1) E - §p(u2 +07)],  (1.2)
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where e is the specific internal energy, @ is the absolute temperature, m = (pu,pv)’ is the mo-
mentum vector, and v > 1 is a constant representing the adiabatic coefficient. The second law of
thermodynamics is expressed by the entropy inequality for the total entropy S:

St + (Su)z + (Sv)y >0, S:=cypln <57> . (1.3)

We consider a bounded domain Q C R?, with either periodic or no-flux boundary conditions, and the
initial conditions

[my?

p(xvyao) = pO(xay)v m(a:,y,O) = mo(x,y), S((L’,y,O) = SO(xay)a EO = poe(p()?SO) + . (14)

Po

It is well-known that solutions of (1.1)—(1.2) may develop complex wave structures, such as shock
waves, rarefactions, and contact discontinuities, even when the initial data are infinitely smooth.
Consequently, distributional weak solutions of (1.1)—(1.2) are typically considered. However, it was
proved in [12] that the multidimensional compressible Euler equations admit infinitely many weak
entropy solutions satisfying (1.3) for a wide range of initial data; see also [2,7,15] and references
therein.

As it was demonstrated in many simulations reported in, e.g., [4,5,16,21,27], no strong convergence
is observed when numerical methods are applied to shear flows appearing, for instance, in Kelvin-
Helmholtz (KH) instability problems. Consequently, a natural question arises: What is the weak
limit of those numerical approzimations? To answer this question, one has to introduce a generalized
solution concept, which is amenable to numerical methods. As advocated in [13], measure-valued
solutions are suitable to represent low-regularity or rough solutions. Measure-valued solutions for
multidimensional hyperbolic conservation laws were also studied in [21] and references therein. In
this paper, we will concentrate on consistent approximations of dissipative weak (DW) solutions [19]
of the Euler equations of gas dynamics.

According to the results reported in [16,21], the limit of consistent approximations is not a weak
solution in the sense of distributions, if the convergence is only weak. However, a weak convergence of
numerical solutions can lead to the strong convergence to a DW solution by averaging the numerical
solutions over different mesh resolutions. In [19,30], the Cesaro averages over different meshes were
considered for low-order numerical methods and a strong convergence of the Cesaro averages to a DW
solution was observed; see also [16] as well as [6], where a fifth-order alternative weighted essentially
non-oscillatory (A-WENO) scheme was used to compute the Cesaro averages.

In this paper, we study the convergence of several modern finite volume (FV) and finite difference
(FD) methods of different orders of spatial accuracy. Although a rigorous consistency analysis is
not available for high-order methods, the numerical study presented in this paper indicates that the
numerical approximations of different orders converge weakly. This demonstrates that the consistency
errors decay when the mesh is refined. The sequence of numerical solutions behaves in the following
way. When a weak solution of the problem exists, all different numerical methods converge to this
weak solution. However, when the solutions exhibit oscillations and develop turbulent structures,
different numerical methods may yield different limiting DW solutions. In light of this observation,
we discuss possible selection criteria for choosing an admissible and physically relevant solution among
those oscillatory numerical solutions.

The paper is organized as follows. In §2, we give a brief overview of consistent approximations and
DW solutions. In §3, we present a description of FV and FD methods used in the conducted numerical
experiments. §4 contains simulations for several problems, including several configurations of the 2-D
Riemann problems and the KH instability. We analyze the density profiles of the obtained numerical
solutions, along with the averages over solutions of different orders and their time averages. For the
KH problem, we also compute the underlying Young measure in specific subdomains. Additionally,
we assess entropy production and energy defects of various methods to evaluate them with respect to
the selection criteria. Finally, §5 is devoted to a brief conclusion.
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2 Consistent Approximations and Dissipative Weak Solutions

To analyze a given numerical method and establish its convergence, it is essential to investigate
the local consistency error. For this purpose, the notion of a consistent approximation seems to be
particularly useful; see, e.g., [19].

Definition 2.1 (Consistent approximation) A sequence {p;, my, S¢};2, is a consistent approxi-
mation of (1.1)-(1.4) in Q x (0,T) if

e There is a sequence {po.e, Mo, So}, . that weakly approzimates the initial data (1.4), that is,

poe — po weakly in LY(Q), mo e — mg weakly in Ll(Q;Rz), So,e — So weakly in Ll(Q),

2 2
/ <| OZ| + po, 26([)0 0, So g)) dxdy — / < + poe(po, S())) dxdy,
Q

2po,¢

and satisfies the energy inequality

m 2 moy 2
/ (! ¢l + peelpe, 50) (1) dady < / <‘0’ + po,ee(po,e, So,z)) dzdy + ¢;
J 201 ) 2po,¢

for a.a. t € [0, T) with e} — 0 as { — oo;

e The equation of continuity

/ / (prpr + me- Vo) dedydt = — / po.o(-0) dady + €3]
Q

holds for any ¢ € CH(Q x [0,T)) with e2[¢] — 0 as £ — oo for any ¢ € C2(Q x [0,T));

e The momentum equation

Xm
/ / (mz @1+ L0 ™ Vi s0p(pr, S0V «p) dadydt
/ mo,p(-,0) dzdy + €[]

holds for any ¢ € CL(Q x [0,T);R?) with €}[p] — 0 as £ — oo for any ¢ € C2(Q x [0,T); R?);
e The entropy inequality

T

m
/ / (Sesotmppo <Sep;) -w) dedydt < — / So00(-0) + el[g]
0 0 Q

holds for any ¢ € CL(Q2 x [0,T)), ¢ > 0 with e}[] — 0 as £ — oo for any ¢ € C2(Q x [0,T));
e The minimum entropy principle is satisfied, namely, there exists s € R such that Sy > pys a.e.

in Q% (0,7T).

A consistent approximation can be obtained through various strategies, such as vanishing viscosity
methods or structure-preserving numerical schemes. Different numerical methods on a sequence of
refined meshes denoted as {Zj, }32,, where h,, > 0 represents a mesh parameter, were considered
n [19]. This approach yields consistent approximations denoted by

{pe;me, Se} 2y = {pn,. mn, Sh, treys  hn — 0and £ = £(hy,) — 0o as n — oo.

The following result was established in [16].



4 S. CHu, M. HERTY, A. KURGANOV, M. LUKACOVA-MEDVIDOVA & C. YU

Theorem 2.2 Let {p;, my, S¢}72, be a family of consistent approximations of (1.1)-(1.4) in the sense
of Definition 2.1, such that

pe—p  weakly-(*) in L0, T; L(%),
my — m  weakly-(*) in L>(0,T; L%(Q;RQ)),
Sy — S weakly-(*) in L*>(0,T; L7(2)),

as £ — oo. Suppose that Sy > spy for some constant s € R uniformly for ¢ — oo and the limit
(p,m,S) is a weak solution of (1.1)—(1.4). Then, for any finite 1 < r < oo, there exists a subsequence
{pe,, M, Se, } such that

py, = p  in L7(0,T5L7(9)),

my, —m in L0, T; L1 (Q; R2)),
Se. =S in L'(0,T; L()),
as by, — oo.

Next, we provide a definition of DW solutions and state two convergence results proved in [16,18,
19].

Definition 2.3 (DW solution) Let the initial data satisfy

po € L7(R2), mg € L%(Q;RZ), So € L7(2), and /E(po,mo, So) dzdy < oo,
Q

We say that (p,m,S) is a DW solution of (1.1)—(1.4) in Q x [0,T), 0 < T < oo, if it satisfies the

following properties.

e Regularity

pE Cweak([ovT];Ly(Q))’ m < Cweak([O7T];L%(Q;R2))a
S € L®(0,T; L7(2)) N BViear ([0, T]; L7(€2)),

[ B.m.$).0)dady < [ B(po,mo. 50)dady for any 1 € 0.7)
Q Q
e The equation of continuity

T
//(psoﬂrm‘vs@) dadydt = —/PW(',O) dady
0 Q Q

holds for any ¢ € CL(Q x [0,T)).

e The momentum equation

T
//<m~<pt+11,,>0m®m :V<p+p(p,S)V-cp> dzdydt
0 Q p
T
://Vgo:df)f{(t)dt/mg-go(-,())dxdy
0 Q Q

holds for any ¢ € CL(Q2x[0,T);R?), where R € L>=(0,T; MT(Q;R2X2)) is the Reynolds defect stress.

Sym
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o The entropy inequality

t/@mm+wumﬂ—smn—wunabmwzf/(&%+©@mmmaﬁwwvw¢mmu
Q 71 Q

with S(-,0—) = So holds for any 0 < 7 < 70 < T, any ¢ € CHQ x [0,T)), ¢ > 0, where
Vet @yyeoxor) s a parametrized probability (Young) measure:
Vayt € LO(Q x (0,T)); P(RY), R = {,66 R,m € R% S € R} :
WVip)=p. i) =m. (1:§)=S.

e The energy inequality and compatibility of the energy and Reynolds stress defects.

[ EGote0).m,0).50.0) dody + [ det) < [ B(on,mo. 55) dad
Q Q Q
where € € L>(0,T; MT(Q)) is the energy defect satisfying
2min {1,7 — 1} € < trace[R] < 2max {1,y — 1} &
Remark 2.1 A DW solution (p,m,S) can be interpreted as the expected value of a Young measure
{Viyt}, which is generated by a consistent approximation of (1.1)-(1.4); see [19, Chapter 5. Note

that o dissipative-strong uniqueness principle for DW solutions holds. Consequently, as long as the
strong solution exists, all DW solutions coincide with the strong solution.

Theorem 2.4 (Weak versus strong convergence) Let the initial data {poe, Mo, Eo}52, satisfy

|10, |2

poe >0, FEgp—
£0,¢

>0, VL.

Let {pe,my, Se}72, be a consistent approximation of (1.1)-(1.4) in the sense of Definition 2.1 and let
it be uniformly bounded, that is, there exists a positive constant C' such that

[(pe; e, So)ll Lo (x0,1)) < C, VL.
Then, a subsequence of the consistent approxzimation {py,, my, , Sy, } generates a DW solution (p, m, S)
in the sense of Definition 2.3, that is,
(Pt My Si) — (pym, S) weakly-(*) in L(Q x (0, T); R,
E(pey, My, Se) — Veys; E(5,m, S)) weakly-(*) in L(Q x (0,T)),

as by — 0o0. Moreover, if the Euler system admits a strong solution (p,m, E), which is Lipschitz
continuous in 2 x [0,T], then

pe—p, my—m, E,—FE inLi(Qx(0,T)) as { — oo, Yq € [1,00).

Theorem 2.5 (IC-convergence) Let the assumptions of Theorem 2.4 hold and {pe, my, S;}52, be a
consistent and bounded approzimation of (1.1)-(1.4). Then, there exists a subsequence {py, , my, , Sy, },
which converges strongly to a DW solution (p, m,S) in the following sense:

= 1 « .
(Brs Mn, Sn) 5= =) (e, ma,, Se,) = (p,m, ) in LY(Q x (0,T); RY), Vg € [1,00),
k=1

~ 1< PPN
Ep =~ > E(pe,,may, S) = Vays, E(p,m, S)) in LYQ x (0,T), Yq € [1,00),
k=1
as n — oQ.
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3 Numerical Schemes

In this section, we provide a brief overview of the 2-D semi-discrete schemes used to conduct the
numerical experiments in this paper.

We introduce uniform rectangular cells Cjj := [:cj_%,:chr%] X [yk_%,ykJr%] centered at (z;, yx)
with z; = (xj_% +xj+%)/2 and yy, = (yk-i-% —i—yk_%)/z The spatial mesh sizes are 2,1 —x; 1 = Az
and y, 1 — y,_1 = Ay, respectively. Below, we will describe low-order FV methods (§3.1) and

2 2

high-order FD A-WENO schemes (§3.2).

In the FV methods, the computed discrete quantities are the cell averages, which are denoted by

k(t) = ﬁAy Jo.  Ul(#,y,t)dzdy and assumed to be available at a certain time level ¢. Prior to
75

U,
evolving them in time, we will perform a conservative piecewise constant (for first-order methods) or
piecewise linear (for second-order methods) reconstruction

U(x,y) = Ujr + (Us)jk(z — 25) + (Uy)jr(y — vk), (2,9) € Cip, (3.1)
whose one-sided point values at the midpoints of the cell interfaces are
— Az _ — Az
ULy, =Uk—— Wik, Uy, =Upn+ —(Us)jn,
J ka 2 .7+27k 2 (3 2)
¥ — Ay _ — Ay ’
Uiy = Uiw = 5 Wylin, Upy1 = Ui+ (U,

where (Uy);r = (Uy);r = 0 for all j,k for first-order methods, while for the second-order methods,
the slopes (Uy,);r and (Uy); i are to be computed using a nonlinear limiter. In the numerical results
reported in §4, we have used a generalized minmod limiter (see, e.g., [28,31,37]):

Un—Tp On-Uorp O T
(Uz)j,k — minmod (9 J+1.k 7,k J+1.k 7—L1k 7.k 7 1,k:> :

Ax ’ 2Azx » 6 Ax

T T T Tur , Ok T
Ay ’ 2Ay ’ Ay ’

(Uy) jx = minmod (

where the minmod function is defined by

min(z1, z2,...) if z; > 0, V4,
minmod(z1, 22, ...) = { max(z1, 22,...) if z; <0,Vi,

0 otherwise,

and the parameter 6 was set to 1.3.

Note that most of the indexed quantities in (3.1)—(3.3) as well as in formulae below are time-
dependent, but we suppress this dependence for the sake of brevity.

In the FD A-WENO schemes, the computed discrete quantities are point values Uj , :~ U (z;, y, t).
Before evolving them in time, we use one-dimensional WENO interpolants of an appropriate order,
implemented in the local characteristic fields (see, e.g., [25,29,32,33,36] and references therein) in the
x- and y-directions to obtain the point values Ujji L and Ukar L respectively.

3.1 Low-Order FV Schemes

In these schemes, the cell averages l_fjk(t) are evolved in time by solving the following system of
ODEs:

17 :F-FVI - TFVI gFV 1~ gFV 1
dU; i, _ Jjt3.k J—3k  Tikts Jik—5 (3.4)
dt Az Ay ’
FV - + F - + ; e .
where ’7:j+%,k( L Uj+%’k) and gNH%( jkad Uj7k+%) are either the local characteristic decom

position based central-upwind (LCDCU) numerical fluxes from [4], low-dissipation central-upwind
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(LDCU) numerical fluxes from [10], or viscous finite volume (VFV) numerical fluxes from [19]. In

the rest of this section, we provide a detailed description of the VFV numerical fluxes, which read as

FV _ FV,p FV pU FV, pv FV,E FV _ FV,p FV,pu »FV,pv ,FV,E
Fit e = P PR FL R Al and G = (G7,00,6,,007,G,, 00, 6,0 ), where

FV,p _ gupw,p FV,pu _ rupw,pu 1 + o=
F. 1 =F, 1 F. 1 =F. 1 + ( ]+ +p‘7+27k> (uj-f—%,k uj-i—%,k‘)’

Jt+3.k Jt+3z.k’ Jt+3.k Jt+s.k 2
FV,pv _ zupw,pv _ ¢ + e
Fivtwe = Firtn (vj+%7k Uj+%,k)’ (3.5)
1 .
FV, E upw, E - — + +
Fietn = Fiin T3 (“j+§,kpj+$,k + “j+%,kpj+§,k)
1 2 2 _ 2 _ 2
_ = + + _ _
2<(“j+$,k) T ()" () )
and FV FV,
P _ oUpW,p U GUPW P () F -
Gikir =Yihetr Yipir = Yinrd (uj,k—&-% uj,k-i—%)’
1
FV,pv _ ~upw,pv (T o
Ot =9t g v o) = (0 —vea), 56)
FV,E _ pupw,E | L/ _ )
gj,k+é B gj,k+% + 2(Uj,k+ gk+1 v Jk'+1pj k+3 1)
1 2 2 _ 2 _ 2
_ = + + _ _
2<(“j,k+§) * (”j,k+$) (“j,k+é) (Uj,k+%) )
In the above formulae,
1
upw L +
:Fﬁ'z’k 4( +2’k+u+27k }u +u+2’k‘ >(U+2’k+UJ+2’k) (3.7)
h )
upw 2 N + _ - +
iy = 1 (Winrs T ke |”j,kz+§ T = VW U ),
+ + - 2 + 2
L (PU)jJr%’k T (PU)jJF%Jg R ((pu)ﬁrk) + ((pv)j+%’k)
+3k T R N e AT +3k + '
ok Pivie 72 Pivie 72 | 20701 4
+ + - + 2 4 2
U 1 =—=x 5 V., 1 =—x 5 P, 1=V~ P S
k3 + b gkt + © Tk k+3 +
SR TTE N | 205 k4

Remark 3.1 We stress that the first-order VFV scheme, which according to [18] produces consistent
approzimations, is slightly different from the scheme (3.4)-(3.7). The difference is in the evolution of
Ej ., which, in the first-order scheme, reads as

J,—_-upw,E . ]_-upW,E gupW,E B gupW,E

dEjp _ urdk ik Tikel T Fieed
dt Ax Ay
o Pi+1k = Pi-1k Y Ujt+lk — Uj—1k v Pjk+1 — Pjk—1 Y Vjk+1 — V5 k-1
a-k 2Ax gk 2Azx gk 2Ay gk 2Ay

n (u;——l-l,k)z - 2(“&)2 + (u;——l,k)2 + (v;_+1,k)2 - 2(”;02 + (v;_—l,k)Z
2Ax

n (UI/C+1)2 - 2(“;:k)2 =+ (U;:k71)2 + (U;:k+1)2 - 2(”;:k)2 + (Uj':kfl)Q
2Ay )

3.2 High-Order FD A-WENO Schemes

In this section, we present higher-order extensions of the low-order schemes from §3.1 within the FD
A-WENO framework introduced in [25]; see also [11,22,29].
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In FD A-WENO schemes, computed solutions are realized in terms of the point values Uj (rather
than the cell averages Uj ), which are evolved in time by solving the following system of ODEs:

dU; i, _ _j:j+%,k - ',ijé,k B gj,k+% - gj,kfé (3.8)
dt Az Ay ’ ’

where the numerical fluxes F Lk and G ikl are defined by

.’Fj_%’k = Fﬁ:’;k — M2(A$)2(me)j+%7k +H(r — 4)u4(A$)4(me)j+%’k

— H(r = 6)6(A2)° (Frazaaa) 11 1 1, + H(r — 8)18(A2)* (Fuaawowan) j1 1 i
Gjrrl = gi?;r% - M2(Ay)2(ny)j,k+% +H(r— 4)N4(Ay)4(nyyy)j,k+§
—H(r— 6)#6(Ay)6(nyyyyy)j,k+% +H(r — 8)#8(Ay)s(nyyyyyyy)j‘,H%-

Here, uy = 1/24, py = 7/5760, ug = 31/967680, ug = 127/154828800, H is the Heaviside function,

_ - FV - + FV - +
r=23,5,7, or9 is the order of the scheme, Tj+§,k (Uj+%,k’ Uj-&-%,k) and Qj’kJr% (Uj,k+%’Uj,k+%) are
the FV numerical fluxes, which are computed using the one-sided point values Uﬁ 1 which are

2’

obtained using an rth-order WENO interpolation applied to the local characteristic variables, and

(Fxx)j+%’k, (Fx:pxx)j+%7ka (Fxxmzx:r)j+%’k7 (Fx:pxmcmzx)j+%’k, (ny)j’k+%7 (nyyy)j,kJr%’ (nyyyyy)ijr%a

and (Gyyyyyyyy) jk+l are the higher-order correction terms, which can be computed with the help of
’ 2

the FV numerical fluxes ]:J.FI 1, and gf}; L1 as it was first done in [11] for the fifth-order A-WENO
20 TG
schemes. The formulae for these terms depend on the order of the scheme and for different values of

r they are given below together with the details on particular WENO interpolations used for each r.

r = 3 (third-order schemes)

1 FV FV FV 1 FV FV FV
(Frl')j_t'_%’k = W [Tj—%,k —2.7—'j+%7,€+.7-'j+%,k ) (ny)j,k—‘,-% = W gj,k;—% - 2gj,k+§ +gj,k+§ :

The one-sided point values Ujji 1 and UjiH , are computed using the third-order WENO interpola-
2> TG
tion introduced in [8,9]; for details, we refer the reader to [9, Appendix A].

r = 5 (fifth-order schemes) (Fm)jJr;k, (Frzaz)

in [11, (4.4)], and the one-sided point values Ujji%,k !

WENO-Z interpolation from [1,3,14]; for details, we refer the reader to [5, Appendix A].

jrEye (ny)j’kJr%, and (nyyy)j,m% are defined

and U],“—LkJrl are computed using the fifth-order

r =7 (seventh-order schemes)

1

_ (o £ FV FV FV
(sz)j+%,k — W -QTj_ng - 27.7:‘7_%’]{: + 2707]—%,k

FV FV F FV
_ 49().7:'#%71C + 270.7-'].+%7]€ — 27‘7:j+g,k + 2.7:j+%7k};

1 FV FV FV

FV F FV FV

+56F ) —39F Y +12F Y~ fﬁg’k},
I [ -pv FV FV

(szxwzx%_’_;k - W _Fj—%,k - ij—%,k + 15?j—%,]€

FV FV FV FV
—20F Y, +15F LY —6FEY 7-'].+%’k},

1 FV FV FV

(ny)j,k+

1
2
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—490G Y, 1 +270G, 5 — 2765 5 + 267 w]
1
(nyyy)j,k:-i-% = W[ gFZ 5 + 12QFZ s~ 39g]k 1

+56G7Y, 1 —3901Y 4 +1207) . — GV .

1 FV FV FV FV
(nyyyyy)j,kpr% = (Ay)° [gj,kf% - 6G . jik—3 + 159 - 209] kil + 15gj ki3 6gj Rl + g] k+7]

The one-sided point values U+ 1 and Ujik+ , are computed using the seventh-order WENO-Z inter-
27 ’ 2

polation from [22].

r =9 (ninth-order schemes)

_ 1 FV FV FV FV
(Fua)ji1 s = 5010(A)? [ —oF [V +128F Y, | 1008F 7, 4 8064F ) |

FV FV FV FV FV
— 14350F Y, | +8004F Yy —1008F Y, + 128F Yo —9F LY, ],
1 FV FV FV FV
(Frvaa)js 0 = 53508071 T [TF s = 96F Y+ 6T6F N —1950F ) |
FV FV FV FV FV
+2730F Y, | — 1952F Yy +676F 1Y —96F Y +7FLY ],
1

_ FV FV FV FV
(szx$m$)j+%7k = W |: - ]:j—z,k: + 12‘7:-j—§,k — 52.7:j_ + 116.'F 1k

FV FV FV FV FV
—150F Y, + 16F Y —52FEY  +12F Y —F Y,
1
(waxxxa:maz)j_,'_;k = (Ax) |:]:F k 8‘¢]‘F—%,k + 28.7:;1 56f'F k

+T0F LY —56F Yy +o8F Y, —sFEY +F I ],
Gyt = W 9%y, +128G") . —1008G") , + 80646
—14350G7 )" 1 +8064G ) 5 — 1008G 1 - +128G ', + — 9gFZ+J
(Gyyyy) jist = 240(1Ay)4 TGTN 1 —96G1) s + 676G 4 —1952G 7

TR

FV FV FV FV
+2730G%Y, , — 195267« +6760" . —966TY , +7G"Y .|,
1 FV FV FV FV
(nyyyyy)j,m% = 4(Ay)o [— gm_% + 12gj7k_g - 52gj,k;_g + 116gj,k—%

FV FV FV
—1500%Y,  + 11667, o — 520 . + 1207 . —GTY L],

1 FV FV FV FV
(nyyyyyyy)j,k+% = (Ay)B [gj,k:—z - Sggy -5 + 28g]’,k—§ - 569ij -

2

+ 7068y, — 566 o +2865Y . —8GTY L +GTY ]

The one-sided point values U+t

Lk and UJ,“—L]€+ , are computed using the ninth-order WENO-Z interpo-
27 ’ 2
lation from [22].

4 Numerical Results

In this section, we present the numerical simulations conducted using the schemes described in §3 for
three 2-D Riemann problems and the KH instability problem.
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In all of the examples, we take a uniform mesh with Az = Ay = 1/1024 on the computational
domain [0,1] x [0,1]. We numerically integrate the ODE systems (3.4) and (3.8) using the three-
stage third-order strong stability preserving Runge-Kutta method (see, e.g., [23,24]) and use the CFL
number 0.45 for the schemes employing the LCDCU and LDCU numerical fluxes and 0.1, when the
VFEV numerical fluxes are utilized.

Below, we will use the following notation for the solutions computed using the same numerical
flux, but with different orders of the resulting scheme: (pg, my,Sy), (r) = 1,...,6 are solutions
computed by the first-, second-, third-, fifth-, seventh-, and ninth-order schemes, respectively, that
is, £(1) = 1, £(2) = 2, £(3) = 3, £(5) = 4, £(7) = 5, and £(9) = 6. In accordance with the concept of
K-convergence described in Theorem 2.5, we will average these solutions to obtain (p,, mn, S,) " =
%Z?Zl(pg, my, Sp) T, where n =1,...,6.

In some of the examples below, oscillatory solutions are to be captured. As explained in Remark
2.1, such solutions should be represented as a Young measure in the phase space. In fact, when the
solution is a weak solution, the corresponding Young measure is expected to be a Dirac §-function. In
order to check whether the obtained solution is a genuine DW solution or a weak solution in the sense
of distributions, we will approximate the probability density function (PDF) of the Young measure
{Viyt} as follows.

We take a certain small rectangular subdomain Q and compute

p:= min _p;r and p:= max _pjk.

(zj,yx)EQ (z5,y8)€Q

We then introduce Ap := (p — p)/30 and the following partition of the interval [p,p|:

.7 = | [0, p+2)), where p(3) = p, pl*2) = pl=3) 4 Ap, i=2,...,30.

The distribution of the dataset formed by the values p; j across all Cj C Qis represented by a function
o¢ = o¢(p), where the subscript £ = ¢(r) indicates that the density values have been computed using
the r-th order scheme. More specifically, ag(p(i)) denotes the number of cells Cj; for which the

computed values p; ;. fall within the interval [p(i_%), p(”%)). Additionally, we apply a normalization
such that
30 '
Apy_ou(p?”) =
i=1

n
In order to obtain a strong convergence, we average the sequence {o,} and introduce 7, := % > oy

n=1,...,6.

4.1 2-D Riemann Problems

We begin by considering three 2-D Riemann problems from [26] (see also [34,35,38]): Configurations
2—4. The details on the initial data, subject to the free boundary conditions, are specified below.

Configuration 2. In the first example, the initial data are

1,0,0,1), x> 0.5, y>0.5,
0.5197,—-0.7259,0,0.4), x < 0.5, y > 0.5,
,—0.7259, —0.7259,1), = < 0.5, y < 0.5,

(
(p,u,v,p)(w,y,0) = E
(0.5197,0,—0.7259,0.4), = > 0.5, y < 0.5,

and far from the center of the computational domain, the solution consists of four rarefaction waves.
We compute the numerical solutions until the final time 7" = 0.2 using the studied schemes and
show the results, obtained by the first-, third-, and ninth-order schemes in Figure 4.1. As one can
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see, the use of all three numerical fluxes leads to similar solutions, especially when the ninth-order
results are compared. The absence of oscillations in the obtained numerical solutions indicates that
they converge to the same weak solution.

, 1-order LCDCU . l-order LDCU . l-order VFV
1 1 1
0.9 0.9 0.9
0.8 0.8 0.8
0.8 0.8 08
0.6 07 06 07 06 0.7
0.6 0.6 0.6
0.4 0.4 0.4
0.5 05 0.5
0.2 0.4 0.2 0.4 0.2 0.4
0.3 03 03
0 0 % 02 04 06 08 1
0 02 04 06 08 1 0 02 04 06 08 1 - - . -
1 3-order LCDCU X 3-order LDCU . 3-order VFV ]
1 1
0.9 0.9 0.9
0.8 0.8 0.8
0.8 0.8 08
0.6 07 0.6 0.7 0.6 0.7
0.6 0.6 0.6
0.4 0.4 04
0.5 0.5 0.5
0.2 0.4 0.2 04 0.2 0.4
0.3 03 03
0 0 0 2 4 1
0 02 04 06 08 1 0 02 04 06 08 1 U 0 06 08

9-order LCDCU 9-order LDCU 9-order VFV

1 1 1 1 1
0.9 0.9 0.9
0.8 0.8 .
0.8 0.8 0.8
0.6 07 06 0.7 . 0.7
0.6 0.6 0.6
0.4 0.4 .
0.5 0.5 0.5
0.2 0.4 0.2 0.4 . 0.4
0.3 0.3 0.3
0 0 0o 0 0 0 0.8
0 02 04 06 08 1 0 02 04 06 08 1 -2 -4 6 - 1

Figure 4.1: Configuration 2: Density computed by the first- (top row), third- (middle row), and ninth-order
(bottom row) LCDCU (left column), LDCU (middle column), and VFV (right column) schemes.

Configuration 4. In this example, the initial data are

(1.1,0,0,1.1), z>05, y>0.5,
(1,0, ) (2,9, 0) = (0.5065,0.8939,0,0.35), =z < 0.5, y > 0.5,
Uy U, 'Y, (1.1,0.8939,0.8939,1.1), x < 0.5, y < 0.5,
(

0.5065,0,0.8939,0.35), > 0.5, y <0.5,

and far from the center of the computational domain, the solution consists of four shock waves.

We compute the numerical solutions until the final time 7" = 0.25 using the studied schemes and
show the results, obtained by the first-, third-, and ninth-order schemes in Figure 4.2. Although the
solutions are not smooth, the results exhibit clear similarities, indicating that the different methods
converge to the same weak solution.
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1-order LCDCU 1-order LDCU l-order VFV

[

05 0.5

0 0.2 0.4 0.6 08 1 0 0.2 0.4 0.6 0.8 1

3-order LCDCU 3-order LDCU

05 0.5

0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

9-order LCDCU 9-order LDCU 9-order VFV

\ 0.8 \

0.6

[S)
[S)

L5 0.6

N A

0.4 0.4

0.2 02

0.5 0 0.5 0 0.5

0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

Figure 4.2: Configuration 4: Density computed by the first- (top row), third- (middle row), and ninth-order
(bottom row) LCDCU (left column), LDCU (middle column), and VFV (right column) schemes.

Configuration 3. In this example, the initial data are

(1.5,0,0,1.5), z>08, y> 0.8,

(0.5323,1.206, 0, 0.3), <08, y> 0.8,
(p,u,v,p)(w,y,0) =

(0.138,1.206,1.206,0.029), z < 0.8, y < 0.8,

(0.5323,0, 1.206, 0.3), z>08, y<0.8,

and far from the center of the computational domain, the solution consists of four shock waves.

We compute the numerical solutions until the final time T = 0.8 using the studied schemes and
show the results, obtained by the first-, third-, and seventh-order schemes in Figure 4.3. As one
can see, the higher-order schemes can better capture the sideband instability of the jet in the zones
of strong along-jet velocity shear and the instability along the jet’s neck. This indicates that the
numerical methods may produce true DW solutions, with convergence being only weak, as indicated
by Theorem 2.2. We then investigate the convergence behavior of the average quantities. In Figure
4.4, we present the average densities p3, py, and ps for the three studied methods. It can be observed
that the average densities exhibit similar profiles across the different orders of accuracy, indicating
a strong convergence of the averaged sequence. Note, however, that the limiting DW solution for
different methods may differ; see the discussion below.

Next, we approximate the time averages of a DW solution by evaluating the time averages of the
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1-order LCDCU l-order LDCU l-order VFV

1 1 1

| 1.6 1.6 16

0.8 \ L4 08 L4 08 4

0.6 12 0.6 12 o6 12
1 1 1

0.4 08 04 0.8 04 0.8

0.6 - 0.6 0.6

0.2 04 02 o 02 o4

0 02 0 02 0 02

0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
3-order LCDCU 3-order LDCU 3-order VFV

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

7-order LCDCU 7-order VFV

0 02 04 0.6 08 1 0 0.2 0.4 0.6 08 1

Figure 4.3: Configuration 3: Density computed by the first- (top row), third- (middle row), and seventh-
order (bottom row) LCDCU (left column), LDCU (middle column), and VFV (right column) schemes.

computed densities, which are denoted by
T
o= [ty
l T ) Y
0

where T is the final time. Figure 4.5 shows pg for the three studied methods and Figure 4.6 presents
the time averages of ps, which we denote by

1T
~T ~
= — - 1) dt.
Ps T/ps(,)
0

These figures suggest that there is almost no difference between the time averaged flows computed
by different methods. We note that time averages ﬁg are typically used in the analysis of turbulent
flows.

Finally, we establish the experimental PDF's of the Young measures for the three studied schemes.
In this example, we choose the following two subdomains:

() = [0.42,0.43] x [0.63,0.64] and € = [0.60,0.61] x [0.37,0.38],

compute o3, 04, and o5, and plot the obtained results in Figure 4.7. As one can see, the average
sequences from various numerical methods yield different limiting PDFs, particularly for subdomain
1, indicating that the order-averaged solutions converge to different DW solutions.
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LCDCU, p3 LDCU, p3 VFV, p3

0.8

LDCU, 7, VEV, 54

0 0.2 0.4 0.6 0.8 1

LCDCU, ps VFV, p5

08 4 08

0.6 0.6
0.4 0.8 0.4

0.2 0.2

0

0
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

Figure 4.4: Configuration 3: p3 (top row), ps4 (middle row), and p5 (bottom row) computed by the LCDCU
(left column), LDCU (middle column), and VFV (right column) schemes.

4.2 Kelvin-Helmholtz (KH) Instability

In the last example, we consider the KH instability problem taken from [16] with the following initial
conditions:

(2,-0.5,0,2.5), if 0.25+ 0.01Y;(z,w) < y < 0.75 + 0.01Ya(z, w),

, U, U, xZ, 70 = i
(p p)(z,y,0) {(1’0.570’2‘5), otherwise,

where

Yj(z,w) = Za?(w) cos (b?(w) + 2n7z), j=1,2,
n=1

with a] = aj(w) € [0,1] and b} = b (w) € (—m,7) being fixed random numbers, and a} being
normalized such that 27110:1 a? = 1. The particular values of a? and b;‘, which have been generated
by rand in MATLAB, are given in Table 4.1. The boundary conditions in this example are periodic.

We compute the numerical solutions until the final time 7" = 2 using the studied schemes and show
the results, obtained by the first-, third-, and ninth-order schemes in Figure 4.8. The results indicate
that the flow is unstable, with an increasing number of vortices generated when higher-order schemes
are employed. Additionally, it is evident that different schemes converge to different DW solutions.
This suggests that the numerical solutions will not strongly converge as the order of accuracy increases.

We then consider the K-convergence of the numerical solutions over different orders. In Figure
4.9, we present p3, p4, ps, and pg, where one can see that, in contrast to Figure 4.8, the average
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X l-order LCDCU . l-order LDCU l-order VFV
1.4 1.4 14
0.8 0.8 .
1.2 1.2 1.2
0.6 1 0.6 1 X {1
08 038 08
0.4 0.4 .
0.6 0.6 0.6
0.2 04 02 0.4 - 0.4
0 0.2 o 0.2 02
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
. 3-order LCDCU . 3-order LDCU 3-order VFV
1.4 1.4 14
0.8 0.8 )
1.2 1.2 12
0.6 1 0.6 1 : 1
08 038 08
0.4 0.4 :
0.6 0.6 0.6
02 04 02 04 v 04
0 0.2 o 0.2 02
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1
7-order LCDCU 7-order LDCU 7-order VFV

1 1
1.4 1.4 1.4
0.8 0.8 .
1.2 1.2 12
0.6 1 0.6 1 . i
0.8 0.8 0.8
0.4 0.4 .
0.6 0.6 0.6
0.2 04 02 04 - 04
0.2 0.2 0.2
0 0 0
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

Figure 4.5: Configuration 3: p (top row), pi (middle row), and pI (bottom row) computed by the
LCDCU (left column), LDCU (middle column), and VFV (right column) schemes.
LCDCU LDCU

VEFV
1 1 1
1.4 1.4 14
0.8 0.8 .
1.2 1.2 12
0.6 1 0.6 1 . '
0.8 0.8 0.8
0.4 0.4 X
0.6 0.6 0.6
0.2 0.4 0.2 0.4 - 0.4
0.2 0.2 02
0 0 00 02 04 06 08 1
0 02 04 06 08 1 0 02 04 06 08 1 - - - -

Figure 4.6: Configuration 3: pZ computed by the LCDCU (left), LDCU (middle), and VFV (right)
schemes.

density profiles show similarities for different n, suggesting that the sequence of averages is convergent.
Additionally, we observe that for different methods, the limits of the average density differ significantly.
This indicates that the numerical approximations generated by different methods converge to different
DW solutions.

Next, we consider the difference between the time averages of the numerical solutions. Figure 4.10
presents the time averages of the density computed by the three methods. Similarly, we can observe
that they are convergent as the order increases. In addition, the difference between the limiting
average densities is pronounced. In Figure 4.11, we show the time averages of the mean density for
the three methods. Remarkably, they look very similar. This phenomenon suggests that there is some
consistency in the measure-valued solutions produced by different numerical methods.
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LCDCU, subdomain ﬁl LDCU, subdomain ﬁl VFV, subdomain ﬁl

20— — 20~ 20 =

—_T3 —T —S'J

—_— e 1 —y
(] " 15 t 15—
10} 10 10
5t 5 5

r 3 N . Lk 0 . . 0=F|=\—-'ﬁ—l-l_ =
0.7 075 0.8 085 09 095 1 1.05 0.6 0.7 0.8 0.9 1 08 0.9 1 1.1

LDCU, subdomain Q LDCU, subdomain Q VFV, subdomain {2,
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6 6 6
4 4t 4
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0 0 0 ‘ : :
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Figure 4.7: Configuration 3: o3, 04, and o5 computed by the LCDCU (left column), LDCU (middle
column), and VFV (right column) schemes in the subdomains §2; (top row) and € (bottom row).

ay ay b} by
6.848086824246653e-08  9.373025805955863e-03  -0.973625473853271 3.10750325239443
4.450348128947341e-03  1.976861219341060e-02 2.33221742979395 1.74829850637860

1

2

3 6.156955958786613e-02
4 1.16481555805349e-01

5 1.68204784555961e-01

6 1.46413246162863e-01

7 5.857224323849688e-02
8 1.59868678328304e-01

9 1.39003488203723e-01

1.45436027507622e-01

1.29928159795144e-01
2.15403817045303e-01
1.758678905771403e-02
2.11994809652299e-01
2.134903127162342e-02
1.48283301108284e-01
1.98161392506709e-01
2.815106156355688e-02

-2.57661895600041
2.43965931651801
1.26278768686501
1.47373734867445

-1.25553236484458

-2.82920698380582
2.56472949845762

-2.52798558841484

-3.01803367486339
-2.07430785001108
3.10856394704146
1.59399689987015
-1.77202310331374
1.00086476379714
0.245159802027399
-0.125265541490568

Table 4.1: The values of a7, a3, b}, and by for n =1,...,10 generated by rand in MATLAB.

To illustrate the differences in numerical results, we compare the approximate PDF's of the Young
measures. We select two subdomains:

() = [0.50,0.51] x [0.25,0.26] and € = [0.15,0.16] x [0.75,0.76],

and present the obtained results in Figure 4.12. It is evident that these PDFs differ significantly,
particularly between those computed by the VFV method and by the other two methods. This
indicates that the different methods can yield different DW solutions.

4.3 Convergence of Averages over Orders

In this section, we evaluate the convergence of the averages over orders of accuracy. We estimate the
errors of these averages using the quantities
n=1,...

Hﬁn_ﬁﬁHLl(Q)7 757
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3-order LCDCU 3-order LDCU 3-order VFV

9-order LCDCU

Ra

Figure 4.8: KH Instability: Density computed by the first- (top row), third- (middle), and ninth-order
(bottom row) LCDCU (left column), LDCU (middle column), and VFV (right column) schemes.

where pg serves as a reference solution. In Figure 4.13, we present the errors associated with the two
Riemann problems (Configurations 2 and 4) and KH instability problem. It is evident that the errors
decrease as n increases: This behavior demonstrates the C-convergence of the sequence of averages.

To further analyze the behavior of errors with respect to the orders, we utilize the least squares
data fitting to approximate the error functions, which take the form of power functions of n; see
Table 4.2. One can observe a substantial difference in the decay rates for different problems. For
Configuration 2, in which the computed weak solution is continuous, the convergence is the fastest.
It is somewhat slower for the Configuration 4, in which the solution is discontinuous, but still not
a truly DW solution. Finally, for the KH instability problem, which admits genuine measure-valued
solutions, the convergence is substantially slower and, as we can see from Figure 4.13, the magnitude
of the errors is much larger than those obtained for the considered Riemann problems.

LCDCU LDCU VFV

Configuration 2 | 0.0043n~182 | 0.0044n~182 | 0.0093n~ 177
Configuration 4 | 0.0053n~16 | 0.0059n=163 | 0.0136 =17
KH Instability | 0.1335n7%% | 0.1104n~0% | 0.13827n 104

Table 4.2: The errors of the average density as functions of n for the LCDCU, LDCU, and VFV schemes.
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LCDCU, 7,4

0 0.2 0.4 0.6 0.8 1

LCDCU, 75

Figure 4.9: KH Instability: ps3 (top row), p4 (second row), p5 (third row), and ps (bottom row) computed
by the LCDCU (left column), LDCU (middle column), and VFV (right column) schemes.

4.4 Selection Criteria

As seen in the previous results (Configuration 3 for the 2-D Riemann problem and the KH instability
problem), different numerical schemes can converge to different DW solutions. Consequently, we need
additional criteria to select the physically relevant one. In this section, we analyze potential selection
criteria based on the entropy production and energy defects. Notice that similar selection criteria
were studied theoretically in [17,20].

We denote the integral of the average total entropy over orders up to n by

S"(t) = /gn(x,y,t) dzdy.
Q



NUMERICAL STUDY OF DISSIPATIVE WEAK SOLUTIONS 19

1-order LCDCU l-order LDCU l-order VFV

1

2 2
0.8

116 0.6 1.6

1.4 0.4 14
0.2

: _ )
1 0 1

0 0.2 0.4 0.6 0.8 1

. 3-order VFV
2
0.8
v 18
0.6 6
0.4 14
| ) n )
1 0 1
0 02 04 06 08 1

9-order VE'V

) .- | ‘ | ) m )
0 0 1
0 02 04 06 08 1 . . . . 0 02 04 06 08 1

Figure 4.10: KH Instability: p?" (top row), pi (middle row), and p{ (bottom row) computed by the
LCDCU (left column), LDCU (middle column), and VFV (right column) schemes.

LCDCU LDCU

Figure 4.11: KH Instability: p/ computed by the LCDCU (left), LDCU (middle), and VFV (right) schemes.
The turbulent energy and total energy are defined by

~ 1< |2
&0 = [ Butotdsdy = [ 13 254 e, 50| doay
Q o =1

—~— 2

m ~ ~ =

’ ~n’ + Pne(pm Sn)dxdya
2pn

EX(t) := /E(ﬁn(:v,y,t),mn(x,y,t),§n(x,y,t))d:vdy:/
Q

respectively, and the energy defect is defined by

Dg)(t) :/’En(xay7t) _E(ﬁn(wayvt)vmn(x?y>t)aSn(xayvt))‘dxdy
Q
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Figure 4.12: KH Instability: &3, 04, 05, and g6 computed by the LCDCU (left column), LDCU (middle
column), and VFV (right column) schemes in the subdomains §2; (top row) and €2 (bottom row).

s « 107 Configuration 2, L'-Errors " « 107 Configuration 4, L'-Errors 014 KH, L'-Errors
——LCDCU ——LCDCU ’ ——LCDCU
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p VFV VFV : VFV
8 0.1 \
4 6 0.08
4 0.06
2
2 0.04
0 0 ’ 0.02 -
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Figure 4.13: The Lq-errors of the average density computed by the studied schemes for Configuration 2
(left), Configuration 4 (middle), and KH instability (right) problems.

Possible selection criteria for DW solutions are (i) the maximization of entropy production, (ii)
the minimization of energy defect, and (iii) the maximization of energy defect. We stress that criteria
(ii) and (iii) are not contradictory since they help select the solutions with either the minimal or
maximal oscillatory (turbulent) structures, respectively. Based on the numerical solutions obtained
by different methods, we compare their respective entropy production and energy defects.

We begin with Configuration 3 for the 2-D Riemann problem. The time evolution of the total
entropy S° and energy defects Dj, are shown in Figure 4.14, and their time averages are presented
in Table 4.3. As expected, the oscillations in specific regions of the flow, observed in §4.1, lead to
energy defects. It can be observed that the LCDCU and LDCU schemes produce smaller defects
compared to the VEFV schemes. At the same time, these two methods result in smaller entropy
productions. Consequently, selection criteria (i) and (iii) prioritize the VFV schemes, while criterion
(ii) prioritizes the LCDCU schemes. We also emphasize that since the computed solutions develop
oscillatory structures in a small part of the computational domain only, the magnitude of the energy
defects is quite small in this example.

Finally, we focus on the total entropy S® and the energy defect D% for the KH instability problem.
The time evolutions and time averages of these quantities are shown in Figure 4.15 and Table 4.4,
respectively. The magnitude of energy defects is substantially larger than in the Configuration 3
example, indicating that the limiting DW solutions are clearly not weak solutions in the sense of
distributions. This observation is consistent with the figures of the averaged numerical solutions
presented in §4.3. This suggests that selection criterion (iii) is a physically relevant one in this
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Figure 4.14: Configuration 3: Time evolution of the average entropy S° (left) and energy defects D%
(right) computed by the LCDCU, LDCU, and VFV schemes.

LCDCU | LDCU | VFV
T fOT So(t)dt | -0.3778 | -0.3778 | -0.3741
Lleseydt | 1.3690 | 1.3690 | 1.3541
LyTed)dt | 1.3669 | 1.3668 | 1.3498
LT DE(6)de | 0.0021 | 0.0022 | 0.0044

Table 4.3: Configuration 3: Time averages of the entropy, turbulent and total energy, as well as the energy
defects computed by the LCDCU, LDCU, and VFV schemes.

example. Based on the values reported in Table 4.4, criterion (iii) prioritizes the LCDCU schemes,

while the entropy production criterion (i) still prioritizes the VFV schemes.
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Figure 4.15: KH Instability: Time evolution of the average entropy S° (left) and energy defects D, (right)
computed by the LCDCU, LDCU, and VFV schemes.

LCDCU | LDCU VFV
LT sS(tyde | 1.049343 | 1.05036 | 1.05482
Lres@ydt | 64375 | 64375 | 64375
Lres@ydt | 63952 | 6.4003 | 6.4015
L TDS (1) dt | 0.042321 | 0.037206 | 0.036010

Table 4.4: KH Instability: Time averages of the entropy, turbulent and total energy, as well as the energy
defect computed by the LCDCU, LDCU, and VFV schemes.
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5 Conclusions

In this paper, we have presented a numerical study of dissipative weak (DW) solutions for the Euler
equations of gas dynamics. We have considered different benchmark examples, 2-D Riemann problems
with continuous or discontinuous solutions, and the Kelvin-Helmholtz (KH) instability problem. Three
different numerical methods have been investigated, namely the local characteristic decomposition-
based central-upwind scheme (LCDCU), the low-dissipation central-upwind scheme (LDCU), and the
viscous finite volume method (VFV). The main result of our numerical study is that different numerical
methods may converge to different DW solutions. This fact is evident in the approximation of density
and other state variables as well as in the averages over different orders of accuracy, which have been
confirmed to converge strongly, even when the convergence of one particular numerical realization
is weak only. Furthermore, the averages over different orders of accuracy have been employed to
distinguish between weak solutions in the sense of distributions and genuine DW solutions.

We have also computed the approximated error functions for each problem, which, according to
our numerical results, behave similarly for different numerical methods. Moreover, we have discovered
that the time averages of the average numerical solutions obtained by different methods exhibit similar
behavior. In addition, we have approximated the probability density functions of Young measures.
In cases where oscillations arise in numerical approximation, the limits are DW solutions and the
corresponding Young measures are not Dirac d-functions and they clearly depend on the scheme.
Finally, recognizing that DW solutions are generically not unique, we have explored three potential
selection criteria, which are based on the maximization of entropy production and either minimization
or maximization of energy defect.
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