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ADAPTIVE ARTIFICIAL ANTI-DIFFUSION METHODS FOR HYPERBOLIC
SYSTEMS OF CONSERVATION LAWS*

SHAOSHUAI CHUT, IGOR KLIAKHANDLER!, AND ALEXANDER KURGANOV?

Abstract. We introduce new adaptive artificial anti-diffusion (AAAD) methods for one- and two-dimensional hyperbolic
systems of conservation laws. The key idea is to reduce the amount of numerical dissipation present in a given numerical
method by adding an anti-diffusion (AD) term acting in linearly degenerate fields only. This way, the resolution of contact
waves can be improved without risking oscillations, which may be caused if the AD acts in nonlinear fields as well. The AD
coefficients are selected adaptively: they are supposed to be proportional to the mesh size near the contact waves to enhance
the resolution and to be very small in the smooth parts of the computed solution to ensure a sufficiently high (formal)
order of accuracy there. The proposed AAAD methods are realized using either the second-order central-upwind numerical
fluxes or their fifth-order extensions implemented within the alternative weighted essentially non-oscillatory (A-WENO)
framework. We test the proposed schemes on a series of benchmarks for the one- and two-dimensional Euler equations of
gas dynamics and the obtained results demonstrate the robustness and high resolution of the new AAAD methods.

Key words. Adaptive artificial anti-diffusion; central-upwind schemes; A-WENO schemes; Euler equations of gas
dynamics.
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1. Introduction. This paper focuses on numerical solutions of hyperbolic systems of conservation
laws, which in the one-dimensional (1-D) and two-dimensional (2-D) cases, read as

(1.1) U, +FU), =0,
and
(1.2) U+FU),+GU), =0,

where ¢ denotes time, x and y are spatial coordinates, U € R? is the vector of conserved variables, and
F,G :R? — R? are the flux functions.

Tt is well-known that even for smooth initial data, solutions of (1.1) and (1.2) may develop complicated
wave patterns containing shock waves, rarefaction waves, and contact discontinuities. The presence of such
nonsmooth structures makes the design of accurate and robust numerical methods particularly challenging.
On the one hand, a good scheme has to suppress nonphysical oscillations near discontinuities in order to
remain stable. On the other hand, it must retain sufficient resolution so that physically relevant structures
are not over-smeared by excessive numerical dissipation. Achieving this balance between robustness and
low numerical dissipation is one of the central difficulties in the development of numerical methods for
hyperbolic conservation laws.

A classical approach to enforce stability is to add an artificial viscosity (AV) to the underlying unstable
(or, only linearly stable) numerical scheme. Since its introduction in [46], this idea has been successfully
used in many works; see, e.g., [3,17,20,21,26,43,51] to name just a few. The main advantage of AV methods
lies in their simplicity and robustness, since they provide an effective mechanism for suppressing spurious
oscillations and enhancing nonlinear stability. However, designing a successful AV method remains a
delicate task. On the one hand, a sufficient amount of AV must be added near discontinuities in order
to suppress spurious oscillations and guarantee nonlinear stability. If it is too small, the added AV may
be insufficient to stabilize the computation near discontinuities, and nonphysical oscillations may still
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2 S. CHu, I. KLIAKHANDLER & A. KURGANOV

occur. On the other hand, the added AV should remain sufficiently small in smooth regions so that
the high-order accuracy of the underlying scheme is not destroyed. If it is too large, the numerical
solution may become excessively diffused, leading to a substantial loss of resolution. Therefore, in order
to achieve both robustness and high resolution, the AV must be introduced adaptively, based on a suitable
smoothness indicator (SI) capable of detecting “rough” parts of the computed solution and determining
the appropriate amount of AV to be added there. This has been done, for instance, in [17,26], but even
these advanced adaptive artificial viscosity (AAV) methods do not achieve the same level of resolution
achieved by modern shock-capturing methods.

In high-resolution shock-capturing methods, stability is achieved by incorporating nonlinear limiters
into the reconstruction or flux evaluation procedures. This strategy has proved to be highly effective
and underlies many robust non-oscillatory methods. However, the robustness gained in this way is often
accompanied by increased numerical dissipation. In particular, contact discontinuities and small-scale
smooth structures may become noticeably smeared, especially on relatively coarse meshes. Therefore,
for numerical methods that already employ nonlinear limiters, it is natural to seek a mechanism that
improves resolution without destroying a non-oscillatory property ensured by the limiter.

In this paper, we develop a new class of adaptive artificial anti-diffusion (AAAD) methods for hyper-
bolic systems of conservation laws. Our starting point is somewhat similar to the AAV philosophy, but
rather than locally increasing the amount of numerical diffusion, we adaptively add suitable anti-diffusive
(AD) corrections to enhance the resolution of the scheme, which is already stabilized by nonlinear limiters.
In this way, the nonlinear limiters continue to control spurious oscillations, while the AD terms compen-
sate excessive numerical diffusion. This is particularly advantageous near contact discontinuities, whose
accurate resolution is often degraded by the numerical diffusion inherent in shock-capturing schemes.

A key point in our construction is that the AD correction is applied in linearly degenerate characteristic
fields only. This allows us to sharpen contact waves without introducing undesirable oscillations into
the genuinely nonlinear fields associated with shocks and rarefactions. Another essential feature of the
proposed AAAD method is adaptivity. The AD coefficients are chosen so that the correction is sufficiently
strong only in “rough” regions, while remaining very small in smooth parts of the computed solution. As
a result, the designed (formal) order of accuracy of the underlying scheme is retained in smooth regions,
whereas the resolution of contact discontinuities is significantly enhanced.

To adjust the AAAD coefficients, we need to automatically detect the “rough” parts of the computed
solution with the help of an SI. Many different SIs are readily available; see, e.g., [1,5,9-14,18,23,35,37,38,
47,49,50] and references therein. In this paper, we employ the recently proposed modified minmod-based
SI introduced in [7], which is a modified version of the minmod-based SI from [49]; see also [19,42]. We
apply this SI to different fields in order to automatically distinguish contact waves from other “rough” parts
of the solution. For example, in the case of the Euler equations of gas dynamics, we take advantage of the
fact that, while the density is discontinuous across contact waves, the pressure remains continuous there.
After identifying the locations of the contact surfaces, we activate the AAAD correction in their vicinities
with coefficients of order O(A), while taking much smaller adaption coefficients elsewhere: O(A?) and
O(AT") in the rest of the “rough” and “smooth” regions, respectively. Here, A is a spatial mesh size and
r is a formal order of the underlying scheme so that the resulting AAAD method retains its formal order
of accuracy in “smooth” regions.

We incorporate the proposed AAAD strategy into both second- and fifth-order schemes. First, we
combine it with the second-order finite-volume (FV) central-upwind (CU) schemes developed in [25,27-29].
Second, we extend the same idea to the fifth-order finite-difference (FD) alternative weighted essentially
non-oscillatory (A-WENO) framework developed in [8, 22,33, 34, 48]. The resulting adaptive schemes
are then applied to a number of 1-D and 2-D examples for the Euler equations of gas dynamics. The
reported numerical results demonstrate that the proposed AAAD methods are robust and substantially
less dissipative than their non-adaptive counterparts. In particular, they provide a sharper resolution
of contact waves and finer structures while preserving the non-oscillatory character of the underlying
schemes.

The rest of the paper is organized as follows. In §2, we briefly review the 1-D second-order CU scheme
and then introduce the corresponding second-order AAAD method. We then review the 1-D fifth-order
A-WENO scheme and describe the fifth-order AAAD method. In §3, we extend both the second- and
fifth-order AAAD methods to the 2-D case. Finally, in §4, we present a number of 1-D and 2-D numerical
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examples illustrating the performance of the proposed AAAD methods.

2. One-Dimensional Adaptive Artificial Anti-Diffusion Schemes. In this section, we consider
the 1-D hyperbolic system (1.1) and present the proposed second- and fifth-order AAAD schemes. We
begin with the second-order AAAD scheme based on a CU flux (§2.1) and then extend it to the fifth order
via the A-WENO framework (§2.2).

2.1. One-Dimensional Second-Order Adaptive Artificial Anti-Diffusion Scheme. We first
briefly review the second-order CU scheme (§2.1.1) and then describe the AAAD algorithm for the Euler
equations of gas dynamics (§2.1.2).

2.1.1. One-Dimensional Second-Order Central-Upwind Scheme. Let the computational do-

main be partitioned into uniform cells I; := [xjfé,xj#%] of size Tin -1 = Az, centered at

T = (xj_% + xj+%)/2. Assume that the cell averages,

_ 1
U;(t) ~ E/U(x,t) dz
I;

are available at a certain time ¢ > 0. In what follows, for the sake of brevity, we suppress the time
dependence of indexed quantities.
Following [25], the cell averages are evolved by numerically solving the semi-discrete system

din,: }7+1—-}€Y%

dt Az ’

where the CU numerical fluxes are given by

«t FU-

) —a U+ ) at La7

rv Y+ i3 "%y F its it + -

2.1 FEY, = + Ut —~U", —q..).

21) itz at , —a at , —a” ity ity T2
J+3 J+3 ]+2 ]+2

Here, U]f_l are one-sided point values of U at the interface v = x; 1 reconstructed from the cell averages
2

{U;} using a nonlinear limiter applied to local characteristic variables. To this end, we first introduce
the matrices AJ_,’_I = A(Uj+ ) where A := 25 is the Jacobian and U, j4+1 is a certain average of U and

U,,1, and then compute the matrices R, 1 and ( j+%)_ such that (Rj+§)_1Aj+%Rj+% are diagonal.
We then introduce the local characteristic variables I' in the neighborhood of z =z, 1

Ty =(Ryyy) 'Ujpr, £=-1,0,1,2,

Equipped with the values I' 1, T'g, I'1, and I's, we compute the slopes

. I'n-r_, hn-1r, ,I''—TIY
(2.2) (T'z)o = minmod <0 Ao 9AL 0 s > ,
and
. '-Ty I'b-T s -T
(2.3) (T';)1 = minmod <t9 1Am 0 22Ax 0 ¢ 2Am 1> .

Here, the minmod function, defined as

min;{z;} ifz; >0 Vy,
minmod(z1, 22,...) := { max;{z;} ifz; <0 Vj,
0 otherwise,
is applied in the component-wise manner. The parameter 6 € [1,2] in (2.2)—(2.3) is used to control the

amount of numerical viscosity present in the resulting scheme, and larger values of € correspond to sharper
but, in general, more oscillatory reconstructions. In this paper, we take 6 = 2.
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Equipped with (2.2) and (2.3), we evaluate

(24) Dy =To+ S50, D =Ty~ 550,
2

and then obtain the corresponding point values of U by Uj+l = RjJr%l"f
2 2

In (2.1), a;i , are one-sided local propagation speeds, which can be estimated with the help of the
2

smallest and largest eigenvalues of the Jacobian A(U), denoted by A\ (A(U)) < --- < A\g(A(U)). For
example, one may take

0ty 7max{>\d(A(U )) Ad(A(U;;l)),O}, 0y fmm{Al(A(Uj )) Al(A(U;rl)),O}.

2 2

Finally, g; 1 in (2.1) is the “built-in” AD term derived in [25] and given by

* * —
(/P _mmmod< il g+t Yjp1 — Ui )
2 2
where
UG, UL - (FUS,) - FU;))
U, — %435+t T Y+iVitg ( j+%) ( j+%)
J+: T ¥ =

at,,—a.
Jjt+3 Jj+3
2.1.2. One-Dimensional Second-Order Adaptive Artificial Anti-Diffusion Algorithm. We
now describe the proposed 1-D second-order AAAD scheme for the 1-D Euler equations of gas dynamics,
which read as (1.1) with

(2'5) U:= (p7 pU, E)T> F(U) = (pu7 pu2 + p,u(E +p))T

where p, u, p, and E denote the density, velocity, pressure, and total energy, respectively. The system is
closed by the equation of state (EOS) for ideal gases:

(2.6) p=(-1) [E - %pu2}7

where 7y is the ratio of specific heats.
The Jacobian for the system (1.1), (2.5)-(2.6) is

0 1 0

AU) = 5 U B=u  y-1
_g_y( Du? H—(y-1Du? ~u

where H = £ +p is the total specific enthalpy. The eigenvalues of A are \;y = u—c¢, A2 = u, and A3 = u—+c,

where ¢ := \/’yp/p is the speed of sound.
For the local linearization of A\j+% = A(fjjJr%), the matrices RjJr% and (Rj+1 )_1 are given by

@l ad $
Ll —a-2 1
L 2T T
A4 ; S —1 . .
e I R (Rji1) =202 2 -2
H—a¢ % H + ¢ ﬁj_ﬁﬂg —ﬁ+—A 1
2 2¢ 2¢
Here, (A) stands for the following averages:
ﬁ:ﬁj+/_)j+1’ g Wt 5 PiF P EA:LJr}ﬁﬁz’
2 2 2 N1 2
. E+p . .
F==0P o0 ¢=/p/h,

F
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where

) ; = 1
Uj = ~— and p; =(y—1) {Ej - ijuﬂ .

Notice that all of the (A) quantities have to have a subscript index (A) but we have omitted it for the

Jt+30
sake of brevity for all of the quantities except for A; 41
Our goal is to reduce the amount of numerical diffusion present in the numerical flux (2.1) by adding

an AD term to it. The modified semi-discrete scheme will then read as

where the numerical flux is given by

'7:+1 —:Fg+1 — Q4

Here, the matrix @, 1 is constructed to primarily add the AD into the linearly degenerate field, which
corresponds to the second eigenvalue Ay = u. To achieve this goal, we take a diagonal AD matrix in the
local characteristic space,

0 0 0
AJ+% =—10 C]+% 0 )
0 0 0

where C. el > 0 is yet to be chosen, and then use @, 1= -R. JrlAﬁL (RJ+2)71
The values C, 1 are selected adaptively accordlng %o the local smoothness of the computed solution.
To this end, we follow [7] and evaluate the modified minmod-based SIs. First, we compute
1

= ———— minmod (7;41 — ;. B; — Py_1) »
maX{Pj_l,Pj,Pj+1} ( J+1 Jr P J 1)

P
j

and then check whether
(2.7) |8§| >max{|s§71|,|s§+1|}—|—60,
where & is a positive constant taken to be g = 0.002 as in [7]. If (2.7) is satisfied, then we mark the cells
Ij_1, I;, and I;4; as “rough”.
For those cells, at which (2.7) is satisfied, we also compute
» 1

s = minmod (pj11 — pj, p; — Pj—1)
I max{p;_1,pj,Pjs1} ! s !

and check whether

(28) |5§)| < max{ls‘zj)fll? |S§+1|}7

and if (2.8) is satisfied as well, then we mark the cells I;_+, I;, and I;4; as “rough contact” cells.
Finally, the cells that are not marked as either “rough” or “rough contact” are marked as “smooth”.
After all of the cells have been identified as either “rough”, “rough contact”, or “smooth”, we select
Cjy1 according to Algorithm 1.

Remark 2.1. The parameter C is a tunable constant that should be selected for each problem at hand.
In practice, we tune C on a coarse mesh and then use the same value on finer meshes. An example of this
tuning procedure is provided in Example 4 in §4.1.

Remark 2.2. The proposed AAAD method can be extended to other hyperbolic systems of conserva-
tion laws possessing one or more linearly degenerate characteristic fields. In such cases, the AD correction
can be introduced to sharpen linearly degenerate waves without affecting the genuinely nonlinear fields.

Remark 2.3. We stress that the proposed AAAD methodology is not restricted to the CU schemes
and can be used with other stable numerical fluxes.
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Algorithm 1 Assignment of C; .

1: for each cell interface v = x 11 do

2 if either I; or I;4; is a rough contact” cell then
3 set Cjy 1 = CAJ,‘

4: else

5 set Cj 1 = C(Ax)?

6 end if

7: end for

2.2. One-Dimensional Fifth-Order Adaptive Artificial Anti-Diffusion Scheme. We now
construct a fifth-order AAAD scheme. As in the second-order scheme, we first briefly review the fifth-
order A-WENO scheme (§2.2.1) and then introduce the fifth-order adaptive algorithm (§2.2.2).

2.2.1. One-Dimensional Fifth-Order A-WENO Scheme. Following [22], the point values U;
are evolved in time by numerically solving

dU] %j+l - 7{

dt Az ’

where the fifth-order numerical flux is

My =Fjiy — 7(&”) (Fra) A2)*(Fuzas) 1y

5760(

Here, .7-'?_/1 is a FV numerical flux (we use the CU flux given by (2.1)), and (Fie)jy1 and (Fogaz) ;1 are
2
higher-order correction terms computed using fourth- and second-order finite differences, respectively:

1

(Fee)is3 = fraay | = 5F; 2+ 30K, 1 — 34F; — 34Fy1 + 39F) 40 — 5Fy 3,
1

(Frver)iv} = 5pgy0 |Fy2 — 8F; 1 +2F; + 2F;11 — 312 + Fypa)

where F; := F(Uj).

The one-sided point values U= | , which are required in (2.1), must be reconstructed with at least fifth

J+37
order of accuracy. We employ the ﬁfth—order WENO-Z interpolation [22,33] applied to local characteristic

variables; see Appendix A for details.

2.2.2. One-Dimensional Fifth-Order Adaptive Artificial Anti-Diffusion Algorithm. The
fifth-order adaptive scheme is defined in an analogous manner. We consider

AD

dU; ’H irl T ’ijf

dt Az ’

where the adaptive numerical flux is

Ujt1 — U

H]-i-l =M1y~ Qjug Az 7

and the matrix @ 1 ds defined as in the second-order AAAD scheme (see §2.1.2) but with the values of
Cj1 determined accordmg to Algorithm 2.
As in the second-order case, this choice ensures that the added AD term does not affect the designed
order of accuracy in “smooth” regions, while enhancing the resolution of linearly degenerate waves.

3. Two-Dimensional Adaptive Artificial Anti-Diffusion Schemes. In this section, we consider
the 2-D hyperbolic system (1.2) and introduce the proposed AAAD methods for the 2-D Euler equations

of gas dynamics, which read as (1.2) with U = (p, pu,pv,E)", F = (pu,pu2 + p, puv, u(FE —|—p))T, and



181
182

183

184
185

189

190

ADAPTIVE ARTIFICIAL ANTI-DIFFUSION METHODS 7

Algorithm 2 Assignment of C; +1

1: for each cell interface z = x; j+1 do

2 if either I; or I;4; is a rough contact” cell then
3 set C;, 1 =CAw

4 else if elther I; or Ij+1 is a “rough” cell then

5: set Cj 1 =C (Ax)?

6 else

7 set C; 1 = C(Ax)®

8 end if

9: end for

G = (pv, puv, pv? +p,v(E + p))T. Here, u and v are the x- and y-directional velocities, respectively, and
the pressure is given by the ideal-gas EOS

p=(-1[E-Lw?+?).
3.1. Two-Dimensional Second-Order Adaptive Artificial Anti-Diffusion Scheme. Let the

computational domain be partitioned into uniform cells i = [x;_1,2;, 1] X [yp_1,¥py 1], centered at

J
(zj,y6) = ((z Ti_1 T 1)/2, (yk_% +yk+%)/2), withz; 1 —2;_1 = Az and yp 1 —y,_1 = Ay.
Assume that the Computed cell averages,

1
Ui~ m / U(z,y,t)dzdy,

Ik

are available at a certain time level ¢ > 0. They are evolved by numerically solving the following semi-
discrete system:
ad AD AD
Wy Fitsn—Fitsn Gowrs ~Goiy

dt Az Ay ’

where the adaptive numerical fluxes are defined by

FAD = FY, Q) Ujrk—Ujk gib  _gtv o Uik = Usk
it+3 J+3.k itk Ax ? Jik+3 Jik+3 Jik+3 Ay
FV FV :
Here, F.'1 , and G/ 1 are the CU numerical fluxes from [6,25]
J+27k ]7k+2
(3.1)
+ - + + -
a’ F(U; —a. U a’ a
FFV Jtg.k ( a+%,k) itg.k F( J+2J<f) U b 2L a2 Ut., U, —q"
Jtik = o —a o . —a ik T itk Grte)o
Jtsk  Titdk Jtgk itk
v GWU-, . .)-b., GU br b
gFV gkl ( j,k+%) Jk+3 ( g,k+%) Jk+3 g k+E (U* U~ Ly )
ak+3 b = b b b, ekt T ks T Gk )
J.k+35 Jk+35 J?k+2 Jk+3

The one-sided interface point values U~ Py

(z,y) = (zj,y; 41 1), respectively using a plecewise linear reconstruction applied to the local characteristic

+ . .
and ijkJr% are obtained at the points (z,y) = (2, 1,yx) and

variables in the following manner. We will only show how to compute the point values U+ i 38 Uik 41
2

can be derived in a similar way. As in the 1-D case, we first introduce the matrices AJ+ k= A(Uﬁ_ k)

where A(U) = W is, as before, the Jacobian and U, j+1k 18 a certain average of U] r and UJH %, and

then compute the matrices R 1 5, and ( j+%7,€) such that (Rj+§,k)_1ﬁj+§,kRj+§,k are diagonal. We

then introduce the local characteristic variables I' in the neighborhood of (z,y) = (1, ¥k):

_1—
o= (Rji1y) Ujper, £=-1,0,1,2.
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Equipped with the values I'_y, T, I'y, and I'y, we compute I't precisely as in (2.2)—(2.4), and then
2

U+,

_ +
j+3.k R]"r%ykr% :

Remark 3.1. The matrices R; 1, and (R; +%7k)_1 for the 2-D Euler equations of gas dynamics can
be found in [4, Appendix C].

The one-sided local propagation speeds at and b;.tk 41 can be estimated using the smallest and
> 2

J+ 5.k
largest eigenvalues of the Jacobians A(U) and B(U) = g—g. We set

a;‘:l,k :max{ (A(U_ k)) (A(U.+ l,k))’o}’ aj_Jr%’k :min{)\l(A(Uj_Jr k)) (A(U“‘ k))70},
b ey = max {M(BUS, ) A(BWUS,, ),0F, b7 =min {0 (BU, L)), Al(B(U;H%)),o}.

The “built-in” AD terms a1 and qj,’ jp o are defined as in [6]:
2 ) 2

x + * * o -
qj+%,k_mmm0d<Uj+2,k UJJr iy U 1k Uj+%7k),
Yy _ s —+ * * _
qj,k+%_mmm0d(ng+; UchJr Gkl T U]kJr%)
where
+ - + -
U* _ J+ kUJJrQ’k J+2J€UJ+ Jk ( (UJ+2J<) F(UjJr%’k))
it3.k T at - '
j+%7k 3.k
+ + - + _ -
* o bj,k-&-QUj,k-&-% bJ,k+§UJ7k+2 (G(UJH/H-%) G(Uj,k-&-%))
gik+% T bt b )

Jok+3 Jok+3
For the 2-D Euler equations of gas dynamics, the eigenvalues of Jacobians A(U) and B(U) are
MAU)) =u—c, X(AU)) = A3(AU))
MBU)) =v—c, A(BU))=A3(BU)) =

As in the 1-D case, we add the AD terms to the linearly degenerate fields only. Specifically, we take

u MA) =ute
v, MBU))=v+ec.

—1 —1
Qjrin = Ripr i1 w(Riprs)  and Qjups = —Rjpp1Ajpp1(R)py1)  where
0 0 0 0 0 0 0 0
p |0 e 0o ey 00
i+3, 0 0 Cpuip O 77270 0 Gy 0
0 0 0 0 0 0 0 0

The values of C; 1k and C, 41 are selected adaptively according to the local smoothness of the

computed solution. To this end, we follow [7] and evaluate modified minmod-based SIs for p and p in
a dimension-by-dimension manner. We now show how to check the local smoothness of the computed
solution and to determine the values of C, 1k 0 the x-direction. (The values of C; ;. 1 can be obtained

similarly, and we omit the details for the sake of brevity.)
We first compute the z-directional Sls:

1

max{ ﬁj—mw 5j,k7 :5,j+1,k}

Sjk = minmod (2,15 = Py Pik — Pj-1k) »
and then check whether

(3.2) 57| > max {|s72) 4], |57 4]} + <o,
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where €q is a positive constant taken to be g = 0.002 as in the 1-D case. If (3.2) is satisfied, then we
mark the cells I;_1 x, I, and ;41 as “rough”.

For those cells, at which (3.2) is satisfied, we also compute the Sls:
1

maX{Pj—Lka Pj.k> pj+1,k}

z,p _
Sjk =

minmod (pj41,k — Pj ks Pjk — Pi—1,k) »

and check whether

(3.3) |77

J 1 k| |s;f1k|}’

and if (3.3) is satisfied as well, then we mark the cells I;_1 x, I 1, and I; 11 ; as “rough contact” cells.
Finally, the cells that are not marked as either “rough” or “rough contact” are marked as “smooth”.
After all of the cells have been identified as either “rough”, “rough contact”, or “smooth”, we select
Cit 1 according to Algorithm 3.

Algorithm 3 Assignment of C; 1 ,

1. for each (z;,1,yk) do

2 if either I or I; 41 1 is a “rough contact” cell then
3 set Cjy 1, =CAx

4: else

5 set Cjp1 =C(Ax)?

6 end if

7: end for

Remark 3.2. As in the 1-D case, C is a positive tunable constant to be selected for each problem at
hand. In practice, one may tune C on a coarse mesh and then use the same value on finer meshes, as
demonstrated in Example 9 in §4.2.

3.2. Two-Dimensional Fifth-Order Adaptive Artificial Anti-Diffusion Scheme. We now
extend the 2-D second-order AAAD method to the fifth order of accuracy via the framework of the A-
WENO scheme. Assume that point values Uj, ~ U(x;,yx,t) are available at a time level ¢t. They are
evolved in time by numerically solving

AD AD AD
dUjk Hﬁr k ,Hj—é,k Hg k+3 /Hj,k—%

dt Az Ay ’

where the numerical fluxes are defined by

7 U1k — Ujk
HAD, =Y, - (Aw) (Foa)y s s+ e (A0 (Fr) g — Qg g 2tk = Uik
(3.4) : 5760 Az
' 7 U —Uj
s 2 o1 i
HP o =G5, - 4(Ay) (Gn)sry + 265 (A0 Cumn) iy — Qs JTJ_

Here, .7:?4\_/% , and gf Z 41 are the CU fluxes defined in (3.1), and the higher-order correction terms are

computed by fourth- and second-order finite differences, respectively:

1
(Fra)jsy o = B(As)? ( = 5Fj ok +39Fj_1p — 34F) ) — 34F 115 + 390 — 5Fj+3,k),

1
(Frare)s g = geagys (Fiak = 3F5is + 2B+ 2B 0 = 3y + Frasi ).
1
(Gyy)jnes = BAy? ( = 5G k-2 +39G k-1 — 34Gk — 34G k41 + 39G 2 — 5Gj7k+3)7

1
(nyyy)j,k+% = 2(Ay)* (Gj,k—2 — 3G -1+ 2G; L +2G; 41 — 3G k12 + Gj,k+3)7
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Algorithm 4 Assignment of Citik

1: for each (z;,1,yx) do
2 if either I or I; 41 % is a “rough contact” cell then
3 set Cj4 1, =CAz
. o2’ . 5
4 else if either I or 111 is a “rough” cell then
5: set Cj 1 = C(Ax)?
6 else
7 set Cjp1 =C(Ax)®
8 end if
9: end for

where Fj,k = F(Uj’k) and Gj,k = G(Uj,k).

The matrix @, 1k is defined as in the second-order AAAD scheme (see §3.1) but with the values of
Citik determined according to Algorithm 4.

The matrix @, 4 1 can be obtained similarly, and we omit the details for the sake of brevity.

Finally, to ensure the fifth order of accuracy, the one-sided interface values Uji+l . and Ujik L1 are

2 ’ 2
approximated using a 1-D fifth-order WENO-Z interpolation applied to local characteristic variables in
the z- and y-directions, respectively.

4. Numerical Examples. In this section, we test the proposed AAAD schemes on a series of
benchmark problems and compare their performance with that of the corresponding second-order CU
and fifth-order A-WENO schemes. For the sake of brevity, we refer to the second- and fifth-order AAAD
schemes as AAAD2 and AAADDS, respectively.

We numerically integrate the semi-discrete systems by the three-stage third-order strong stability
preserving Runge-Kutta (SSP RK3) method (see, e.g., [15,16]) and use the CFL number 0.4.

4.1. One-Dimensional Examples. We begin with the 1-D Euler equations of gas dynamics, in
which we take v = 1.4.

Example 1—1-D Accuracy Test. In the first example taken from [24], we consider the following
smooth initial data:

u(zx,0) = sin (% + %), p(z,0) = {’;\_/; (u(x,O) + 10)} %, p(z,0) = p(x,0),

subject to the periodic boundary conditions in the computational domain [0,10]. We compute the nu-
merical solution until the final time ¢ = 0.1 by the studied AAAD2 and AAAD5 schemes (both with the
adaptation constant C = 0.1) on a sequence of uniform meshes with Az = 1/20, 1/40, 1/80, 1/160, and
1/320.

We then compute the L'-errors and estimate the experimental convergence rates using the following
Runge formulas based on the solutions computed on three consecutive uniform grids with mesh sizes Az,
2Ax, and 4Ax, denoted by (-)2%, (-)?24% and (-)*2%, respectively:

524

2
Error(Az) = e Rate(Az) ~ log, (6) ,
12

" 1612 — 24|’

where 15 := ||(:)2% — (-)22%|1 and Saq4 = [|(-)22% — (-)*2%||L1. The obtained results are reported in
Table 4.1, where one can clearly observe the expected second- and fifth-order accuracy of the AAAD2 and
AAADS5 schemes, respectively.

Remark 4.1. We stress that, in order to achieve the fifth order of accuracy for the AAAD5 scheme,
we use smaller time steps with At ~ (Az)%/3 in order to balance the spatial and temporal errors.
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AAAD2 AAADS5
Error Rate Error Rate
1/80 | 1.11e-04 2.05 | 1.24e-08 4.80
1/160 | 2.32¢-05 2.14 | 2.8le-10  5.12
1/320 | 6.33e-06  2.03 | 9.81e-12  4.98

TABLE 4.1
Example 1: The L'-errors of the density p and experimental convergence rates for the AAAD schemes.

Az

Example 2—Titarev-Toro Problem. In the second 1-D example, we consider the shock-entropy
wave interaction problem taken from [44]; see also [41,45]. The initial conditions,

(1.51695,0.523346,1.805), x < —4.5,
(P, u, p)(x,0) = { .

(14 0.1sin(20x),0,1), x> —4.5,
correspond to a forward-facing shock wave of Mach 1.1 interacting with high-frequency density perturba-
tions. In this example, the computational domain is [—5, 5] and we impose the free boundary conditions.

We first compute the numerical solution until the final time ¢t = 5 by the studied AAAD2 (with the

adaptation constant C = 0.04) on a uniform mesh with Az = 1/80 and in Figure 4.1, we plot the obtained
density along with the reference one computed by the CU scheme on a much finer mesh with Az = 1/800.
As one can see, the AAAD2 scheme produces much more accurate results than the CU scheme. We then
repeat this computation using the AAADS5 scheme (with the adaptation constant C = 0.003), but on a
coarser uniform mesh with Az = 1/40. The obtained numerical results, shown in Figure 4.2, demonstrate
that the fifth-order solution also substantially improves when the AAAD terms are added. We stress
that the fifth-order computations were run on a coarser mesh since finer mesh results were close to the
reference solution.

1.8 T
[—CU —w—AAAD2 Reference‘ 17 [—CU —w—AAAD2 Reference
16} '
' 16

1.4
12 1.5

1f 1.4
0.8 - : :

-4 -2 0 2 4 -2 -1.5 -1

F1G. 4.1. Example 2: Density p computed by the CU and AAAD2 schemes on a uniform mesh with Az = 1/80 (left) and
zoom at z € [—2, —1] (right).

Example 3—Shock-Density Wave Interaction. In this example taken from [42], we consider the
shock-density wave interaction problem with the initial data,

27 4+/35 31
(pu,p)(x,0)=¢\ 7" 9 7 3)
(14 0.2sin(5x),0,1), x> —4,

<-4

)

prescribed in the computational domain [—5, 15] with the free boundary conditions.

We compute the numerical solutions until the final time ¢ = 5 by the studied AAAD?2 scheme (with
the adaptation constant C = 0.1) on a uniform mesh with Az = 1/80 and AAADS5 scheme (with the
adaptation constant C = 0.03) on a coarser uniform mesh with Az = 1/20. We present the results in
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'8 [—A-WENO —w—AAAD5 Reference| 17 [— A-WENO —w—AAAD5 Reference
1.6
1.5
1.4
08— : ‘ ‘ : 1.3 :
-4 -2 0 2 4 -1 -0.5 0

F1G. 4.2. Example 2: Density p computed by the A-WENO and AAADS5 schemes on a uniform mesh with Az = 1/40 (left),
which is coarser than the mesh used in Figure 4.1, and zoom at x € [—1, 0] (right).

281 Figures 4.3-4.4 together with a reference solution computed by the CU scheme on a much finer mesh with
282 Az = 1/400. One can see that the AAAD2 and AAADS5 schemes yield substantially improved resolution
compared with their CU and A-WENO counterparts.

‘— CU —w—AAAD2 Reference‘

45! ﬁ

4
1 —cu | 3.5
—w—AAAD2
Reference
0 3
-5 0 5 10 15 11 12 13

F1G. 4.3. Example 3: Density p computed by the CU and AAAD2 schemes on a uniform mesh with Az = 1/80 (left) and
zoom at z € [11, 13] (right).

[—A-WENO —w—AAAD5

Reference ‘

——A-WENO
—w—AAAD5

-

Reference

0 L L L
-5 0 5 10 15

F1G. 4.4. Example 3: Density p computed by the A-WENO and AAADS5 schemes on a uniform mesh with Az = 1/20 (left),
which is much coarser than the mesh used in Figure 4.3, and zoom at « € [11,13] (right).

283
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Example 4—Shock-Bubble Interaction. In the fourth example taken from [30], we consider the
shock-bubble interaction problem with the initial data

(13.1538,0, 1), if |x| < 0.25,
(p,u,p)(x,0) = < (1.3333, —0.3535,1.5), if z > 0.75,
(1,0,1), otherwise,

which correspond to a left-moving shock initially located at = 0.75 and a bubble of radius 0.25 initially
located at the origin. We impose the solid wall boundary conditions on the left and free boundary
conditions on the right of the computational domain [—1, 1].

We compute the numerical solution until the final time ¢ = 3 by the studied AAAD2 (with the
adaptation constant C = 0.15) and AAAD5 (with the adaptation constant C = 0.05) schemes on a
uniform mesh with Az = 1/100. The obtained results are presented in Figures 4.5-4.6 along with a
reference solution computed by the CU scheme on a much finer mesh with Az = 1/2000. One can see
that both AAAD2 and AAADS5 achieve improved resolution of the contact discontinuities.

—CU
20+ —w—AAAD2 | 20+
Reference

15 [ 4 15 L
101 10

51 1 5 —CU

—w—AAAD2
Reference
0 - : 0 ' '
-1 -0.5 0 0.5 1 -0.6 -04 -0.2

F1a. 4.5. Example 4: Density p computed by the CU and AAAD2 schemes (left) and zoom at = € [—0.65, —0.15] (right).

——A-WENO
20+ —w—AAAD5 | 20 -
Reference
151 1 15+
10 1 10
5 57 ——A-WENO
—w—AAAD5
Reference
0 ' ' ' 0 ' ' '
-1 -0.5 0 0.5 1 -0.6 -0.4 -0.2

F1G. 4.6. Example 4: Density p computed by the A-WENO and AAADS5 schemes (left) and zoom at = € [—0.65, —0.15]
(right).

We use this example to demonstrate the adaption coefficient tuning procedure. To this end, we first
adjust C on a coarse mesh (so that the tuning process is computationally inexpensive) and then use the
selected value for high-resolution computations on finer meshes. We compute the numerical solutions by
the AAAD2 scheme on a coarse mesh with Az = 1/100 using C = 0.05, 0.15, and 0.25, and present the
results in Figure 4.7 (left), where one can see that C = 0.15 seems to be a reasonable choice as the larger
value C = 0.25 produces a small oscillation. We then take C = 0.15, compute the corresponding numerical
solutions on finer meshes with Az = 1/200, 1/400, 1/800, and 1/1600, and plot the obtained results in
Figure 4.7 (middle). As one can see, the computed solutions remain stable and well resolved as the mesh
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is refined. We also repeat the same finer mesh computations, but using the larger value C = 0.25. We plot
the obtained results in Figure 4.7 (right), where one can see that the magnitude of oscillations increases
as Az shrinks, which clearly demonstrates that the coarse-mesh tuning process works in a robust way.

257 257 25
20 20 20 I
1571 15+ 15+
107 107 107
——C=005 Az = 1/200 Az = 1/200
5f ——C=0.15 5} —e— Az = 1/400 5! —e— Az = 1/400
—_—C =025 Az =1/800 Az = 1/800 &
Reference — — Az = 1/1600 — Az =1/1600
0 0 0
-0.6 -0.4 -0.2 -0.6 -0.4 -0.2 -0.6 -0.4 -0.2

F1G. 4.7. Example 4: Density p (zoom at z € [—0.65, —0.15]) computed by the AAAD2 scheme with C = 0.05, 0.15, and
0.25 on the uniform mesh with Az = 1/100 (left) and with C = 0.15 (middle) and C = 0.25 (right) on finer uniform meshes with
Az = 1/200, 1/400, 1/800, and 1/1600.

Example 5—Lax Problem. In this example taken from [31], we consider the Riemann problem
with the initial conditions,

(0.445,0.31061,8.928), = < 0,

s Uy ,0) =
(p,u,p)(z,0) {(0,5,0,0.571), z20,

prescribed in the interval [—5, 5] subject to the free boundary conditions.

We compute the numerical solutions until the final time ¢ = 1.3 by the studied AAAD2 (with the
adaptation constant C = 0.1) and AAAD5 (with the adaptation constant C = 0.5) schemes on a uniform
mesh with Az = 1/20. We plot the results in Figures 4.8-4.9 together with the exact solution. As can
be seen, both adaptive schemes provide improved resolution of the contact wave compared with their
non-adaptive counterparts.

2 T y T T 2
—CU —CU
—w— AAAD2 —w— AAAD2
Exact Exact
1.5 1 157
1 1

[L .

T —

-4 -2 0 2 4 2.9 3.1 3.3 3.5

Fi1G. 4.8. Example 5: Density p computed by the CU and AAAD2 schemes (left) and zoom at x € [2.9, 3.5] (right).

Example 6—Blast Wave Problem. In the last 1-D example, we consider a strong-shock interac-
tion problem from [52], which is considered in the interval [0, 1] with the solid wall boundary conditions
and subject to the following initial conditions:

(1,0,1000), « < 0.1,
(pusp)| = (1,0,001), 0.1<2<09,
Z,
(1,0,100), x> 0.9.

We compute the numerical solutions until the final time ¢ = 0.038 by the studied AAAD2 scheme
(with the adaptation constant C = 0.55) on a uniform mesh with Az = 1/400 and AAADS5 scheme (with
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——A-WENO
—w— AAADS
——Exact

2

——A-WENO
—w—AAAD5S
Exact

1.5 ] 1.5¢

0.5 L 0.5¢1

T ——

-4 -2 0 2 4 29 3.1 3.3 3.5

F1G. 4.9. Example 5: Density p computed by the A-WENO and AAAD5 schemes (left) and zoom at x € [2.9, 3.5] (right).

321 the adaptation constant C = 0.5) on a coarser uniform mesh with Az = 1/200. The obtained results are
322 presented in Figures 4.10-4.11 along with a reference solution computed by the CU scheme on a much
323 finer mesh with Az = 1/4000. One can see that both AAAD2 and AAADS5 schemes achieve substantial

improvement in the quality of the computed solutions.
—
| [=——AAAD2
Reference

—CU
6l —w—AAAD2
Reference

6
47 4
2 | 2l
-
( S— . ‘ ‘ ' 0 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 055 06 065 07 075 08 0.85

FiG. 4.10. Example 6: Density p computed by the CU and AAAD2 schemes with Az = 1/400 (left) and zoom at
z € [0.55,0.85] (right).

T T T T T T T T

——A-WENO ——A-WENO
6 —w—AAAD5 6 —w—AAADS
—— Reference —— Reference

4+

2, 4

0 i ‘ : : [ : ‘ : : :

0 0.2 0.4 0.6 0.8 1 055 06 065 07 075 08 085

F1G. 4.11. Example 6: Density p computed by the A-WENO and AAADS5 schemes with Az = 1/200 (left) and zoom at
x € [0.55,0.85] (right).

324

325 4.2. Two-Dimensional Examples. We now turn to the 2-D Euler equations of gas dynamics. In
326 Examples 7-13, we take v = 1.4, while in Example 14, we take v = 5/3.
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Example 7—2-D Accuracy Test. In the first 2-D example taken from [2,40], we consider the
following smooth initial data:

(v = Dw?

0)=(1-
p(z,y,0) ( %

5T
) , P(CU,Z%O) ZPW(%?J’O%

5 1—a?—y?
2

u(r,y,0) =1—ry, wv(x,y,0)=14+kKx, K= 2.€

subject to the periodic boundary conditions in the computational domain [—10, 10] x [—10, 10]. The exact
solution of this initial value problem is given by U (z,y,t) = U(x —t,y — t,0).

We compute the numerical solution until the final time ¢ = 0.1 using the studied AAAD2 and AAAD5
schemes (both with the adaptation constant C = 0.1) on a sequence of uniform meshes with Az = Ay =
1/10, 1/20, and 1/40, and then measure the L'-errors and the corresponding experimental convergence
rates for the density. The obtained results are presented in Table 4.2, where one can see that the expected
orders of accuracy have been achieved by both of the studied schemes.

AAAD2 AAAD5
Az = Ay
Error Rate Error Rate
1/10 3.62e-03 — 3.73e-05 —

1/20 8.18e-04  2.15 | 1.14e-06 5.04

1/40 1.69e-04  2.27 | 2.44e-08  5.55

TABLE 4.2
Example 7: The L!-errors of the density p and experimental convergence rates for the AAAD2 and AAADS schemes.

Remark 4.2. As in Example 1, we use smaller time steps with At ~ min{(Az)%/3, (Ay)>/3} in order
to achieve fifth order of accuracy by the AAADS5 scheme.

Example 8—Explosion Problem. In this example taken from [32], we consider the explosion
problem. The initial conditions,

(1,0,0,1), 2% +9y?% < 0.16,
(p(x,y,0),u(z,y,0),v(z,y,0), p(x,y,0)) {(0.125’0,0,011)7 otherwise,
are prescribed in [—1.5,1.5] x [—1.5,1.5] subject to the free boundary conditions. The solution develops
circular shock and contact waves, with the latter one being unstable.

We compute the numerical solutions until the final time ¢ = 3.2 by the studied AAAD2 (with the
adaptation constant C = 0.03) and AAADS5 (with the adaptation constant C = 0.02) schemes on a uniform
mesh with Az = Ay = 3/800. The obtained results are presented in Figure 4.12, where one can clearly
observe noticeable differences between the CU and A-WENO schemes and their AAAD counterparts: the
adaptive solutions exhibit substantially more small-scale structures and a wider mixing layer, while the
main shock remains stable.

Example 9—2-D Riemann Problem (Configuration 3). In this example, we consider Config-
uration 3 of the 2-D Riemann problems from [29] with the initial conditions

(1.5,0,0,1.5), z>1, y>1,

(0.5323,1.206,0,0.3), <1, y>1,
(psu,v,p)(2,y,0) =

(0.138,1.206,1.206,0.029), z <1, y<1,

(0.5323,0,1.206,0.3), r>1, y<l1,

prescribed in [0, 1.2] x [0, 1.2] subject to the free boundary conditions.
We compute the numerical solution until the final time ¢ = 1 by the studied AAAD2 (with the
adaptation constant C = 0.04) and AAAD5 (with the adaptation constant C = 0.02) schemes on a
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AAAD2 A-WENO AAADS

0.2

0.15

0.5

0.1

L i 0 0=
1 . . . . 1 15 0 0.5 1 1.5

F1G. 4.12. Example 8: Density p computed by the CU, AAAD2, A-WENO, and AAADS5 schemes.

uniform mesh with Az = Ay = 1/500 and plot the results in Figure 4.13. As one can see, the AAAD
schemes outperform their non-adaptive counterparts in capturing the sideband instability of the jet, in
particular, in the zones of strong along-jet velocity shear and near the jet neck.

AAAD2

1.6
1.2
0.8

04

F1a. 4.13. Example 9: Density p computed by the CU, AAAD2, A-WENO, and AAADS5 schemes.

We use this example to illustrate the tuning procedure for C in the 2-D setting. To this end, we
proceed as in the 1-D case: we first tune C on a coarse mesh and then use the selected values for fine-mesh
computations. We begin by computing the coarse-mesh numerical solutions with Az = Ay = 3/1000 using
C = 0.02, 0.04, 0.06, and 0.08, and plot the results in Figure 4.14, where one can see that C = 0.04 seems to
be a reasonable choice as the use of larger values of C leads to the appearance of certain unstable structures.
We then verify that the value C = 0.04 can be safely used on finer meshes with Az = Ay = 3/2000, 3/2500,
1/1000, and 3/3500; see Figure 4.15. We have also run the AAAD2 scheme with C = 0.06 on finer meshes,
but when the mesh is refined, the magnitude of oscillations grows and negative pressure values start
appearing.

AAAD2, C=0.02 AAAD2,C=0.04

AAAD2, C=0.06 ) AAAD2,C=0.08

1.2 — 12 12 e — —
1.6
08 08 08 08 12
0.8

0.4 04 0.4 04
0.4

0 0 0 0

0 0.4 08 12 0 04 08 12 0 0.4 08 12 0 04 08 1.2

F1G. 4.14. Example 9: Density p computed by the AAAD2 scheme with Az = Ay = 3/1000 for C = 0.02, 0.04, 0.06, and
0.08.
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o JAAAD2, Az = Ay = 3/2000

, AAAD2 Az = Ay = 3/2500

o (AAAD2, Az = Ay = 1/1000 , AAAD2, Az = Ay = 3/3500

1.6
0.8 0.8 12

0.8
0.4 0.4

04

0 0.4 0.8 12 0 . . . . . . . . 1.2

F1G. 4.15. Example 9: Density p computed by the AAAD2 scheme on uniform meshes with Az = Ay = 3/2000, 3/2500,
1/1000, and 3/3500 with C = 0.04.

Example 10—2-D Riemann Problem (Configuration 6). In this example, we consider Config-
uration 6 of the 2-D Riemann problems taken from [29] with the initial conditions

(1,0.75,—0.5,1), x> 0.5, y > 0.5,
(2,0.75,0.5, 1), <05, y>0.5,
(1,-0.75,0.5,1), 2 <0.5, y<O0.5,
(3,-0.75,-0.5,1), x> 0.5, y < 0.5,

(p;u,v,p)(w,y,0) =

prescribed in [0, 1] x [0, 1] subject to the free boundary conditions.

We compute the numerical solution until the final time ¢ = 1 by the studied AAAD2 (with the
adaptation constant C = 0.05) and AAAD5 (with the adaptation constant C = 0.02) schemes on a
uniform mesh with Az = Ay = 1/400 and plot the results in Figure 4.16. As one can see, the AAAD
schemes capture more intricate vortex structures than their non-adaptive counterparts, which indicates
higher resolution and reduced numerical dissipation of the proposed AAAD schemes. One can also observe
that the second-order AAAD2 scheme achieves higher resolution than the fifth-order A-WENO scheme.
This demonstrates a powerful feature of the proposed AAAD strategy.

AAAD2 A-WENO AAAD5
0.5

CU
1 1 [ 1
0.5 0.5
k_‘ -\
0 0 0
0 0.5 1 0

0.5 1 0 0.5 1 0 0.5 1

o

.5

1
0.5

0
F1G. 4.16. Example 10: Density p computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.

Example 11—2-D Riemann Problem (Configuration 12). In this example, we consider Con-
figuration 12 of the 2-D Riemann problems taken from [29] with the initial conditions

(0.5313,0,0,0.4), x> 0.5, y > 0.5,
(pou,o.p) ) (1,07276,0,1), x<0.5, y > 0.5,
PP e T ) (08,0,0,1), z <05, y<0.5,
(

1,0,0.7276,1), x> 0.5, y < 0.5,

prescribed in the computational domain [0, 0.6] x [0, 0.6] subject to the free boundary conditions.
We compute the numerical solution until the final time ¢ = 1 by the studied AAAD2 (with the
adaptation constant C = 0.04) and AAAD5 (with the adaptation constant C = 0.02) schemes on a
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uniform mesh with Az = Ay = 1/1000 and plot the obtained results in Figure 4.17. One can see that
the AAAD schemes resolve more vortices arising along the unstable contact surfaces than their non-
adaptive counterparts. As in the previous example, we notice that the second-order AAAD2 scheme
clearly outperforms the fifth-order A-WENO scheme.

F1G. 4.17. Example 11: Density p computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.

Example 12—Implosion Problem. In this example, we consider the implosion problem taken
from [32]; see also [4,25]. The initial conditions

(0.125,0,0,0.14), |z|+ |y| < 0.15,

a;07 7a07 ’707 7’O: i
(p(z,y,0),u(z,y,0),v(x,y,0),p(x,y,0)) {(1,0’0’1)’ otherwise,

are prescribed in [0,0.3] x [0,0.3] subject to the solid boundary conditions. In this problem, a jet forms
near the origin and propagates along the diagonal y = x. Excessive numerical diffusion may smear the
jet or alter its propagation speed, and therefore this example is often used to assess numerical dissipation
present in studied schemes.

We compute the numerical solution until the final time ¢ = 2.5 by the studied AAAD2 (with the
adaptation constant C = 0.05) and AAADS5 (with the adaptation constant C = 0.01) schemes on a uniform
mesh with Az = Ay = 1/1500. The obtained results are plotted in Figure 4.18, where one can observe
that the jets propagate substantially farther along the diagonal by the AAAD schemes: This indicates
that they are less diffusive than their non-adaptive counterparts. As in several previous examples, we
notice that the second-order AAAD2 scheme clearly outperforms the fifth-order A-WENO scheme.

0 1 0.2 0.3 04 0 0.1 0.2 0.3 0.4 0.1 0.2 0.3 04 0 0.1 0.2 0.3 0.4

F1G. 4.18. Example 12: Density p computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.
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Example 13—Kelvin-Helmholtz (KH) Instability. In this example, we study the KH instability
problem taken from [36]. We consider the initial data

(1,—0.5 + 0.5eW+0-25)/L) =y < (.25,
(2,0.5 — 0.5e(7¥=0:25)/L) .25 < 3y < 0,
z,y,0),u(z,y,0)) =
(4.1) (p(@:9,0),u(@ 500 =4 (5 o5 _ g 5ew-029/8) <y <025,
(1, 0.5 + 0.5¢(0-25=9)/L) 4 > 0.25,

v(z,y,0) = 0.0Lsin(4mz), p(z,y,0) = 1.5,

in [-0.5,0.5] x[—0.5, 0.5] subject to the periodic boundary conditions. In (4.1), L = 0.00625 is a smoothing
parameter.

We compute the numerical solution until the final time ¢ = 4 by the studied AAAD2 (with the
adaptation constant C = 0.05) and AAAD5 (with the adaptation constant C = 0.01) schemes on a
uniform mesh with Az = Ay = 1/1024 and plot the numerical results at times ¢t = 1, 2.5, and 4 in Figures
4.19-4.20. One can observe that already at ¢t = 1, the vortex streets produced by the AAAD schemes are
more pronounced. These structures grow over time, leading to increasingly complex mixing patterns at
later times. Overall, the AAAD schemes outperform their non-adaptive counterparts by capturing richer
turbulent structures.

CU,t=1

0
AAAD2, ¢t =1

-0.5
-0.5 0 05 -0.5

F1G. 4.19. Example 13: Density p computed by the CU (top row) and AAAD2 (bottom row) schemes at ¢t = 1 (left column),
2.5 (middle column), and 4 (right column).

Example 14—Rayleigh-Taylor (RT) Instability. In the last example taken from [39], we inves-
tigate the RT instability, which occurs when a layer of heavier fluid is placed above a layer of lighter fluid.
The model is governed by the 2-D Euler equations with gravitational source terms acting in the positive
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A-WENO, ¢ = 1 A-WENO, t = 2.5 A-WENO, ¢t =4

-0.5
0.5

F1G. 4.20. Example 13: Density p computed by the A-WENO (top row) and AAAD5 (bottom row) schemes at ¢t = 1 (left
column), 2.5 (middle column), and 4 (right column).

y-direction, namely,

pt+ (pu)e + (pv)y =0,

(pu)s + (pu® +p)a + (puv), =0,
()¢ + (puv)z + (pv* + p)y = p,

Ey + [uw(E +p)], + [v(E + p)], = po.

We consider the initial conditions

(2,0,—0.025 ccos(87x),2y + 1), y < 0.5,

) ) 0 9 K ) 0 ) ) 9 0 ) ) ) 0 =
(pl@,y,0), u(@,y,0), v(@,y, 0), p(,y,0)) {(1,0, —0.025 ccos(8mzx),y + 1.5), otherwise,

where c is the speed of sound. The computational domain is [0,0.25] x [0, 1] with the solid wall boundary
conditions imposed at z = 0 and = = 0.25, and the following Dirichlet boundary conditions imposed at
the top and bottom boundaries:

(p7u7vap)’y:1 = (1707072'5)7 (pv uavap)‘yzo = (2707()’ 1)

We compute the numerical solution until the final time ¢ = 2.95 by the studied AAAD2 (with the
adaptation constant C = 0.05) and AAADS5 (with the adaptation constant C = 0.02) schemes on a uniform
mesh with Az = Ay = 1/1024 and plot the results, obtained at times ¢ = 1.95 and 2.95, in Figure 4.21.
One can observe pronounced differences between the AAAD solutions and those computed by the CU
and A-WENO schemes: the AAAD schemes capture substantially more complex small-scale structures,
which again indicates reduced numerical dissipation present in the AAAD schemes.



431
432
433
434
435

436

437

438

439

22 S. CHu, I. KLIAKHANDLER & A. KURGANOV

] CU, t=195 . AAAD2, t =195 . CU, ¢t = 2.95 ] AAAD2, t =295
2.8
2.4
0.75 0.75
2
0.5 0.5 1.6
1.2
0.25 0.25
0.8
0 ‘ 0 ‘ ‘
0 0.125 0.25 0 0.125 0.25 0 0.125 0.25 0 0.125 0.25
] A-WENO, t = 1.95 ] AAADS5, t =1.95 ] A-WENO, t = 2.95 ] AAADS5, t =295
~—— - 2.8
2.4
0.75 ’ 0.75 0.75 0.75
2
0.5 0.5 0.5 0.5 16
1.2
0.25 0.25 0.25 0.25
0.8
0 : 0 : 0 0 - W04
0 0.125 0.25 0 0.125 0.25 0 0.125 0.25 0 0.125 0.25

F1c. 4.21. Example 14: Density p computed by the CU, AAAD2, A-WENO, and AAAD5 schemes at different times.

Appendix A. 1-D Local Characteristic Decomposition Based Fifth-Order WENO-Z In-
terpolant. In this appendix, we briefly describe the 1-D LCD based fifth-order WENO-Z interpolant.
Given the point values 1; of a certain function 1 at uniform grid points x = x;, the values 7/}]-_4.; are
2
computed using a weighted average of the three parabolic interpolants Py(z), P1(z) and Pa(x) obtained
using the stencils [z;_2,z,;_1,2;], [tj-1,2;,z;11], and [z}, 211, z,12], respectively:
2
(A1) Vip1 = > wrPr(wj),
k=0
where
3 5 15
Po(xj1) = g%‘—z - Zd)j—1 + gl/)j,
As 1 3 3
(A.2) Pi(zjy1) = —gl/’j—l + 11/11' + §1/1j+1’
3 3 1
Pa(xjy1) = gT/fj + 17/1]'-&-1 - g¢j+2-
To ensure (A.1)—(A.2) are fifth-order accurate and nonoscillatory, we take the following weights wy in
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(A.1):
(A.3) O o —dy |1+ (=) 182 — Bol
. wp = ————————— = =By —
k a0+a1+a2’ k k ﬁk+5 ) 5 2 0fy
where dy = %, dy = %, and dy = 15—6, and the SIs §j are given by
13 2 1 2
Bo = E(wj—Q =21+ ;) + Z(%‘—Q —dapj_1 + 3¢5)",
13 2 1 2
(A4) B = E(wj—l =2 + 1) + Z(l/fj—l — i),
13 2 1 2
B2 = ﬁ(%‘ — 21 + Pjge) + 1(31/13‘ —4dthjp1 + Pjga)

In this paper, we have used p = 2 and ¢ = 107'? in all of the numerical examples. The corresponding
right-sided value, 1/1;.;1 , can also be derived using a mirror-symmetric approach, and we omit it for the
2

sake of brevity.
To ensure a nonoscillatory nature of the reconstruction (A.1)—(A.4), we apply it to the local charac-
teristic variables, which we introduce in the neighborhood of z = x; 1

J

T, = (R4+%)_1Uj+6) 0=-2...,3.

Equipped with the values I' 5, I‘,l,_l"o7 I';, I's, and T's, we then apply the interpolation procedure (A.1)—
(A.4) to each of the components T¥, i = 1,...,d of T to obtain I'; (the values of '} are computed in
2 2

the mirror-symmetric way). Finally, the corresponding one-sided point values of U are given by

+ _ +
U¥, =R, yT7.
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