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Abstract

A novel structure-preserving numerical method to solve random hyperbolic systems
of conservation laws is presented. The method uses a concept of generalized, measure-
valued solutions to random conservation laws. This yields a linear partial differential
equation with respect to the Young measure and allows to compute the approximation
based on linear programming problems. We analyse structure-preserving properties of
the derived numerical method and discuss its advantages and disadvantages. Numeri-
cal results for one-dimensional Burgers equation and the isentropic Euler equations and
comparisons with stochastic collocation method illustrate the behavior of the proposed
numerical method.

Keywords. Nonlinear hyperbolic systems with uncertainty, Random parameterized Young
measures, Moment closure problems
AMS Subject Classification. 60C50, 60H35, 82C40

1 Introduction

Random nonlinear conservation laws arise in various engineering, atmospheric or geophysical
applications. In the recent years several numerical methods have been proposed for ran-
dom conservation laws; see, e.g., [1] for an overview. Popular methods include non–intrusive
(Quasi-)Monte Carlo simulations [1, 37, 38], stochastic collocation [2, 34, 47, 48], or (intrusive)
generalized polynomial chaos expansion [27,39,41,46,47] and references therein.

The advantages and disadvantages of different approaches have been discussed extensively
in the literature and we refer to [8] for recent discussions. At this point, we only mention that
the Monte Carlo methods while robust are not necessarily the most efficient. Similarly, as in
the case of stochastic collocation method, the numerical methods provided for the determin-
istic case can be easily re-used simplifying strongly their applicability. In contrast intrusive
methods, based on generalized polynomial chaos expansion, known as the stochastic Galerkin
methods, are less flexible. They require typically projection of the Galerkin approximation that
leads to a new deterministic system of equations for the coefficients of the expansion [40, 45].
Provided the solution is sufficiently smooth, this intrusive approach is usually more accurate
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even for a low degree of the expansion [16, 17]. However, the resulting system for the coef-
ficients may be challenging to solve due to a possible loss of hyperbolicity [7, 11, 14, 27–29].
Moreover, it also requires a re-implementation of the numerical method. The stochastic collo-
cation as well as stochastic Galerkin methods may encounter Gibbs phenomena across jump
discontinuities due to the spectral approximation requiring additional filtering [3,11,30,34,42],
spectral viscosity [26,44], or adaptive diffusion [8, 32] techniques.

In this work, a different way to numerically compute approximate solutions to random non-
linear hyperbolic partial differential equations (PDEs) (2.1) is presented. The main idea is to
consider a solution in a measure-valued framework as parametrized Young measures instead
of the weak (distributional) solutions [18, 19] (see also [15], where the concept of measure-
valued solutions for conservation laws was introduced in a rigorous analytical framework and
has inspired numerous developments). This yields a linear problem that allows for a differ-
ent treatment circumventing most of the mentioned problems. Our approach is motivated
by the recent works on dissipative measure-valued solutions to the compressible fluid flows,
see e.g., [21–23]. We propose here a novel numerical method based on the measure-valued
formulation of a hyperbolic conservation law. In the aforementioned publications the Young
measure is generated by a weakly convergent approximated sequence and represents the un-
derlying (dissipative) measure-valued solution of the compressible Euler and Navier-Stokes
equations. Contrary to this approach, in the present work the Young measure is directly com-
puted in the construction of the numerical scheme. Our new approach is presented here for
general one–dimensional systems of conservation laws and numerical results are given for the
isentropic Euler system and the Burgers equation, while in [21–23] the multidimensional fluid
dynamic equations are considered. We also refer to a related recent publication [6], which
proposes a moment-based framework for parameter-dependent hyperbolic conservation laws.
Their approach exploits the linearity of the moment equations and relies on the Moment-SOS
hierarchy to approximate entropy solutions, which allows for the proof of convergence under
certain structural assumptions. The difference being that there the moments are computed
using a sufficiently large family of entropies of the system. The later is however not necessarily
available for a general hyperbolic system. Furthermore, also moments with respect to time
and space are considered, whereas, we propose to use only moments in the random dimension.
This yields a parameterized Young measure with the parameters (t, x) and allows to use stan-
dard finite–volume schemes for the propagation of the moments of the measure. Note that
there is a similarity with [33, 34], where a moment-based approach to random conservation
laws has been proposed. However, in the present paper we provide a different formulation of
the closure problem compared to the above references. Furthermore, the presented approach
does not require filters [34] and it is applicable also to the system case. This is at the expense
of solving a linear programming problem in contrast to the nonlinear optimization problem
in the aforementioned publications. As far as we are aware the present methodology is novel
and there are no further similarities with existing works. The remaining part of the paper
is organized as follows. In the next section, the method will be formally derived and some
structure-preserving properties will be discussed. Results of numerical simulations for the ran-
dom Burgers equation and the isentropic Euler system will be given in Section 3. A discussion
and outlook section closes this work.
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2 The Method

Let
(
Ω,F(Ω),P

)
be a probability space with Ω being a metric space of events, F(Ω) σ-field

of Borel subsets of Ω, and P a probability measure on Ω.
We consider the random Cauchy problem for a system of nonlinear hyperbolic conservation

laws

∂tu(t, x, ξ) + ∂xf(u(t, x, ξ)) = 0, t ∈ (0, T ), x ∈ Randξ ∈ Ω,

u(0, x, ξ) = u0(x, ξ) ∈ Rn, x ∈ R and ξ ∈ Ω. (2.1)

For simplicity, the randomness enters only through the random initial data u0 that are Borel
measurable mapping from Ω to the phase space in Rn.

The nonlinear flux f : Rn → Rn is assumed to be hyperbolic, i.e., the Jacobian matrix
A = ∂f

∂u has only real eigenvalues and is diagonalizable. For a detailed definition and discussion
of hyperbolicity, we refer to [10, §3]. We also assume that (2.1) is accompanied by a convex
entropy η and the corresponding entropy flux pair q such that the entropy inequality

∂tη(u(t, x, ξ)) + ∂xq(u(t, x, ξ)) ≤ 0 (2.2)

holds true. In what follows we consider a very weak, i.e. measure-valued, formulation of
(2.1)-(2.2), cf. (2.6), (2.8). Existence of measure-valued solutions, their compatibility and
measure-valued–strong uniqueness principle for multidimensional hyperbolic conservation laws
(2.1)-(2.2) were investigated in [23].

For theoretical results on existence and uniqueness of weak entropy solutions for (deter-
ministic) one-dimensional systems of hyperbolic conservation laws and multidimensional scalar
hyperbolic conservation laws we refer to [5, 6, 10,37].

The situation changes dramatically for multidimensional systems of hyperbolic conserva-
tion laws. As shown in the pioneering works of De Lellis and Székelyhidi [12, 13] many weak
entropy solutions may exist, see also [35] and the references therein. As shown recently in [9]
the set of initial data for which infinitely many weak entropy solutions of the compressible
Euler equations exists is dense in Lp-topology. We also refer to recent works, where various
selection criteria were studied to recover well-posedness of the compressible Euler equations
in the class of measure–valued or dissipative (measure–valued) solutions [4, 20,24,31].

The challenges of well-posedness in the context of parameter-dependent (random) hyper-
bolic systems are addressed in [6], which shows that existence and uniqueness can be nontrivial
and require careful moment-based formulations and closure assumptions. This underlines the
complexity of extending deterministic theories to the random hyperbolic problems. In particu-
lar, the random conservation law (2.1) can also be understood as a deterministic conservation
law on the extended phase space (x, ξ) using properly weighted solutions spaces, see, e.g., [29].

We proceed with the formal derivation of the numerical approximation of the Cauchy
problem (2.1)-(2.2). Without loss of generality we assume that the probability distribution is
an absolutely continuous random variable on Ω ⊆ R with respect to the Lebesgue measure.
Hence, there exists an essentially bounded probability density p : Ω → [0,∞). Further, we
consider the set {ϕi}∞i=1 of orthonormal polynomials on Ω with values in R and of degree up
to i, such that ∫

Ω
ϕi(ξ) ϕj(ξ) p(ξ)dξ = δi,j , i, j = 1, . . .
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Here, δi,j denotes the Kronecker symbol. For different distributions, e.g., the uniform, Gaus-
sian different polynomials are suitable, e.g., the Legendre, Hermite polynomials, respectively.
A comprehensive list can be found in [43,47]. Flexibility in the choice of suitable basis functions
allows to present our new method in a uniform framework. Formally, the case of stochastic
collocation approach in the aforementioned formulation is obtained by setting ϕi(ξ) = δ(ξ−ξi)
for a sequence of points {ξi}i with i = 1, 2, 3, . . . . In Section 3 we present results of numerical
simulations obtained by using these basis functions.

Remark 2.1 The stochastic collocation approach is a non-intrusive method to solve random
PDEs. It approximates the solution by evaluating deterministic PDE solvers at selected col-
location points in the random space. Formally, this corresponds to choosing basis functions
of the form φi(ξ) = δ(ξ − ξi), where {ξi} are collocation points. For each ξi, a deterministic
version of the PDE is solved independently, and statistical quantities (such as mean and vari-
ance) are computed via numerical quadrature. This method is particularly attractive because
it allows the reuse of existing deterministic solvers without modification. Moreover, it handles
discontinuities well and avoids the Gibbs phenomenon associated with spectral methods. How-
ever, it may require a large number of collocation points in high-dimensional random spaces
to achieve sufficient accuracy. For more details, we refer the readers to [2, 34,47,48].

Remark 2.2 It is important to note that in [6] the main point is to have many entropies
available, since those allow for the reconstruction of the measure. This is certainly the case in
the scalar case, but may not be true for systems. Here, we do not rely on those moments for
the reconstruction. The moments we have used are only with respect to the variable ξ not u,
respectively.

2.1 Minimization Formulation for Stochastic Galerkin Approach

Recall that in the stochastic Galerkin approach, we multiply equation (2.1) by p(ξ), and by
ϕi(ξ). Integrating over Ω yields an equation for the i-th stochastic moment Ui of u given by

Ui(t, x) :=

∫
Ω
ϕi(ξ)u(t, x, ξ)p(ξ)dξ, (2.3)

where Ui fulfills the PDE

∂tUi(t, x) + ∂x

∫
Ω
ϕi(ξ)f(u(t, x, ξ))p(ξ)dξ = 0, i = 1, 2, 3, . . . (2.4)

The initial data for the evolution of Ui is obtained by the projection of u0, i.e.,

U0
i (x) =

∫
Ω
ϕi(ξ)u0(x, ξ)p(ξ)dξ, i = 1, 2, 3, . . .

Note that in the case of stochastic collocation approach it holds Ui(t, x) = u(t, x, ξi) for given
collocation points ξi ∈ Ω. The reconstruction of the flux term f(u(t, x, ξ)) out of the moments
Ui is the major task. In the stochastic Galerkin framework, e.g., a (truncated) series expansion
u(t, x, ξ) =

∑Nξ

i=1 Ui(t, x)ϕi(ξ) is used, requiring a projection of f(u) on the space generated
by {ϕi}

Nξ

i=1. In the case of truncated series expansions this procedure may lead to loss of
hyperbolicity depending on the formulation of expansion variables, see [27, 41].
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Inspired by kinetic theory a possibility to determine u = u(t, x, ξ) is to consider a mini-
mization problem with constraints given by the moments Ui; see [33,41].

For each fixed (t, x) and given moments Ui(t, x) for i = 1, . . . , Nξ, a function ξ → u∗(ξ; t, x)
is obtained as a solution to problem (2.5).

u∗ = argminv(·)

∫
Ω
η(v(ξ))p(ξ)dξ subject to

∫
Ω
ϕi(ξ)v(ξ)p(ξ)dξ = ui(t, x), (2.5)

for i = 1, . . . , Nξ. Then equation (2.4) is closed in terms of Ui by approximating∫
Ω
ϕi(ξ)f(u(t, x, ξ))p(ξ)dξ ≈

∫
Ω
ϕi(ξ)f(u

∗(ξ; t, x))p(ξ)dξ.

Namely, we take
∫
Ω

∫
Ω ϕi(ξ)f(u

∗(ξ; t, x))p(ξ)dξ as the flux term in computing the equation
(2.4). Here u∗ is the solution to the problem (2.5). More details on this approach are given,
e.g., in [33]. Since problem (2.4) is nonlinear, its solution is non-trivial and it is possibly
computationally expensive. Our scheme proposed here is motivated by a similar minimization
problem but uses a formulation in terms of the Young measures to introduce an additional
linear structure.

2.2 Formal Derivation of the Proposed Scheme

The proposed method aims to approximate the stochastic moments Ui of the random solution
u(t, x, ξ) as in equation (2.3). We use a linear structure of the measure-valued formulation of
(2.1)-(2.2). Denote by P(Rn) the space of probability measures on Rn.

We say that the Young measure νt,x,ξ ∈ P(Rn) is a measure-valued solution of (2.1)-(2.2)
if∫ T

0

∫
R

∫
Ω
∂tψ(t, x)ϕ(ξ)

∫
Rn

u dνt,x,ξ(u) + ∂xψ(t, x)ϕ(ξ)

∫
Rn

f(u) dνt,x,ξ(u)p(ξ)dξdxdt = 0,

(2.6)

for all test functions ψ ∈ C1
c ((0, T )× R), ϕ ∈ C(Ω) and

ν0,x,ξ(·) = δ(· − u0(x, ξ)) for a.a. x ∈ R, ξ ∈ Ω. (2.7)

Further, we require that the entropy inequality holds in the following sense∫ T

0

∫
R

∫
Ω
∂tψ̃(t, x)ϕ̃(ξ)

∫
Rn

η(u) dνt,x,ξ(u) + ∂xψ̃(t, x)ϕ̃(ξ)

∫
Rn

q(u) dνt,x,ξ(u)p(ξ)dξdxdt ≥ 0,

(2.8)

for all test functions ψ̃ ∈ C1
c ((0, T )× R), ϕ̃ ∈ C(Ω), ψ̃ ≥ 0, ϕ̃ ≥ 0.

Clearly, provided that νt,x,ξ is a Dirac measure concentrated at u = u(t, x, ξ) for every
t ∈ [0, T ], x ∈ R, ξ ∈ Ω, the standard weak formulation of (2.1), (2.2) is recovered. Due to the
linearity, there may be many solutions to equation (2.6) since equation (2.6) is linear in νt,x,ξ.

Similar to the stochastic Galerkin approach presented in the previous section, we take for
the test function ϕi in equation (2.6) to obtain i = 1, . . . , Nξ equations for the stochastic
moments ui(t, x) of the measure νt,x,ξ, i.e.,

ui(t, x) =

∫
Ω

∫
Rn

ϕi(ξ) u dνt,x,ξ(u) p(ξ)dξ.
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The initial data for the stochastic moment of ui are obtained by projection using ϕi test
function

u0i (x) =

∫
Ω

∫
Rn

ϕi(ξ) u dν0,x,ξ(u) p(ξ)dξ = U0
i (x), i = 1, . . . , Nξ. (2.9)

The evolution equation for ui is obtained by testing (2.6) with the test function ϕi, i =
1, . . . , Nξ yielding the weak formulation of the PDE

∂tui(t, x) + ∂x

∫
Ω

∫
Rn

ϕi(ξ)f(u) dνt,x,ξ(u)p(ξ)dξ = 0. (2.10)

Thus, the moments ui are approximations to the stochastic moments Ui (see equation (2.3))
of the solution u(t, x, ξ) to the original random hyperbolic conservation law (2.1). Similarly
to (2.4) the system (2.10) is not in closed form with respect to the stochastic moments ui
of νt,x,ξ. Therefore, an optimization problem, similarly to problem (2.5), is formulated to
determine a suitable measure ν. The constraints are given by the stochastic moments of
νt,x,ξ. Mimicking problem (2.5) the proposed method minimizes the entropy over the space of
probability measures. For a.a. (t, x) ∈ R+×R a family of parameterized measure {µ∗ξ;t,x}ξ∈Ω
on Rn is obtained such that

µ∗ξ;t,x =argminξ∈Ω,µξ∈M

∫
Ω

∫
Rn

η(u)dµξ(u)p(ξ)dξ

subject to
∫
Ω

∫
Rn

ϕi(ξ)udµξ(u)p(ξ)dξ = ui(t, x), i = 1, . . . , Nξ.

(2.11)

Here, M ⊂ P(Rn) is a subset of the probability space. It is a freedom in this general
framework and we will specify it later.

Remark 2.3 Here we can also use the notation as that in [15]. Namely, we formulate the
problem (2.11) as

µ∗ξ;t,x =argminξ∈Ω,µξ∈M

∫
Ω
⟨η, µξ⟩p(ξ)dξ

subject to
∫
Ω
⟨id, µξ⟩ϕi(ξ)p(ξ)dξ = ui(t, x), i = 1, . . . , Nξ.

with id(u) := u and

⟨η, µξ⟩ :=
∫
Rn

η(u) dµξ(u).

Remark 2.4 If the feasible set M is taken as the full probability space P(Rn), then the follow-
ing argument holds: if µ∗·;t,x is any minimizer, then by Jensen’s inequality, the Dirac measure

µ̃∗ξ;t,x := δu∗(ξ;t,x) where u∗(ξ; t, x) := ⟨id, µ∗ξ;t,x⟩

will also be a minimizer. In fact, if η is strictly convex, then µ̃∗ will have strictly less entropy
than µ∗. However, if we take the feasible set M to be the probability space with a given support,
then the Dirac measure may be excluded, e.g., see the numerical example in Section 3.3.
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Remark 2.5 Since the moments of the measure are fixed in our method, we do not expect to
capture two possible solutions, e.g. δu1(ξ;t,x) and δu2(ξ;t,x), simultaneously. As aforementioned,
this non-uniqueness may happen for multidimensional hyperbolic systems. Another approach is
to replace the constraints in (2.11) by the equation (2.10). In other words, we look for a measure
µ such that it minimizes the total entropy, and satisfies the Nξ equations of conservation (2.10).

Formulation (2.11) yields a linear programming problem compared to nonlinear problem
(2.5). This is due to the formulation by means of the Young measures. We will exploit this
fact further in the following paragraph. Family of solutions µ∗ξ;t,x is used to approximate the
measure-valued solution νt,x,ξ by the following closure relation for each i = 1, . . . , Nξ∫

Ω

∫
Rn

ϕi(ξ)f(u) dνt,x,ξ(u)p(ξ)dξ ≈
∫
Ω

∫
Rn

ϕi(ξ)f(u)dµ
∗
ξ;t,x(u)p(ξ)dξ. (2.12)

Namely, we take
∫
Ω

∫
Rn ϕi(ξ)f(u)dµ

∗
ξ;t,x(u)p(ξ)dξ as the flux term in computing the equation

(2.10). The evolution of the stochastic moments ui is fully determined by (2.9), (2.10), (2.11),
and (2.12), respectively. The linearity of problem (2.11) will translate into linear programming
problems after discretization. The solution µ∗ξ to problem (2.11) might not be unique. We will
discuss below the consequences, but note that we are only interested in the resulting value of
the flux after applying the closure (2.12). Each solution µ∗ξ;t,x depends solely on the moments

ui(t, x) with i = 1, . . . , Nξ. Hence, for a.a. (t, x) and Nξ given moments u⃗ =
(
u1, . . . , uNξ

)T ,
each minimizer to (2.11) may be denoted by

µ∗ξ(·; u⃗(t, x)) := µ∗ξ;t,x(·). (2.13)

Due to equation (2.13), the closure relation (2.12), the flux in (2.10) is given in terms of
{ui}

Nξ

i=1. Hence, weak formulation of (2.10) (in the sense of (2.6)) is a conservation law to be
discretized by a suitable numerical method, e.g., structure-preserving finite–volume scheme.
In particular, discrete formulation of the entropy inequality (2.8) needs to hold.

In the subsequent section a first–order entropy stable finite–volume scheme is presented.

2.3 Semi-Discrete Scheme with the Lax–Friedrichs Flux

In what follows, we work with an equidistant spatial grid {Cj}Nx
j=1; Cj is a mesh cell of size

∆x having a cell center xj . The cell averages are ui,j(t) ≈ 1
∆x

∫
Ci
ui(t, x)dx. For the initial

data the cell averages are obtained as

u0i,j =
1

∆x

∫
Cj

∫
Ω

∫
Rn

ϕi(ξ) u dν0,x,ξ p(ξ)dξ,

see equation (2.9). We approximate weak formulation of equation (2.10) by means of the
first–order Lax–Friedrichs finite volume method that yields an approximation uni,j to ui,j(tn)
at time tn = n∆t for n = 0, 1, . . . :

un+1
i,j =

1

2

(
uni,j+1 + uni,j−1

)
− ∆t

2∆x

(
Fn
i,j+1 −Fn

i,j−1

)
, i = 1, . . . , Nξ, j = 1, . . . , Nx. (2.14)

The first term on the right-hand side (RHS) of (2.14) represents a numerical diffusion and the
flux Fn

i,j+1 is obtained using the closure (2.12)

Fn
i,j+1 =

∫
Ω

∫
Rn

ϕi(ξ)f(u)dµ
∗
ξ(u; u⃗

n
j+1)p(ξ)dξ, (2.15)
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where u⃗nj+1 =
(
un1,j+1, . . . , u

n
Nξ,j+1

)T
. Furthermore, the time step ∆t has to be specified. At

time t, the CFL condition for equation (2.1) is given by

max
(x,ξ)

{σ (Df (u(t, x, ξ)))} ∆t= CFL∆x,

where σ denotes the spectral radius of the Jacobian matrix Df and CFL ∈ (0, 1]. The CFL
condition at time tn, needs to be computed in terms of u⃗ni,j and the time step ∆t in the
proposed scheme is computed using the following condition:

max
i=1,...,Nξ, j=1,...,Nx

{∫
Ω

∫
Rn

σ (Df (u)) dµ∗ξ
(
u; u⃗ni,j

)
p(ξ)dξ

}
∆t = CFL∆x. (2.16)

It is a semi-discrete scheme in the sense that we have only discretized on (0, T )×R without
any approximation in the random space Ω. For a fully discrete scheme, we need to specify the
orthonormal family of basis functions {ϕi}

Nξ

i=1. Furthermore, in order to evaluate the numerical
flux (2.15) suitable numerical quadratures for ξ ∈ Ω and u ∈ Rn will be applied. The chosen
quadratures need to be also applied to numerically solve the linear programming problem
(2.11) as well as to evaluate the CFL condition (2.16).

2.4 Summary and Discussion of Proposed Method

Let us summarize the proposed scheme to compute approximations to the moments Ui, i =
1, . . . , Nξ of the solution u(t, x, ξ) :

For a given random initial data u0(x, ξ) we compute the corresponding Young measure
ν0,x,ξ by means of (2.7). Discrete initial data u0i,j , i = 1, . . . , Nξ and j = 1, . . . , Nx are obtained
by equation (2.9). Then, the moments uni,j are propagated over time for n = 0, 1, . . . , N
according to equation (2.14) using the flux (2.15), where µ∗ξ(u⃗) is given by equation (2.13)
and (2.11). The time step is chosen at each time step n according to CFL condition (2.16). A
fully discrete version is presented in Section 2.5 with the corresponding numerical results in
Section 3. Some remarks are now in order.

Remark 2.6 The minimization problem (2.11) is stated for a general parameterized family
of measures µξ ∈ P(Rn), such that the existence of a minimal solution is not necessarily
guaranteed. The results may also dependent on the chosen set of basis functions {ϕi}

Nξ

i=1. In
the next section, we will consider a particular choice of the basis functions {ϕi}

Nξ

i=1 and discuss
expected properties of the resulting numerical method. As a cost functional the entropy has been
chosen and in the Section 3 we exemplify that this choice indeed selects the entropy solution
(2.2).

If the flux (2.12),(2.13) is considered, then the resulting system for the evolution of u⃗
requires to compute the spectral radius of the Jacobian matrix Df ∈ RNx×n with entries Dfi,ℓ
for i = 1, . . . , Nξ and ℓ = 1, . . . , n,

Dfi,ℓ = ∂uℓ

{∫
Ω

∫
Rn

ϕi(ξ)f(u) dµ
∗
ξ(u; u⃗)p(ξ)dξ

}
.

Unfortunately, in general, it is not expected to find a closed form of Dfi,ℓ. In the numerical
results condition (2.16) is used.
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If we choose particular representations of µξ, some well-known schemes can be recovered
on a formal level. For example, if we consider in (2.11) and ansatz for µξ as µξ(u) =
δ (u− U(t, x, ξ)) for some unknown function U = u(t, x, ξ), the nonlinear problem (2.5)
is recovered. Hence formally, our approach is a generalization of the method (2.5) by al-
lowing a more general form of µξ. Alternatively, one could also use the ansatz µξ(u) =

δ

(
u−

Nξ∑
i=1

Vi(t, x)ϕi(ξ)

)
for a set of unknown functions {Vi}i. Then, we formally recover the

classical stochastic Galerkin method, cf. [8]. In this case, the freedoms Vi(t, x) are uniquely
determined by the set of constraints.

Clearly, the proposed method can be generalized to high–order methods using a suitable
polynomial reconstruction and higher–order fluxes in equation (2.14). Note that dependence
on the cell averages u⃗nj only enters through the constraints in the linear program to compute the
measure µ∗ξ . Here, only cell averages have been considered, but clearly, high–order reconstruc-
tions of u in spatial direction may also be used here. The same holds true for the higher-order
integration in time.

2.5 Fully Discrete Scheme

Our aim in this section is to present an example of a fully discrete scheme. Let us assume that
ξ ∼ U(Ω), i.e. ξ is uniformly distributed and p(ξ) = p0 ≡ 1

|Ω| . Further, we assume that {ξi}
Nξ

i=1

are equidistant points in Ω. To illustrate the strategy for a fully discrete approximation,
we will consider piecewise constant orthonormal basis functions ϕi mimicking the stochastic
collocation approach, i.e.

ϕi(ξ) =
1

p0∆ξ
χ
[ξi−∆ξ

2
,ξi+

∆ξ
2
]
(ξ), i = 1, . . . , Nξ, (2.17)

where p0 = 1
|Ω| is the constant density of the uniform distribution. This construction yields a

set of orthonormal basis functions satisfying∫
Ω
ϕi(ξ)ϕj(ξ) p(ξ) dξ = δij .

The use of piecewise constant, non-overlapping basis functions aligns with the idea of stochastic
collocation at equidistant points, while allowing a Galerkin-type discrete formulation. This
basis choice simplifies both projection and integration in the stochastic variable, making it
particularly suitable for the fully discrete approximation considered here.

We point out that different choices of the random basis functions will yield different fully
discrete methods. Furthermore, we consider a discretization with Nu equidistant points uℓ ∈
Rn of the solution space for u(t, x, ξ) ∈ Rn. According to (2.7), (2.9) and (2.17), the cell
averages of the initial data are given by

u0i,j =
1

∆x

1

∆ξ

∫ xj+
∆x
2

xj−∆x
2

∫ ξi+
∆ξ
2

ξi−∆ξ
2

u0(x, ξ)p(ξ)dξ. (2.18)

For given moments uni,j a discrete approximation µ∗i,ℓ to the measure-valued solution µ∗ξ(u; u⃗
n)

of the linear programming problem (2.11) needs to computed. For a given vector u⃗nj =(
un1,j , . . . , u

n
Nξ,j

)T
we approximate

µ∗ξi(uℓ; u⃗
n
j ) ≈ µ∗i,ℓ(u⃗

n
j ),
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for i = 1, . . . , Nξ and ℓ = 1, . . . , Nu. The discretization of the linear programming problem
(2.11) reads for the unknowns {µi,ℓ}i=1,...,Nξ,ℓ=1,...,Nu

{µ∗i,ℓ(u⃗nj )} = argmin {µi,ℓ}∆ξ ∆u

Nξ∑
i=1

Nu∑
ℓ=1

η(uℓ)p0µi,ℓ (2.19a)

subject to µi,ℓ ≥ 0, ∀(i, ℓ), (2.19b)
µi,ℓ ≤ λF /∆u, ∀(i, ℓ), (2.19c)

∆u

Nu∑
ℓ=1

µi,ℓ = 1, ∀i, (2.19d)

∆u

Nu∑
ℓ=1

uℓ µi,ℓ = uni,j , ∀i. (2.19e)

Here, 1 ≤ λF > 0 is a factor controlling the support of the Young measure and it will be fixed
later in the numerical experiments. The case λF = 1 corresponds to the case where atomic
solutions are allowed.

The additional constraints guarantee that µ∗i,ℓ is a probability measure for each i =
1, . . . , Nx. Furthermore, due to the discretization in random space with step size ∆ξ, there is
an upper bound on the size of the measure in each cell. This is also encoded as additional
constraint compared with equation (2.11). The stated dependence of µ∗i,ℓ on u⃗nj denotes that
the solution to the linear program (2.19) depends only the current moments on the cell Cj at
time tn. The scheme is given by equation (2.14), where using (2.17) and (2.19) the flux (2.15)
reads

Fn
i,j = ∆u

Nu∑
ℓ=1

f(uℓ)µ
∗
i,ℓ(u⃗

n
j ) (2.20)

and ∆t is obtained by the CFL condition (2.16)

max
i=1,...,Nξ, j=1,...,Nx

{
∆ξ

Nx∑
i=1

∆u

Nu∑
ℓ=1

σ (Df (uℓ))µ
∗
i,ℓ(u⃗

n
j ) p0

}
∆t = CFL∆x. (2.21)

The equations (2.18), (2.19), (2.16), (2.20), and (2.21) determine the fully discrete numerical
scheme. Before proceeding with the discussion on the scheme properties the following remark
on its implementation is in order.

Remark 2.7 For the solution to the linear programming problem an interior point solver has
been used. Therefore, it has been advantageous to replace the equality constraints (2.19e) by
the following inequalities introducing a possible error O(∆u) in the order of the discretization
in u.

uni,j −∆u ≤ ∆u

Nu∑
ℓ=1

uℓ µi,ℓ ≤ uni,j +∆u, ∀i.

The dimension of the linear program is Nu × Nξ with 2Nξ + 2Nu × Nξ constraints. The
complexity can be reduced to Nξ linear programming problems of dimension Nu as shown in
Section 2.6. While the solution quality has not been changed, the computational time has been
improved. In the numerical simulations presented below the formulation (2.22) has been used.
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2.6 Properties of the Fully Discrete Scheme

In this section we will analyse the proposed scheme. Due to the bounds on µi,ℓ the minimizers
exist, if the feasible set is non–empty.

Lemma 2.1 Provided that the feasible set given by (2.19b)–(2.19e) is non–empty, the linear
program (2.19) has a solution.

Due to the particular structure of the constraints and if the entropy η ≥ 0, the problem
(2.19) is equivalent to the following i = 1, . . . , Nξ linear programming problems (2.22) in the
following sense.

Lemma 2.2 Assume η(u) ≥ 0. For each fixed i = 1, . . . , Nξ and a given vector u⃗nj , the linear
programming problem (2.22) has a solution in RNu denoted by {ν∗i,ℓ}

Nu
ℓ=1.

{ν∗i,ℓ(u⃗nj )} =argmin{νℓ}∆u

Nu∑
ℓ=1

η(uℓ)νℓ

subject to νℓ ≥ 0, ∀ℓ,
νℓ ≤ λF /∆u, ∀ℓ,

∆u

Nu∑
ℓ=1

νℓ = 1,

∆u

Nu∑
ℓ=1

uℓ νℓ = uni,j .

(2.22)

Then µ∗i,ℓ = ν∗i,ℓ for all (i, ℓ) is a solution to problem (2.19). The converse also holds true.

Assume that λF = 1 and for all i = 1, . . . , Nξ it holds that u⃗ni,j ∈ {u1, . . . ,uNu}, then a
solution to the linear programming (2.22) is given by ν∗i,ℓ =

1
∆uδℓ,ℓi for ℓi such that u⃗ni,j = uℓi .

This is the solution expected for the stochastic collocation method. Indeed, assume that νℓ is
non–zero for two indices ℓ and k, then due to the fact that νℓ is a probability measure, it holds
∆uνk = 1−∆uνℓ. Furthermore, due to the equality constraint, it holds (1−∆uνℓ)uk+∆uνℓ =
uni,j . However, since η is a convex function, it holds

η(uℓi) = η(u⃗ni,j) = η((1−∆uνℓ)uk +∆uνℓuℓ) ≤ ∆uη(uk)νk +∆uη(uℓ)νℓ.

Therefore, the stochastic collocation solution uℓi is consistent with a solution ν∗i,ℓ to the pro-
posed method. This proves the following lemma.

Lemma 2.3 Assume that u⃗ni,j ∈ {u1, . . . ,uNu} for each i. Then the discrete measure for all
(i, ℓ) given by

ν∗i,ℓ(u⃗
n
j ) =

1

∆u
δℓ,ℓi for ℓi such that u⃗ni,j = uℓi

is a solution to problem (2.19). If η is a strictly convex function, the minimizer is unique.

The previous lemma states that we can recover the classical stochastic collocation method
under the given assumptions. Note however, that the method we propose is more general and
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µ∗ξ(u; u⃗
n
j+1) may be dependent on the full vector of values u⃗nj+1 = (un1,j+1, u

n
2,j+1, ..., u

n
Nξ,j+1)

and µ∗ may not be a Dirac delta.
Linear programming problems such as (2.19) and (2.22) may have infinitely many solu-

tion. However, in the case of the Burgers equation being one example in Section 3, the entropy
η(u) = u2

2 equals to the flux f(u) = η(u). Since the value of the cost functional at all mini-
mizers is the same, the numerical flux of the proposed scheme (2.14) and (2.20), respectively,
is independent of the particular choice of the minimizer. Under the assumptions of Lemma
(2.3) this holds also for general hyperbolic conservation laws. Indeed, Lemma 2.3 provides
the existence of a unique minimizer ν∗i,ℓ for strictly convex entropies. Hence, for any nonlinear
function u → f(u) it holds

f(uni,j) = ∆u

Nu∑
ℓ=1

f(uℓ)ν
∗
i,ℓ.

Note that this is particular setting due to the choice of the basis functions (2.17). In the case
of different basis functions or not strictly convex entropies the existence and uniqueness of the
minizer µ∗i,ℓ need to be investigated.

3 Numerical Results

To illustrate the behaviour of the proposed numerical method we present several computational
results for the random Burgers equation as well as for the random isentropic Euler system.
In all simulation results, the random variable is assumed to be uniformly distributed with
ξ ∼ U([−1, 1]) and p(ξ) = 1/2. We consider one-dimensional spatial domain [0, 1] if not stated
otherwise.

For the given examples, the conservative variables, the fluxes, the entropies and the CFL
condition is specified as follows. In the case of the Burgers equation the nonlinear flux f(u) =
1
2u

2 and the entropy η(u) = 1
2u

2 is used in the numerical computation. The time step ∆t is
chosen using the global CFL condition

∆t = CFL
∆x

max
(x,ξ)

|u0(x, ξ)|
, (3.1)

where CFL = 3/4. The initial data u0 are evaluated at the grid points in (x, ξ) direction.
In the case of the Euler system, the conservative variables are u = (ρ, q)T . The nonlinear

flux is given by f(u) = (q, q
2

ρ + κργ)T . We set γ = 3/2 and κ = 1. The entropy for the
isentropic Euler system reads

η(u) =
1

2

q2

ρ
+

1

γ − 1
p(ρ).

The eigenvalues of the flux Jacobian matrix are given by λ±(u) = q
ρ±
√
p′(ρ). Consequently,

the CFL condition at discrete points in time t = n∆t is

∆t = CFL
∆x

max
(x,ξ)

{|λ+(u(t, x, ξ))|, |λ−(u(t, x, ξ))|}
, (3.2)

where CFL = 3/4 and the maximum is taken over each grid points (x, ξ).
Further, the proposed method requires to solve (many) linear programs with equality and

inequality constraints. Here, the black–box solver linprog of Matlab R2023b. The solver
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implements two methods and the interior–point method has been used in all examples. The
details of the interior–point solver are given in [36, 49]. The method has been used with
standard parameters. All linear programs are solved to optimality.

For a reference solution of (2.1) a standard stochastic collocation method combined with
the Lax–Friedrichs finite volume method in the physical space is used. Let (ξi, xj) be equidis-
tant points for i = 1, . . . , Nξ and j = 1, . . . , Nx. Let Ci,j denote grid cells of size ∆ξ × ∆x
with the centers (ξi, xj). Denote the cell averages by

v0i,j =
1

∆x ∆ξ

∫
Ci,j

u0(x, ξ)p(ξ)dξdx, i = 1, . . . , Nξ, j = 1, . . . , Nx.

The stochastic collocation Lax-Friedrichs finite volume approximation to the cell averages of
the solution u(t, x, ξ) to (2.1) at time tn = n∆t is given by

vn+1
i,j =

1

2

(
vni,j+1 + vni,j−1

)
− ∆t

2∆x
p(ξi)

(
f

(
vni,j+1

p(ξi)

)
− f

(
vni,j−1

p(ξi)

))
. (3.3)

High–order stochastic collocation approximations are also possible and we refer to [7] for more
details and further examples. The scheme (3.3) is the simplest, first–order scheme presented
therein. The time step ∆t is chosen according to the CFL condition (3.1) or (3.2), respectively.

If not stated otherwise, all comparisons of numerical solutions are done with respect to
the reference solution vni,j obtained by the stochastic collocation Lax-Friedrichs finite volume
method (3.3) on the same grid in (x, ξ) and same CFL condition (3.1) or (3.2). The errors are
computed in the L1− norm for a given terminal time T stated explicitly in equation (3.5).

3.1 Convergence Studies for the Burgers Equation

The spatial computational domain is set to [0, 1], Ω = [−1, 1] and the phase space is restricted
to u ∈ [−5, 5]. The latter is discretized by Nu = 100 equidistant cells.

Initial data are chosen as follows

u0(x, ξ) = χ[0,1/2](x) ξ. (3.4)

The time step is chosen according to the CFL condition (3.1). In all cases, we compute the
error between the numerical solution uni,j and the reference solution vni,j at time T = 1/2, i.e.,

err = ∆x∆ξ
∑
i,j

|uNi,j − vNi,j |, (3.5)

where N∆t = T. In Table 1, we present the experimental order of convergence for the approx-
imation in physical space. Consequently, the grid in (u, ξ) has been fixed and the spatial grid
has been consecutively refined. As expected the first order convergence rate is observed. In
Table 2 the convergence for the approximation in the random direction is presented; thus the
grid in (x,u) direction has been fixed. The observed experimental error is of order O(10−3).
This is the error of the Lax–Friedrichs finite volume method with spatial discretization with
Nx = 500 points on [0, 1].

13



Nx L1([0, 1]× [−1, 1]) Rate
40 1.3697E-02 8.0190E-01
60 9.7416E-03 8.4042E-01
80 7.5849E-03 8.6986E-01
100 6.2061E-03 8.9912E-01
120 5.2575E-03 9.0976E-01
140 4.5704E-03 9.0857E-01
160 4.0381E-03 9.2726E-01
180 3.6182E-03 9.3241E-01
200 3.2794E-03 9.3315E-01

Table 1: Spatial grid with Nx equidistant points distributed on the physical domain [0, 1]. Reported
is the L1−norm of the error with respect to (x, ξ) with initial data (3.4) and simulate up to terminal
time T = 1/2. In ξ direction Nξ = 5 and in u direction Nu = 10 discretization points have been
used.

Nξ L1([0, 1]× [−1, 1]) Rate
40 1.1493E-02 1.0962
60 7.5345E-03 1.0414
80 5.6034E-03 1.0294
100 4.4599E-03 1.0228
120 3.7040E-03 1.0187
140 3.1671E-03 1.0158
160 2.7662E-03 1.0137
180 2.4553E-03 1.0121
200 2.2073E-03 1.0108

Table 2: Spatial grid with Nξ equidistant points distributed on the physical domain [−1, 1]. Re-
ported is the L1−norm of the error with respect to (x, ξ) with initial data (3.4) and simulate up to
terminal time T = 1/2. In x direction Nx = 500 and in u direction Nu = 10 discretization points
have been used.

3.2 Burgers Equation with Sinusoidal Initial Data

In this experiment we consider the initial data

u0(x, ξ) = ξ sin (2πx) .

The final time is set to T = 1/4. Although the initial data are smooth a shock will be formed
at later time T > 0 for any ξ > 0. For ξ < 0 the solution remains smooth. The spatial grid has
Nx = 100 points and the grid in the random space has Nξ = 10 points. For the discretization
in phase space u ∈ [−5, 5], Nu = 100 equidistant points are used. The time step ∆t is the
same for both schemes. The error in the L1−norm in (x, ξ) at the final time between the
reference solution vNi,j and the numerical solution uNi,j is err = 4.9E−04, where err is given by
equation (3.5). A visualization of the numerical solution obtained by both schemes is given in
Figure 1. While both solutions seem similar, we observe that the proposed method is slightly
more diffusive compared to the stochastic collocation Lax-Friedrichs finite volume method.
This is visible for ξ close to one at the center of the domain x = 1/2.
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Figure 1: Numerical solutions obtained by the stochastic collocation Lax-Friedrichs method (left)
and the proposed method (right). Initial data are u(0, x, ξ) = ξ sin(2πx). The final time T = 1/4.

In the presented method the entropy has been minimized to obtain an approximation to
the Young measure. This is necessary to obtain the entropy solution as the following example
illustrates. If, for example, we change the minimization problem to feasibility only, i.e., we
set η(u) = 1 in the cost functional of problem (2.19), the result in Figure 2 is obtained.
Comparing with Figure 1 we observe that in this case the scheme selects the wrong weak
solution consisting of rarefaction waves even in the case ξ > 0. This is not the correct weak
entropy solution.

Figure 2: Numerical solution obtained by the proposed method with modified cost functional in
the linear program (2.19). Initial data are u(0, x, ξ) = ξ sin(2πx). The final time is T = 1/4.

3.3 Burgers Equation with non-atomic support

In this subsection, we consider an example given for the (deterministic) Burgers equation
(see [25]). In this example, the Young measure may have non-atomic support but its first-
order moment solves a Riemann problem with a shock. This solution can be also obtained by
our framework when considering absolutely continuous measures with respect to the Lebesgue
measure instead of the whole probability space P(Rn). We set the factor λF in (2.19c) to
be 0.05. By modifying the upper bound on the value of the weights of the Young measure,
the atomic solution is excluded and the linear programming solver requires to find a different
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Young measure. With this small modification, we are able to obtain a solution similar to the
one given in [25].

In this example, we consider the initial data

u0(x, ξ) =

{
1.5 if x < 0.5

0.5 otherwise,

subject to the free boundary conditions imposed in the computational domain (x, ξ) ∈ [0, 1]×
[−1, 1]. In Figure 3, we plot the support of the Young measures at the initial time.

Figure 3: Young measure at the initial time t = 0 (left) and its logarithmic values (right).

We compute the numerical results up to the final time T = 0.25 with the spatial domain
discretized using Nx = 100 grid points and the random space represented by a single sample
point, i.e., Nξ = 1. The phase space is confined to the interval u ∈ [−2, 2] and is uniformly
discretized into Nu = 100 equidistant cells. The obtained numerical results are presented in
Figure 4. From this example, we observe that the measure with non-atomic support can be
captured by out linear programming algorithm if we choose λF ̸= 1.

Figure 4: Young measure at the final time T = 0.25 (left) and its logarithmic values (right).
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3.4 Riemann Problem for the Isentropic Euler System

The proposed method is applicable also for systems of hyperbolic conservation laws. We now
consider random isentropic Euler system and take equidistant grid in (x, ξ) ∈ [−1, 1]× [−1, 1]
with Nx = 100 and Nξ = 10 points.

The phase domain for u = (ρ, q)T is chosen to be [0.05, 2.5] × [−1.0, 1.5] and discretized
using Nu = 25 points in each direction. Terminal time is T = 1/4. The initial data for
(ρ, q)(0, ·, ·) are chosen to have 1-shocks and a 1-rarefaction waves depending on the value of ξ.
To this end, we state the 1−forward Lax-curve starting at non–vacuum datum UL = (ρL, qL).

U(s;UL) :=

(
s, s ρL −

√
s

ρL
(s− ρL)(p(s)− p(ρL))

)
, if s ≥ ρL,

U(s;UL) := (s, s ρL − s (log(s)− log(ρL))) , if 0 < s < ρL.

(3.6)

Using formula (3.6) the following Riemann problem is considered. The left initial datum is
deterministic UL = (1, 1)T , and the right datum depends on the value of ξ.

u0(x, ξ) :=UL, for x < 0 and all ξ,

u0(x, ξ) :=U(
1

2
ξ + UL;UL), for x > 0 and all ξ,

(3.7)

The solution exhibits a shock wave for ξ < 0 in the first family and a rarefaction wave of the
first family for all values of ξ ≥ 0. In Figure 5 simulation results on the given spatial and
random grids for both the proposed method as well as the reference stochastic collocation
Lax-Friedrichs finite volume method (3.3) are given. The time step ∆t is chosen according
to the CFL condition (3.2) and computed at each discrete point in time n∆t. The L1−error
(3.5) in the density ρ at time T = 1/4 is err = 4.3707e − 04 and in the momentum q it is
err = 2.5379e− 04. The solution structure for different values of ξ is also correctly identified
with the proposed method.

4 Discussion and Outlook

We have proposed a novel numerical method for random hyperbolic conservation laws based
on the concept of measure-valued solutions. The method was presented for one-dimensional
hyperbolic system and for one-dimensional random data. Generalization to multi-dimensional
random space and multi-dimensional hyperbolic systems seems straightforward. In the context
of the linear programs this would however lead to possibly very high dimensional problems.
Generalization to high-order numerical methods is possible as well. The high–order recon-
struction will enter in the moments that in turn are used in the constraints of the linear
program. Any high–order numerical flux can than be computed using the solution to the
linear program.

Furthermore, in this work only numerical results for the basis functions ϕi(ξ) = δ(ξ − ξi)
(see (2.17)) for its discrete representation, have been shown. However, our approach is more
general and can use any orthonormal basis in random space. Hence, the suggested method
yields a unifying framework for the treatment of random hyperbolic conservation laws. In
particular, the proposed method is less intrusive than the stochastic Galerkin method using
generalized polynomial chaos, since only the flux function needs to be replaced by the linear
programming problem. The conservative variables and their high–order reconstruction, does
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Figure 5: Simulation results using a proposed method for the Euler system with the initial data
given by (3.7). The solution u(t, ·, ·) is shown at time T = 1/4. In the top part the initial data are
shown. The second row presents the results of the stochastic collocation Lax-Friedrichs method
and the bottom part shows the results obtained by the proposed methods. To the left the density
is shown and to the right the momentum is presented.

not require any modification. Of course, it is still more intrusive than the Monte Carlo or
stochastic collocation methods. The numerical results show that in the considered case of basis
function the numerical solutions obtained by the new method and the standard stochastic
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collocation method are comparable. The proposed method is computationally less efficient
due to the subsequent solutions of possibly large linear programs.

We point out that our technique uses the underlying measure-valued representation of a
solution and approximates the corresponding Young measure directly. Here, we proposed a
direct computation of the Young measure using a particular discretization of the measure.
There are also approaches available in the literature as outlined in the introduction which
compute the measure using a sequence of moments as well as simulation on different spatial
grids. Future work will assess the difference between these approaches and the proposed
method.
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