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Abstract. We introduce new adaptive artificial anti-diffusion (AAAD) methods for one- and two-dimensional hyperbolic4
systems of conservation laws. The key idea is to reduce the amount of numerical dissipation present in a given numerical5
method by adding an anti-diffusion (AD) term acting in linearly degenerate fields only. This way, the resolution of contact6
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coefficients are selected adaptively: they are supposed to be proportional to the mesh size near the contact waves to enhance8
the resolution and to be very small in the smooth parts of the computed solution to ensure a sufficiently high (formal)9
order of accuracy there. The proposed AAAD methods are realized using either the second-order central-upwind numerical10
fluxes or their fifth-order extensions implemented within the alternative weighted essentially non-oscillatory (A-WENO)11
framework. We test the proposed schemes on a series of benchmarks for the one- and two-dimensional Euler equations of12
gas dynamics and the obtained results demonstrate the robustness and high resolution of the new AAAD methods.13
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1. Introduction. This paper focuses on numerical solutions of hyperbolic systems of conservation17

laws, which in the one-dimensional (1-D) and two-dimensional (2-D) cases, read as18

(1.1) Ut + F (U)x = 0,19

and20

(1.2) Ut + F (U)x +G(U)y = 0,21

where t denotes time, x and y are spatial coordinates, U ∈ Rd is the vector of conserved variables, and22

F ,G : Rd → Rd are the flux functions.23

It is well-known that even for smooth initial data, solutions of (1.1) and (1.2) may develop complicated24

wave patterns containing shock waves, rarefaction waves, and contact discontinuities. The presence of such25

nonsmooth structures makes the design of accurate and robust numerical methods particularly challenging.26

On the one hand, a good scheme has to suppress nonphysical oscillations near discontinuities in order to27

remain stable. On the other hand, it must retain sufficient resolution so that physically relevant structures28

are not over-smeared by excessive numerical dissipation. Achieving this balance between robustness and29

low numerical dissipation is one of the central difficulties in the development of numerical methods for30

hyperbolic conservation laws.31

A classical approach to enforce stability is to add an artificial viscosity (AV) to the underlying unstable32

(or, only linearly stable) numerical scheme. Since its introduction in [46], this idea has been successfully33

used in many works; see, e.g., [3,17,20,21,26,43,51] to name just a few. The main advantage of AV methods34

lies in their simplicity and robustness, since they provide an effective mechanism for suppressing spurious35

oscillations and enhancing nonlinear stability. However, designing a successful AV method remains a36

delicate task. On the one hand, a sufficient amount of AV must be added near discontinuities in order37

to suppress spurious oscillations and guarantee nonlinear stability. If it is too small, the added AV may38

be insufficient to stabilize the computation near discontinuities, and nonphysical oscillations may still39
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occur. On the other hand, the added AV should remain sufficiently small in smooth regions so that40

the high-order accuracy of the underlying scheme is not destroyed. If it is too large, the numerical41

solution may become excessively diffused, leading to a substantial loss of resolution. Therefore, in order42

to achieve both robustness and high resolution, the AV must be introduced adaptively, based on a suitable43

smoothness indicator (SI) capable of detecting “rough” parts of the computed solution and determining44

the appropriate amount of AV to be added there. This has been done, for instance, in [17, 26], but even45

these advanced adaptive artificial viscosity (AAV) methods do not achieve the same level of resolution46

achieved by modern shock-capturing methods.47

In high-resolution shock-capturing methods, stability is achieved by incorporating nonlinear limiters48

into the reconstruction or flux evaluation procedures. This strategy has proved to be highly effective49

and underlies many robust non-oscillatory methods. However, the robustness gained in this way is often50

accompanied by increased numerical dissipation. In particular, contact discontinuities and small-scale51

smooth structures may become noticeably smeared, especially on relatively coarse meshes. Therefore,52

for numerical methods that already employ nonlinear limiters, it is natural to seek a mechanism that53

improves resolution without destroying a non-oscillatory property ensured by the limiter.54

In this paper, we develop a new class of adaptive artificial anti-diffusion (AAAD) methods for hyper-55

bolic systems of conservation laws. Our starting point is somewhat similar to the AAV philosophy, but56

rather than locally increasing the amount of numerical diffusion, we adaptively add suitable anti-diffusive57

(AD) corrections to enhance the resolution of the scheme, which is already stabilized by nonlinear limiters.58

In this way, the nonlinear limiters continue to control spurious oscillations, while the AD terms compen-59

sate excessive numerical diffusion. This is particularly advantageous near contact discontinuities, whose60

accurate resolution is often degraded by the numerical diffusion inherent in shock-capturing schemes.61

A key point in our construction is that the AD correction is applied in linearly degenerate characteristic62

fields only. This allows us to sharpen contact waves without introducing undesirable oscillations into63

the genuinely nonlinear fields associated with shocks and rarefactions. Another essential feature of the64

proposed AAAD method is adaptivity. The AD coefficients are chosen so that the correction is sufficiently65

strong only in “rough” regions, while remaining very small in smooth parts of the computed solution. As66

a result, the designed (formal) order of accuracy of the underlying scheme is retained in smooth regions,67

whereas the resolution of contact discontinuities is significantly enhanced.68

To adjust the AAAD coefficients, we need to automatically detect the “rough” parts of the computed69

solution with the help of an SI. Many different SIs are readily available; see, e.g., [1,5,9–14,18,23,35,37,38,70

47,49,50] and references therein. In this paper, we employ the recently proposed modified minmod-based71

SI introduced in [7], which is a modified version of the minmod-based SI from [49]; see also [19, 42]. We72

apply this SI to different fields in order to automatically distinguish contact waves from other “rough” parts73

of the solution. For example, in the case of the Euler equations of gas dynamics, we take advantage of the74

fact that, while the density is discontinuous across contact waves, the pressure remains continuous there.75

After identifying the locations of the contact surfaces, we activate the AAAD correction in their vicinities76

with coefficients of order O(∆), while taking much smaller adaption coefficients elsewhere: O(∆2) and77

O(∆r) in the rest of the “rough” and “smooth” regions, respectively. Here, ∆ is a spatial mesh size and78

r is a formal order of the underlying scheme so that the resulting AAAD method retains its formal order79

of accuracy in “smooth” regions.80

We incorporate the proposed AAAD strategy into both second- and fifth-order schemes. First, we81

combine it with the second-order finite-volume (FV) central-upwind (CU) schemes developed in [25,27–29].82

Second, we extend the same idea to the fifth-order finite-difference (FD) alternative weighted essentially83

non-oscillatory (A-WENO) framework developed in [8, 22, 33, 34, 48]. The resulting adaptive schemes84

are then applied to a number of 1-D and 2-D examples for the Euler equations of gas dynamics. The85

reported numerical results demonstrate that the proposed AAAD methods are robust and substantially86

less dissipative than their non-adaptive counterparts. In particular, they provide a sharper resolution87

of contact waves and finer structures while preserving the non-oscillatory character of the underlying88

schemes.89

The rest of the paper is organized as follows. In §2, we briefly review the 1-D second-order CU scheme90

and then introduce the corresponding second-order AAAD method. We then review the 1-D fifth-order91

A-WENO scheme and describe the fifth-order AAAD method. In §3, we extend both the second- and92

fifth-order AAAD methods to the 2-D case. Finally, in §4, we present a number of 1-D and 2-D numerical93
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examples illustrating the performance of the proposed AAAD methods.94

2. One-Dimensional Adaptive Artificial Anti-Diffusion Schemes. In this section, we consider95

the 1-D hyperbolic system (1.1) and present the proposed second- and fifth-order AAAD schemes. We96

begin with the second-order AAAD scheme based on a CU flux (§2.1) and then extend it to the fifth order97

via the A-WENO framework (§2.2).98

2.1. One-Dimensional Second-Order Adaptive Artificial Anti-Diffusion Scheme. We first99

briefly review the second-order CU scheme (§2.1.1) and then describe the AAAD algorithm for the Euler100

equations of gas dynamics (§2.1.2).101

2.1.1. One-Dimensional Second-Order Central-Upwind Scheme. Let the computational do-
main be partitioned into uniform cells Ij := [xj− 1

2
, xj+ 1

2
] of size xj+ 1

2
− xj− 1

2
≡ ∆x, centered at

xj =
(
xj− 1

2
+ xj+ 1

2

)
/2. Assume that the cell averages,

U j(t) ≈
1

∆x

∫
Ij

U(x, t) dx,

are available at a certain time t ≥ 0. In what follows, for the sake of brevity, we suppress the time102

dependence of indexed quantities.103

Following [25], the cell averages are evolved by numerically solving the semi-discrete system104

dU j

dt
= −

FFV
j+ 1

2
−FFV

j− 1
2

∆x
,105

where the CU numerical fluxes are given by106

(2.1) FFV
j+ 1

2
=
a+
j+ 1

2

F (U−
j+ 1

2

)− a−
j+ 1

2

F (U+
j+ 1

2

)

a+
j+ 1

2

− a−
j+ 1

2

+
a+
j+ 1

2

a−
j+ 1

2

a+
j+ 1

2

− a−
j+ 1

2

(
U+

j+ 1
2

−U−
j+ 1

2

− qj+ 1
2

)
.107

Here, U±
j+ 1

2

are one-sided point values of U at the interface x = xj+ 1
2
reconstructed from the cell averages

{U j} using a nonlinear limiter applied to local characteristic variables. To this end, we first introduce

the matrices Âj+ 1
2
= A

(
Ûj+ 1

2

)
, where A := ∂F

∂U is the Jacobian and Ûj+ 1
2
is a certain average of U j and

U j+1, and then compute the matrices Rj+ 1
2
and

(
Rj+ 1

2

)−1
such that

(
Rj+ 1

2

)−1
Âj+ 1

2
Rj+ 1

2
are diagonal.

We then introduce the local characteristic variables Γ in the neighborhood of x = xj+ 1
2
:

Γℓ =
(
Rj+ 1

2

)−1
U j+ℓ, ℓ = −1, 0, 1, 2.

Equipped with the values Γ−1, Γ0, Γ1, and Γ2, we compute the slopes108

(2.2) (Γx)0 = minmod

(
θ
Γ0 − Γ−1

∆x
,
Γ1 − Γ−1

2∆x
, θ

Γ1 − Γ0

∆x

)
,109

and110

(2.3) (Γx)1 = minmod

(
θ
Γ1 − Γ0

∆x
,
Γ2 − Γ0

2∆x
, θ

Γ2 − Γ1

∆x

)
.111

Here, the minmod function, defined as112

minmod(z1, z2, . . .) :=


minj{zj} if zj > 0 ∀ j,
maxj{zj} if zj < 0 ∀ j,
0 otherwise,

113

is applied in the component-wise manner. The parameter θ ∈ [1, 2] in (2.2)–(2.3) is used to control the114

amount of numerical viscosity present in the resulting scheme, and larger values of θ correspond to sharper115

but, in general, more oscillatory reconstructions. In this paper, we take θ = 2.116
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Equipped with (2.2) and (2.3), we evaluate117

(2.4) Γ−
1
2

= Γ0 +
∆x

2
(Γx)0, Γ+

1
2

= Γ1 −
∆x

2
(Γx)1,118

and then obtain the corresponding point values of U by U±
j+ 1

2

= Rj+ 1
2
Γ±

1
2

.119

In (2.1), a±
j+ 1

2

are one-sided local propagation speeds, which can be estimated with the help of the

smallest and largest eigenvalues of the Jacobian A(U), denoted by λ1(A(U)) ≤ · · · ≤ λd(A(U)). For
example, one may take

a+
j+ 1

2

= max
{
λd

(
A
(
U−

j+ 1
2

))
, λd

(
A
(
U+

j+ 1
2

))
, 0
}
, a−

j+ 1
2

= min
{
λ1

(
A
(
U−

j+ 1
2

))
, λ1

(
A
(
U+

j+ 1
2

))
, 0
}
.

Finally, qj+ 1
2
in (2.1) is the “built-in” AD term derived in [25] and given by

qj+ 1
2
= minmod

(
U+

j+ 1
2

−U∗
j+ 1

2
, U∗

j+ 1
2
−U−

j+ 1
2

)
,

where

U∗
j+ 1

2
=
a+
j+ 1

2

U+
j+ 1

2

− a−
j+ 1

2

U−
j+ 1

2

−
(
F
(
U+

j+ 1
2

)
− F

(
U−

j+ 1
2

))
a+
j+ 1

2

− a−
j+ 1

2

.

2.1.2. One-Dimensional Second-Order Adaptive Artificial Anti-Diffusion Algorithm. We120

now describe the proposed 1-D second-order AAAD scheme for the 1-D Euler equations of gas dynamics,121

which read as (1.1) with122

(2.5) U := (ρ, ρu,E)⊤, F (U) := (ρu, ρu2 + p, u(E + p))⊤,123

where ρ, u, p, and E denote the density, velocity, pressure, and total energy, respectively. The system is124

closed by the equation of state (EOS) for ideal gases:125

(2.6) p = (γ − 1)
[
E − 1

2
ρu2

]
,126

where γ is the ratio of specific heats.127

The Jacobian for the system (1.1), (2.5)–(2.6) is

A(U) =


0 1 0

γ − 3

2
u2 (3− γ)u γ − 1

−γuE
ρ

+ (γ − 1)u3 H − (γ − 1)u2 γu

 ,

where H = E+p
ρ is the total specific enthalpy. The eigenvalues of A are λ1 = u−c, λ2 = u, and λ3 = u+c,128

where c :=
√
γp/ρ is the speed of sound.129

For the local linearization of Âj+ 1
2
= A

(
Ûj+ 1

2

)
, the matrices Rj+ 1

2
and

(
Rj+ 1

2

)−1
are given by130

Rj+ 1
2
=


1 1 1

û− ĉ û û+ ĉ

Ĥ − ûĉ
û2

2
Ĥ + ûĉ

 ,
(
Rj+ 1

2

)−1
=

1

ϕ̂


û2

2
+
ûϕ̂

2ĉ
−û− ϕ̂

2ĉ
1

2ϕ̂− 2Ĥ 2û −2

û2

2
− ûϕ̂

2ĉ
−û+

ϕ̂

2ĉ
1

 .131

Here, (̂·) stands for the following averages:132

ρ̂ =
ρj + ρj+1

2
, û =

uj + uj+1

2
, p̂ =

pj + pj+1

2
, Ê =

p̂

γ − 1
+

1

2
ρ̂û2,

Ĥ =
Ê + p̂

ρ̂
, ϕ̂ = 2Ĥ − û2, ĉ =

√
γp̂/ρ̂,

133
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where

uj =
(ρu)j
ρj

and pj = (γ − 1)

[
Ej −

1

2
ρju

2
j

]
.

Notice that all of the (̂·) quantities have to have a subscript index (̂·)j+ 1
2
, but we have omitted it for the134

sake of brevity for all of the quantities except for Âj+ 1
2
.135

Our goal is to reduce the amount of numerical diffusion present in the numerical flux (2.1) by adding136

an AD term to it. The modified semi-discrete scheme will then read as137

dU j

dt
= −

FAD
j+ 1

2
−FAD

j− 1
2

∆x
,138

where the numerical flux is given by139

FAD
j+ 1

2
= FFV

j+ 1
2
−Qj+ 1

2

U j+1 − U j

∆x
.140

Here, the matrix Qj+ 1
2
is constructed to primarily add the AD into the linearly degenerate field, which

corresponds to the second eigenvalue λ2 = u. To achieve this goal, we take a diagonal AD matrix in the
local characteristic space,

Λj+ 1
2
:= −


0 0 0

0 Cj+ 1
2

0

0 0 0

 ,

where Cj+ 1
2
> 0 is yet to be chosen, and then use Qj+ 1

2
= −Rj+ 1

2
Λj+ 1

2

(
Rj+ 1

2

)−1
.141

The values Cj+ 1
2
are selected adaptively according to the local smoothness of the computed solution.

To this end, we follow [7] and evaluate the modified minmod-based SIs. First, we compute

sρj =
1

max{ρj−1, ρj , ρj+1}
minmod

(
ρj+1 − ρj , ρj − ρj−1

)
,

and then check whether142

(2.7) |sρj | > max
{
|sρj−1|, |s

ρ
j+1|

}
+ ε0,143

where ε0 is a positive constant taken to be ε0 = 0.002 as in [7]. If (2.7) is satisfied, then we mark the cells144

Ij−1, Ij , and Ij+1 as “rough”.145

For those cells, at which (2.7) is satisfied, we also compute

spj =
1

max{pj−1, pj , pj+1}
minmod (pj+1 − pj , pj − pj−1) ,

and check whether146

(2.8) |spj | < max
{
|spj−1|, |s

p
j+1|

}
,147

and if (2.8) is satisfied as well, then we mark the cells Ij−1, Ij , and Ij+1 as “rough contact” cells.148

Finally, the cells that are not marked as either “rough” or “rough contact” are marked as “smooth”.149

After all of the cells have been identified as either “rough”, “rough contact”, or “smooth”, we select150

Cj+ 1
2
according to Algorithm 1.151

Remark 2.1. The parameter C is a tunable constant that should be selected for each problem at hand.152

In practice, we tune C on a coarse mesh and then use the same value on finer meshes. An example of this153

tuning procedure is provided in Example 4 in §4.1.154

Remark 2.2. The proposed AAAD method can be extended to other hyperbolic systems of conserva-155

tion laws possessing one or more linearly degenerate characteristic fields. In such cases, the AD correction156

can be introduced to sharpen linearly degenerate waves without affecting the genuinely nonlinear fields.157

Remark 2.3. We stress that the proposed AAAD methodology is not restricted to the CU schemes158

and can be used with other stable numerical fluxes.159
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Algorithm 1 Assignment of Cj+ 1
2

1: for each cell interface x = xj+ 1
2
do

2: if either Ij or Ij+1 is a “rough contact” cell then
3: set Cj+ 1

2
= C∆x

4: else
5: set Cj+ 1

2
= C (∆x)2

6: end if
7: end for

2.2. One-Dimensional Fifth-Order Adaptive Artificial Anti-Diffusion Scheme. We now160

construct a fifth-order AAAD scheme. As in the second-order scheme, we first briefly review the fifth-161

order A-WENO scheme (§2.2.1) and then introduce the fifth-order adaptive algorithm (§2.2.2).162

2.2.1. One-Dimensional Fifth-Order A-WENO Scheme. Following [22], the point values Uj163

are evolved in time by numerically solving164

dUj

dt
= −

Hj+ 1
2
−Hj− 1

2

∆x
,165

where the fifth-order numerical flux is166

Hj+ 1
2
= FFV

j+ 1
2
− 1

24
(∆x)2(Fxx)j+ 1

2
+

7

5760
(∆x)4(Fxxxx)j+ 1

2
.167

Here, FFV
j+ 1

2
is a FV numerical flux (we use the CU flux given by (2.1)), and (Fxx)j+ 1

2
and (Fxxxx)j+ 1

2
are

higher-order correction terms computed using fourth- and second-order finite differences, respectively:

(Fxx)j+ 1
2
=

1

48(∆x)2

[
− 5Fj−2 + 39Fj−1 − 34Fj − 34Fj+1 + 39Fj+2 − 5Fj+3

]
,

(Fxxxx)j+ 1
2
=

1

2(∆x)4

[
Fj−2 − 3Fj−1 + 2Fj + 2Fj+1 − 3Fj+2 + Fj+3

]
,

where Fj := F (Uj).168

The one-sided point values U±
j+ 1

2

, which are required in (2.1), must be reconstructed with at least fifth169

order of accuracy. We employ the fifth-order WENO-Z interpolation [22,33] applied to local characteristic170

variables; see Appendix A for details.171

2.2.2. One-Dimensional Fifth-Order Adaptive Artificial Anti-Diffusion Algorithm. The172

fifth-order adaptive scheme is defined in an analogous manner. We consider173

dUj

dt
= −

HAD
j+ 1

2
−HAD

j− 1
2

∆x
,174

where the adaptive numerical flux is175

HAD
j+ 1

2
= Hj+ 1

2
−Qj+ 1

2

Uj+1 −Uj

∆x
,176

and the matrix Qj+ 1
2
is defined as in the second-order AAAD scheme (see §2.1.2) but with the values of177

Cj+ 1
2
determined according to Algorithm 2.178

As in the second-order case, this choice ensures that the added AD term does not affect the designed179

order of accuracy in “smooth” regions, while enhancing the resolution of linearly degenerate waves.180

3. Two-Dimensional Adaptive Artificial Anti-Diffusion Schemes. In this section, we consider
the 2-D hyperbolic system (1.2) and introduce the proposed AAAD methods for the 2-D Euler equations

of gas dynamics, which read as (1.2) with U = (ρ, ρu, ρv, E)⊤, F =
(
ρu, ρu2 + p, ρuv, u(E + p)

)⊤
, and
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Algorithm 2 Assignment of Cj+ 1
2

1: for each cell interface x = xj+ 1
2
do

2: if either Ij or Ij+1 is a “rough contact” cell then
3: set Cj+ 1

2
= C∆x

4: else if either Ij or Ij+1 is a “rough” cell then
5: set Cj+ 1

2
= C (∆x)2

6: else
7: set Cj+ 1

2
= C (∆x)5

8: end if
9: end for

G =
(
ρv, ρuv, ρv2 + p, v(E + p)

)⊤
. Here, u and v are the x- and y-directional velocities, respectively, and

the pressure is given by the ideal-gas EOS

p = (γ − 1)
[
E − ρ

2
(u2 + v2)

]
.

3.1. Two-Dimensional Second-Order Adaptive Artificial Anti-Diffusion Scheme. Let the181

computational domain be partitioned into uniform cells Ij,k := [xj− 1
2
, xj+ 1

2
] × [yk− 1

2
, yk+ 1

2
], centered at182

(xj , yk) =
((
xj− 1

2
+ xj+ 1

2

)
/2,

(
yk− 1

2
+ yk+ 1

2

)
/2
)
, with xj+ 1

2
− xj− 1

2
≡ ∆x and yk+ 1

2
− yk− 1

2
≡ ∆y.183

Assume that the computed cell averages,

U j,k ≈ 1

∆x∆y

∫
Ij,k

U(x, y, t) dx dy,

are available at a certain time level t ≥ 0. They are evolved by numerically solving the following semi-184

discrete system:185

dU j,k

dt
= −

FAD
j+ 1

2 ,k
−FAD

j− 1
2 ,k

∆x
−

GAD
j,k+ 1

2
− GAD

j,k− 1
2

∆y
,186

where the adaptive numerical fluxes are defined by187

FAD
j+ 1

2 ,k
= FFV

j+ 1
2 ,k

−Qj+ 1
2 ,k

U j+1,k − U j,k

∆x
, GAD

j,k+ 1
2
= GFV

j,k+ 1
2
−Qj,k+ 1

2

U j,k+1 − U j,k

∆y
.188

Here, FFV
j+ 1

2 ,k
and GFV

j,k+ 1
2
are the CU numerical fluxes from [6,25]189

(3.1)

FFV
j+ 1

2 ,k
=
a+
j+ 1

2 ,k
F
(
U−

j+ 1
2 ,k

)
− a−

j+ 1
2 ,k

F
(
U+

j+ 1
2 ,k

)
a+
j+ 1

2 ,k
− a−

j+ 1
2 ,k

+
a+
j+ 1

2 ,k
a−
j+ 1

2 ,k

a+
j+ 1

2 ,k
− a−

j+ 1
2 ,k

(
U+

j+ 1
2 ,k

−U−
j+ 1

2 ,k
− qx

j+ 1
2 ,k

)
,

GFV
j,k+ 1

2
=
b+
j,k+ 1

2

G
(
U−

j,k+ 1
2

)
− b−

j,k+ 1
2

G
(
U+

j,k+ 1
2

)
b+
j,k+ 1

2

− b−
j,k+ 1

2

+
b+
j,k+ 1

2

b−
j,k+ 1

2

b+
j,k+ 1

2

− b−
j,k+ 1

2

(
U+

j,k+ 1
2

−U−
j,k+ 1

2

− qy

j,k+ 1
2

)
.

190

The one-sided interface point values U±
j+ 1

2 ,k
and U±

j,k+ 1
2

are obtained at the points (x, y) = (xj+ 1
2
, yk) and191

(x, y) = (xj , yk+ 1
2
), respectively using a piecewise linear reconstruction applied to the local characteristic192

variables in the following manner. We will only show how to compute the point values U±
j+ 1

2 ,k
, as U±

j,k+ 1
2

193

can be derived in a similar way. As in the 1-D case, we first introduce the matrices Âj+ 1
2 ,k

= A
(
Ûj+ 1

2 ,k

)
,194

where A(U) = ∂F
∂U is, as before, the Jacobian and Ûj+ 1

2 ,k
is a certain average of U j,k and U j+1,k, and195

then compute the matrices Rj+ 1
2 ,k

and
(
Rj+ 1

2 ,k

)−1
such that

(
Rj+ 1

2 ,k

)−1
Âj+ 1

2 ,k
Rj+ 1

2 ,k
are diagonal. We196

then introduce the local characteristic variables Γ in the neighborhood of (x, y) = (xj+ 1
2
, yk):197

Γℓ =
(
Rj+ 1

2 ,k

)−1
U j+ℓ,k, ℓ = −1, 0, 1, 2.198
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Equipped with the values Γ−1, Γ0, Γ1, and Γ2, we compute Γ±
1
2

precisely as in (2.2)–(2.4), and then199

U±
j+ 1

2 ,k
= Rj+ 1

2 ,k
Γ±

1
2

.200

201

Remark 3.1. The matrices Rj+ 1
2 ,k

and
(
Rj+ 1

2 ,k

)−1
for the 2-D Euler equations of gas dynamics can202

be found in [4, Appendix C].203

The one-sided local propagation speeds a±
j+ 1

2 ,k
and b±

j,k+ 1
2

can be estimated using the smallest and

largest eigenvalues of the Jacobians A(U) and B(U) := ∂G
∂U . We set

a+
j+ 1

2 ,k
= max

{
λd

(
A(U−

j+ 1
2 ,k

)
)
, λd

(
A(U+

j+ 1
2 ,k

)
)
, 0
}
, a−

j+ 1
2 ,k

= min
{
λ1

(
A(U−

j+ 1
2 ,k

)
)
, λ1

(
A(U+

j+ 1
2 ,k

)
)
, 0
}
,

b+
j,k+ 1

2

= max
{
λd

(
B(U−

j,k+ 1
2

)
)
, λd

(
B(U+

j,k+ 1
2

)
)
, 0
}
, b−

j,k+ 1
2

= min
{
λ1

(
B(U−

j,k+ 1
2

)
)
, λ1

(
B(U+

j,k+ 1
2

)
)
, 0
}
.

The “built-in” AD terms qx
j+ 1

2 ,k
and qy

j,k+ 1
2

are defined as in [6]:

qx
j+ 1

2 ,k
= minmod

(
U+

j+ 1
2 ,k

−U∗
j+ 1

2 ,k
, U∗

j+ 1
2 ,k

−U−
j+ 1

2 ,k

)
,

qy

j,k+ 1
2

= minmod
(
U+

j,k+ 1
2

−U∗
j,k+ 1

2
, U∗

j,k+ 1
2
−U−

j,k+ 1
2

)
,

where

U∗
j+ 1

2 ,k
=
a+
j+ 1

2 ,k
U+

j+ 1
2 ,k

− a−
j+ 1

2 ,k
U−

j+ 1
2 ,k

−
(
F
(
U+

j+ 1
2 ,k

)
− F

(
U−

j+ 1
2 ,k

))
a+
j+ 1

2 ,k
− a−

j+ 1
2 ,k

,

U∗
j,k+ 1

2
=
b+
j,k+ 1

2

U+
j,k+ 1

2

− b−
j,k+ 1

2

U−
j,k+ 1

2

−
(
G
(
U+

j,k+ 1
2

)
−G

(
U−

j,k+ 1
2

))
b+
j,k+ 1

2

− b−
j,k+ 1

2

.

For the 2-D Euler equations of gas dynamics, the eigenvalues of Jacobians A(U) and B(U) are

λ1(A(U)) = u− c, λ2(A(U)) = λ3(A(U)) = u, λ4(A(U)) = u+ c,

λ1(B(U)) = v − c, λ2(B(U)) = λ3(B(U)) = v, λ4(B(U)) = v + c.

As in the 1-D case, we add the AD terms to the linearly degenerate fields only. Specifically, we take

Qj+ 1
2 ,k

= −Rj+ 1
2 ,k

Λj+ 1
2 ,k

(
Rj+ 1

2 ,k

)−1
and Qj,k+ 1

2
= −Rj,k+ 1

2
Λj,k+ 1

2

(
Rj,k+ 1

2

)−1
, where

Λj+ 1
2 ,k

:=


0 0 0 0

0 Cj+ 1
2 ,k

0 0

0 0 Cj+ 1
2 ,k

0

0 0 0 0

 , Λj,k+ 1
2
:=


0 0 0 0

0 Cj,k+ 1
2

0 0

0 0 Cj,k+ 1
2

0

0 0 0 0

 .

The values of Cj+ 1
2 ,k

and Cj,k+ 1
2
are selected adaptively according to the local smoothness of the204

computed solution. To this end, we follow [7] and evaluate modified minmod-based SIs for ρ and p in205

a dimension-by-dimension manner. We now show how to check the local smoothness of the computed206

solution and to determine the values of Cj+ 1
2 ,k

in the x-direction. (The values of Cj,k+ 1
2
can be obtained207

similarly, and we omit the details for the sake of brevity.)208

We first compute the x-directional SIs:

sx,ρj,k =
1

max{ρj−1,k, ρj,k, ρj+1,k}
minmod

(
ρj+1,k − ρj,k, ρj,k − ρj−1,k

)
,

and then check whether209

(3.2) |sx,ρj,k | > max
{
|sx,ρj−1,k|, |s

x,ρ
j+1,k|

}
+ ε0,210
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where ε0 is a positive constant taken to be ε0 = 0.002 as in the 1-D case. If (3.2) is satisfied, then we211

mark the cells Ij−1,k, Ij,k, and Ij+1,k as “rough”.212

For those cells, at which (3.2) is satisfied, we also compute the SIs:

sx,pj,k =
1

max{pj−1,k, pj,k, pj+1,k}
minmod (pj+1,k − pj,k, pj,k − pj−1,k) ,

and check whether213

(3.3) |sx,pj,k | < max
{
|sx,pj−1,k|, |s

x,p
j+1,k|

}
,214

and if (3.3) is satisfied as well, then we mark the cells Ij−1,k, Ij,k, and Ij+1,k as “rough contact” cells.215

Finally, the cells that are not marked as either “rough” or “rough contact” are marked as “smooth”.216

After all of the cells have been identified as either “rough”, “rough contact”, or “smooth”, we select217

Cj+ 1
2 ,k

according to Algorithm 3.

Algorithm 3 Assignment of Cj+ 1
2 ,k

1: for each (xj+ 1
2
, yk) do

2: if either Ij,k or Ij+1,k is a “rough contact” cell then
3: set Cj+ 1

2 ,k
= C∆x

4: else
5: set Cj+ 1

2 ,k
= C (∆x)2

6: end if
7: end for

218

Remark 3.2. As in the 1-D case, C is a positive tunable constant to be selected for each problem at219

hand. In practice, one may tune C on a coarse mesh and then use the same value on finer meshes, as220

demonstrated in Example 9 in §4.2.221

3.2. Two-Dimensional Fifth-Order Adaptive Artificial Anti-Diffusion Scheme. We now222

extend the 2-D second-order AAAD method to the fifth order of accuracy via the framework of the A-223

WENO scheme. Assume that point values Uj,k ≈ U(xj , yk, t) are available at a time level t. They are224

evolved in time by numerically solving225

dUj,k

dt
= −

HAD
j+ 1

2 ,k
−HAD

j− 1
2 ,k

∆x
−

HAD
j,k+ 1

2
−HAD

j,k− 1
2

∆y
,226

where the numerical fluxes are defined by227

(3.4)
HAD

j+ 1
2 ,k

= FFV
j+ 1

2 ,k
− 1

24
(∆x)2(Fxx)j+ 1

2 ,k
+

7

5760
(∆x)4(Fxxxx)j+ 1

2 ,k
−Qj+ 1

2 ,k

Uj+1,k −Uj,k

∆x
,

HAD
j,k+ 1

2
= GFV

j,k+ 1
2
− 1

24
(∆y)2(Gyy)j,k+ 1

2
+

7

5760
(∆y)4(Gyyyy)j,k+ 1

2
−Qj,k+ 1

2

Uj,k+1 −Uj,k

∆y
.

228

Here, FFV
j+ 1

2 ,k
and GFV

j,k+ 1
2
are the CU fluxes defined in (3.1), and the higher-order correction terms are

computed by fourth- and second-order finite differences, respectively:

(Fxx)j+ 1
2 ,k

=
1

48(∆x)2

(
− 5Fj−2,k + 39Fj−1,k − 34Fj,k − 34Fj+1,k + 39Fj+2,k − 5Fj+3,k

)
,

(Fxxxx)j+ 1
2 ,k

=
1

2(∆x)4

(
Fj−2,k − 3Fj−1,k + 2Fj,k + 2Fj+1,k − 3Fj+2,k + Fj+3,k

)
,

(Gyy)j,k+ 1
2
=

1

48(∆y)2

(
− 5Gj,k−2 + 39Gj,k−1 − 34Gj,k − 34Gj,k+1 + 39Gj,k+2 − 5Gj,k+3

)
,

(Gyyyy)j,k+ 1
2
=

1

2(∆y)4

(
Gj,k−2 − 3Gj,k−1 + 2Gj,k + 2Gj,k+1 − 3Gj,k+2 +Gj,k+3

)
,
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Algorithm 4 Assignment of Cj+ 1
2 ,k

1: for each (xj+ 1
2
, yk) do

2: if either Ij,k or Ij+1,k is a “rough contact” cell then
3: set Cj+ 1

2 ,k
= C∆x

4: else if either Ij,k or Ij+1,k is a “rough” cell then
5: set Cj+ 1

2 ,k
= C (∆x)2

6: else
7: set Cj+ 1

2 ,k
= C (∆x)5

8: end if
9: end for

where Fj,k := F (Uj,k) and Gj,k := G(Uj,k).229

The matrix Qj+ 1
2 ,k

is defined as in the second-order AAAD scheme (see §3.1) but with the values of230

Cj+ 1
2 ,k

determined according to Algorithm 4.231

The matrix Qj,k+ 1
2
can be obtained similarly, and we omit the details for the sake of brevity.232

Finally, to ensure the fifth order of accuracy, the one-sided interface values U±
j+ 1

2 ,k
and U±

j,k+ 1
2

are233

approximated using a 1-D fifth-order WENO-Z interpolation applied to local characteristic variables in234

the x- and y-directions, respectively.235

4. Numerical Examples. In this section, we test the proposed AAAD schemes on a series of236

benchmark problems and compare their performance with that of the corresponding second-order CU237

and fifth-order A-WENO schemes. For the sake of brevity, we refer to the second- and fifth-order AAAD238

schemes as AAAD2 and AAAD5, respectively.239

We numerically integrate the semi-discrete systems by the three-stage third-order strong stability240

preserving Runge-Kutta (SSP RK3) method (see, e.g., [15, 16]) and use the CFL number 0.4.241

4.1. One-Dimensional Examples. We begin with the 1-D Euler equations of gas dynamics, in242

which we take γ = 1.4.243

Example 1—1-D Accuracy Test. In the first example taken from [24], we consider the following244

smooth initial data:245

u(x, 0) = sin
(πx

5
+
π

4

)
, ρ(x, 0) =

[
γ − 1

2
√
γ

(
u(x, 0) + 10

)] 2
γ−1

, p(x, 0) = ργ(x, 0),246

subject to the periodic boundary conditions in the computational domain [0, 10]. We compute the nu-247

merical solution until the final time t = 0.1 by the studied AAAD2 and AAAD5 schemes (both with the248

adaptation constant C = 0.1) on a sequence of uniform meshes with ∆x = 1/20, 1/40, 1/80, 1/160, and249

1/320.250

We then compute the L1-errors and estimate the experimental convergence rates using the following251

Runge formulas based on the solutions computed on three consecutive uniform grids with mesh sizes ∆x,252

2∆x, and 4∆x, denoted by (·)∆x, (·)2∆x, and (·)4∆x, respectively:253

Error(∆x) ≈ δ212
|δ12 − δ24|

, Rate(∆x) ≈ log2

(
δ24
δ12

)
,254

where δ12 := ∥(·)∆x − (·)2∆x∥L1 and δ24 := ∥(·)2∆x − (·)4∆x∥L1 . The obtained results are reported in255

Table 4.1, where one can clearly observe the expected second- and fifth-order accuracy of the AAAD2 and256

AAAD5 schemes, respectively.257

Remark 4.1. We stress that, in order to achieve the fifth order of accuracy for the AAAD5 scheme,258

we use smaller time steps with ∆t ∼ (∆x)5/3 in order to balance the spatial and temporal errors.259
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∆x
AAAD2 AAAD5

Error Rate Error Rate

1/80 1.11e-04 2.05 1.24e-08 4.80

1/160 2.32e-05 2.14 2.81e-10 5.12

1/320 6.33e-06 2.03 9.81e-12 4.98

Table 4.1
Example 1: The L1-errors of the density ρ and experimental convergence rates for the AAAD schemes.

Example 2—Titarev-Toro Problem. In the second 1-D example, we consider the shock-entropy260

wave interaction problem taken from [44]; see also [41,45]. The initial conditions,261

(ρ, u, p)(x, 0) =

{
(1.51695, 0.523346, 1.805), x < −4.5,

(1 + 0.1 sin(20x), 0, 1), x > −4.5,
262

correspond to a forward-facing shock wave of Mach 1.1 interacting with high-frequency density perturba-263

tions. In this example, the computational domain is [−5, 5] and we impose the free boundary conditions.264

We first compute the numerical solution until the final time t = 5 by the studied AAAD2 (with the265

adaptation constant C = 0.04) on a uniform mesh with ∆x = 1/80 and in Figure 4.1, we plot the obtained266

density along with the reference one computed by the CU scheme on a much finer mesh with ∆x = 1/800.267

As one can see, the AAAD2 scheme produces much more accurate results than the CU scheme. We then268

repeat this computation using the AAAD5 scheme (with the adaptation constant C = 0.003), but on a269

coarser uniform mesh with ∆x = 1/40. The obtained numerical results, shown in Figure 4.2, demonstrate270

that the fifth-order solution also substantially improves when the AAAD terms are added. We stress271

that the fifth-order computations were run on a coarser mesh since finer mesh results were close to the272

reference solution.

Fig. 4.1. Example 2: Density ρ computed by the CU and AAAD2 schemes on a uniform mesh with ∆x = 1/80 (left) and
zoom at x ∈ [−2,−1] (right).

273

Example 3—Shock-Density Wave Interaction. In this example taken from [42], we consider the274

shock-density wave interaction problem with the initial data,275

(ρ, u, p)(x, 0) =


(
27

7
,
4
√
35

9
,
31

3

)
, x < −4,

(1 + 0.2 sin(5x), 0, 1), x > −4,

276

prescribed in the computational domain [−5, 15] with the free boundary conditions.277

We compute the numerical solutions until the final time t = 5 by the studied AAAD2 scheme (with278

the adaptation constant C = 0.1) on a uniform mesh with ∆x = 1/80 and AAAD5 scheme (with the279

adaptation constant C = 0.03) on a coarser uniform mesh with ∆x = 1/20. We present the results in280
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Fig. 4.2. Example 2: Density ρ computed by the A-WENO and AAAD5 schemes on a uniform mesh with ∆x = 1/40 (left),
which is coarser than the mesh used in Figure 4.1, and zoom at x ∈ [−1, 0] (right).

Figures 4.3–4.4 together with a reference solution computed by the CU scheme on a much finer mesh with281

∆x = 1/400. One can see that the AAAD2 and AAAD5 schemes yield substantially improved resolution282

compared with their CU and A-WENO counterparts.

Fig. 4.3. Example 3: Density ρ computed by the CU and AAAD2 schemes on a uniform mesh with ∆x = 1/80 (left) and
zoom at x ∈ [11, 13] (right).

Fig. 4.4. Example 3: Density ρ computed by the A-WENO and AAAD5 schemes on a uniform mesh with ∆x = 1/20 (left),
which is much coarser than the mesh used in Figure 4.3, and zoom at x ∈ [11, 13] (right).

283
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Example 4—Shock-Bubble Interaction. In the fourth example taken from [30], we consider the284

shock-bubble interaction problem with the initial data285

(ρ, u, p)(x, 0) =


(13.1538, 0, 1), if |x| < 0.25,

(1.3333,−0.3535, 1.5), if x > 0.75,

(1, 0, 1), otherwise,

286

which correspond to a left-moving shock initially located at x = 0.75 and a bubble of radius 0.25 initially287

located at the origin. We impose the solid wall boundary conditions on the left and free boundary288

conditions on the right of the computational domain [−1, 1].289

We compute the numerical solution until the final time t = 3 by the studied AAAD2 (with the290

adaptation constant C = 0.15) and AAAD5 (with the adaptation constant C = 0.05) schemes on a291

uniform mesh with ∆x = 1/100. The obtained results are presented in Figures 4.5–4.6 along with a292

reference solution computed by the CU scheme on a much finer mesh with ∆x = 1/2000. One can see293

that both AAAD2 and AAAD5 achieve improved resolution of the contact discontinuities.

Fig. 4.5. Example 4: Density ρ computed by the CU and AAAD2 schemes (left) and zoom at x ∈ [−0.65,−0.15] (right).

Fig. 4.6. Example 4: Density ρ computed by the A-WENO and AAAD5 schemes (left) and zoom at x ∈ [−0.65,−0.15]
(right).

294

We use this example to demonstrate the adaption coefficient tuning procedure. To this end, we first295

adjust C on a coarse mesh (so that the tuning process is computationally inexpensive) and then use the296

selected value for high-resolution computations on finer meshes. We compute the numerical solutions by297

the AAAD2 scheme on a coarse mesh with ∆x = 1/100 using C = 0.05, 0.15, and 0.25, and present the298

results in Figure 4.7 (left), where one can see that C = 0.15 seems to be a reasonable choice as the larger299

value C = 0.25 produces a small oscillation. We then take C = 0.15, compute the corresponding numerical300

solutions on finer meshes with ∆x = 1/200, 1/400, 1/800, and 1/1600, and plot the obtained results in301

Figure 4.7 (middle). As one can see, the computed solutions remain stable and well resolved as the mesh302
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is refined. We also repeat the same finer mesh computations, but using the larger value C = 0.25. We plot303

the obtained results in Figure 4.7 (right), where one can see that the magnitude of oscillations increases304

as ∆x shrinks, which clearly demonstrates that the coarse-mesh tuning process works in a robust way.

Fig. 4.7. Example 4: Density ρ (zoom at x ∈ [−0.65,−0.15]) computed by the AAAD2 scheme with C = 0.05, 0.15, and
0.25 on the uniform mesh with ∆x = 1/100 (left) and with C = 0.15 (middle) and C = 0.25 (right) on finer uniform meshes with
∆x = 1/200, 1/400, 1/800, and 1/1600.

305

Example 5—Lax Problem. In this example taken from [31], we consider the Riemann problem306

with the initial conditions,307

(ρ, u, p)(x, 0) =

{
(0.445, 0.31061, 8.928), x < 0,

(0.5, 0, 0.571), x ≥ 0,
308

prescribed in the interval [−5, 5] subject to the free boundary conditions.309

We compute the numerical solutions until the final time t = 1.3 by the studied AAAD2 (with the310

adaptation constant C = 0.1) and AAAD5 (with the adaptation constant C = 0.5) schemes on a uniform311

mesh with ∆x = 1/20. We plot the results in Figures 4.8–4.9 together with the exact solution. As can312

be seen, both adaptive schemes provide improved resolution of the contact wave compared with their313

non-adaptive counterparts.

Fig. 4.8. Example 5: Density ρ computed by the CU and AAAD2 schemes (left) and zoom at x ∈ [2.9, 3.5] (right).

314

Example 6—Blast Wave Problem. In the last 1-D example, we consider a strong-shock interac-315

tion problem from [52], which is considered in the interval [0, 1] with the solid wall boundary conditions316

and subject to the following initial conditions:317

(ρ, u, p)
∣∣∣
(x,0)

=


(1, 0, 1000), x < 0.1,

(1, 0, 0.01), 0.1 ≤ x ≤ 0.9,

(1, 0, 100), x > 0.9.

318

We compute the numerical solutions until the final time t = 0.038 by the studied AAAD2 scheme319

(with the adaptation constant C = 0.55) on a uniform mesh with ∆x = 1/400 and AAAD5 scheme (with320
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Fig. 4.9. Example 5: Density ρ computed by the A-WENO and AAAD5 schemes (left) and zoom at x ∈ [2.9, 3.5] (right).

the adaptation constant C = 0.5) on a coarser uniform mesh with ∆x = 1/200. The obtained results are321

presented in Figures 4.10–4.11 along with a reference solution computed by the CU scheme on a much322

finer mesh with ∆x = 1/4000. One can see that both AAAD2 and AAAD5 schemes achieve substantial323

improvement in the quality of the computed solutions.

Fig. 4.10. Example 6: Density ρ computed by the CU and AAAD2 schemes with ∆x = 1/400 (left) and zoom at
x ∈ [0.55, 0.85] (right).

Fig. 4.11. Example 6: Density ρ computed by the A-WENO and AAAD5 schemes with ∆x = 1/200 (left) and zoom at
x ∈ [0.55, 0.85] (right).

324

4.2. Two-Dimensional Examples. We now turn to the 2-D Euler equations of gas dynamics. In325

Examples 7–13, we take γ = 1.4, while in Example 14, we take γ = 5/3.326
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Example 7—2-D Accuracy Test. In the first 2-D example taken from [2, 40], we consider the327

following smooth initial data:328

ρ(x, y, 0) =

(
1− (γ − 1)κ2

2γ

) 1
γ−1

, p(x, y, 0) = ργ(x, y, 0),

u(x, y, 0) = 1− κy, v(x, y, 0) = 1 + κx, κ =
5

2π
e

1−x2−y2

2

329

subject to the periodic boundary conditions in the computational domain [−10, 10]× [−10, 10]. The exact330

solution of this initial value problem is given by U(x, y, t) = U(x− t, y − t, 0).331

We compute the numerical solution until the final time t = 0.1 using the studied AAAD2 and AAAD5332

schemes (both with the adaptation constant C = 0.1) on a sequence of uniform meshes with ∆x = ∆y =333

1/10, 1/20, and 1/40, and then measure the L1-errors and the corresponding experimental convergence334

rates for the density. The obtained results are presented in Table 4.2, where one can see that the expected335

orders of accuracy have been achieved by both of the studied schemes.

∆x = ∆y
AAAD2 AAAD5

Error Rate Error Rate

1/10 3.62e-03 — 3.73e-05 —

1/20 8.18e-04 2.15 1.14e-06 5.04

1/40 1.69e-04 2.27 2.44e-08 5.55
Table 4.2

Example 7: The L1-errors of the density ρ and experimental convergence rates for the AAAD2 and AAAD5 schemes.

336

Remark 4.2. As in Example 1, we use smaller time steps with ∆t ∼ min{(∆x)5/3, (∆y)5/3} in order337

to achieve fifth order of accuracy by the AAAD5 scheme.338

Example 8—Explosion Problem. In this example taken from [32], we consider the explosion339

problem. The initial conditions,340

(ρ(x, y, 0), u(x, y, 0), v(x, y, 0), p(x, y, 0)) =

{
(1, 0, 0, 1), x2 + y2 < 0.16,

(0.125, 0, 0, 0.1), otherwise,
341

are prescribed in [−1.5, 1.5] × [−1.5, 1.5] subject to the free boundary conditions. The solution develops342

circular shock and contact waves, with the latter one being unstable.343

We compute the numerical solutions until the final time t = 3.2 by the studied AAAD2 (with the344

adaptation constant C = 0.03) and AAAD5 (with the adaptation constant C = 0.02) schemes on a uniform345

mesh with ∆x = ∆y = 3/800. The obtained results are presented in Figure 4.12, where one can clearly346

observe noticeable differences between the CU and A-WENO schemes and their AAAD counterparts: the347

adaptive solutions exhibit substantially more small-scale structures and a wider mixing layer, while the348

main shock remains stable.349

Example 9—2-D Riemann Problem (Configuration 3). In this example, we consider Config-350

uration 3 of the 2-D Riemann problems from [29] with the initial conditions351

(ρ, u, v, p)(x, y, 0) =


(1.5, 0, 0, 1.5), x > 1, y > 1,

(0.5323, 1.206, 0, 0.3), x < 1, y > 1,

(0.138, 1.206, 1.206, 0.029), x < 1, y < 1,

(0.5323, 0, 1.206, 0.3), x > 1, y < 1,

352

prescribed in [0, 1.2]× [0, 1.2] subject to the free boundary conditions.353

We compute the numerical solution until the final time t = 1 by the studied AAAD2 (with the354

adaptation constant C = 0.04) and AAAD5 (with the adaptation constant C = 0.02) schemes on a355
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Fig. 4.12. Example 8: Density ρ computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.

uniform mesh with ∆x = ∆y = 1/500 and plot the results in Figure 4.13. As one can see, the AAAD356

schemes outperform their non-adaptive counterparts in capturing the sideband instability of the jet, in357

particular, in the zones of strong along-jet velocity shear and near the jet neck.

Fig. 4.13. Example 9: Density ρ computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.

358

We use this example to illustrate the tuning procedure for C in the 2-D setting. To this end, we359

proceed as in the 1-D case: we first tune C on a coarse mesh and then use the selected values for fine-mesh360

computations. We begin by computing the coarse-mesh numerical solutions with ∆x = ∆y = 3/1000 using361

C = 0.02, 0.04, 0.06, and 0.08, and plot the results in Figure 4.14, where one can see that C = 0.04 seems to362

be a reasonable choice as the use of larger values of C leads to the appearance of certain unstable structures.363

We then verify that the value C = 0.04 can be safely used on finer meshes with ∆x = ∆y = 3/2000, 3/2500,364

1/1000, and 3/3500; see Figure 4.15. We have also run the AAAD2 scheme with C = 0.06 on finer meshes,365

but when the mesh is refined, the magnitude of oscillations grows and negative pressure values start366

appearing.

Fig. 4.14. Example 9: Density ρ computed by the AAAD2 scheme with ∆x = ∆y = 3/1000 for C = 0.02, 0.04, 0.06, and
0.08.

367
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Fig. 4.15. Example 9: Density ρ computed by the AAAD2 scheme on uniform meshes with ∆x = ∆y = 3/2000, 3/2500,
1/1000, and 3/3500 with C = 0.04.

Example 10—2-D Riemann Problem (Configuration 6). In this example, we consider Config-368

uration 6 of the 2-D Riemann problems taken from [29] with the initial conditions369

(ρ, u, v, p)(x, y, 0) =


(1, 0.75,−0.5, 1), x > 0.5, y > 0.5,

(2, 0.75, 0.5, 1), x < 0.5, y > 0.5,

(1,−0.75, 0.5, 1), x < 0.5, y < 0.5,

(3,−0.75,−0.5, 1), x > 0.5, y < 0.5,

370

prescribed in [0, 1]× [0, 1] subject to the free boundary conditions.371

We compute the numerical solution until the final time t = 1 by the studied AAAD2 (with the372

adaptation constant C = 0.05) and AAAD5 (with the adaptation constant C = 0.02) schemes on a373

uniform mesh with ∆x = ∆y = 1/400 and plot the results in Figure 4.16. As one can see, the AAAD374

schemes capture more intricate vortex structures than their non-adaptive counterparts, which indicates375

higher resolution and reduced numerical dissipation of the proposed AAAD schemes. One can also observe376

that the second-order AAAD2 scheme achieves higher resolution than the fifth-order A-WENO scheme.377

This demonstrates a powerful feature of the proposed AAAD strategy.

Fig. 4.16. Example 10: Density ρ computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.

378

Example 11—2-D Riemann Problem (Configuration 12). In this example, we consider Con-379

figuration 12 of the 2-D Riemann problems taken from [29] with the initial conditions380

(ρ, u, v, p)
∣∣∣
(x,y,0)

=


(0.5313, 0, 0, 0.4), x > 0.5, y > 0.5,

(1, 0.7276, 0, 1), x < 0.5, y > 0.5,

(0.8, 0, 0, 1), x < 0.5, y < 0.5,

(1, 0, 0.7276, 1), x > 0.5, y < 0.5,

381

prescribed in the computational domain [0, 0.6]× [0, 0.6] subject to the free boundary conditions.382

We compute the numerical solution until the final time t = 1 by the studied AAAD2 (with the383

adaptation constant C = 0.04) and AAAD5 (with the adaptation constant C = 0.02) schemes on a384
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uniform mesh with ∆x = ∆y = 1/1000 and plot the obtained results in Figure 4.17. One can see that385

the AAAD schemes resolve more vortices arising along the unstable contact surfaces than their non-386

adaptive counterparts. As in the previous example, we notice that the second-order AAAD2 scheme387

clearly outperforms the fifth-order A-WENO scheme.

Fig. 4.17. Example 11: Density ρ computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.

388

Example 12—Implosion Problem. In this example, we consider the implosion problem taken389

from [32]; see also [4, 25]. The initial conditions390

(ρ(x, y, 0), u(x, y, 0), v(x, y, 0), p(x, y, 0)) =

{
(0.125, 0, 0, 0.14), |x|+ |y| < 0.15,

(1, 0, 0, 1), otherwise,
391

are prescribed in [0, 0.3] × [0, 0.3] subject to the solid boundary conditions. In this problem, a jet forms392

near the origin and propagates along the diagonal y = x. Excessive numerical diffusion may smear the393

jet or alter its propagation speed, and therefore this example is often used to assess numerical dissipation394

present in studied schemes.395

We compute the numerical solution until the final time t = 2.5 by the studied AAAD2 (with the396

adaptation constant C = 0.05) and AAAD5 (with the adaptation constant C = 0.01) schemes on a uniform397

mesh with ∆x = ∆y = 1/1500. The obtained results are plotted in Figure 4.18, where one can observe398

that the jets propagate substantially farther along the diagonal by the AAAD schemes: This indicates399

that they are less diffusive than their non-adaptive counterparts. As in several previous examples, we400

notice that the second-order AAAD2 scheme clearly outperforms the fifth-order A-WENO scheme.

Fig. 4.18. Example 12: Density ρ computed by the CU, AAAD2, A-WENO, and AAAD5 schemes.

401
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Example 13—Kelvin-Helmholtz (KH) Instability. In this example, we study the KH instability402

problem taken from [36]. We consider the initial data403

(4.1)
(ρ(x, y, 0), u(x, y, 0)) =


(1,−0.5 + 0.5e(y+0.25)/L), y < −0.25,

(2, 0.5− 0.5e(−y−0.25)/L), −0.25 < y < 0,

(2, 0.5− 0.5e(y−0.25)/L), 0 < y < 0.25,

(1,−0.5 + 0.5e(0.25−y)/L), y > 0.25,

v(x, y, 0) = 0.01 sin(4πx), p(x, y, 0) ≡ 1.5,

404

in [−0.5, 0.5]×[−0.5, 0.5] subject to the periodic boundary conditions. In (4.1), L = 0.00625 is a smoothing405

parameter.406

We compute the numerical solution until the final time t = 4 by the studied AAAD2 (with the407

adaptation constant C = 0.05) and AAAD5 (with the adaptation constant C = 0.01) schemes on a408

uniform mesh with ∆x = ∆y = 1/1024 and plot the numerical results at times t = 1, 2.5, and 4 in Figures409

4.19–4.20. One can observe that already at t = 1, the vortex streets produced by the AAAD schemes are410

more pronounced. These structures grow over time, leading to increasingly complex mixing patterns at411

later times. Overall, the AAAD schemes outperform their non-adaptive counterparts by capturing richer412

turbulent structures.

Fig. 4.19. Example 13: Density ρ computed by the CU (top row) and AAAD2 (bottom row) schemes at t = 1 (left column),
2.5 (middle column), and 4 (right column).

413

Example 14—Rayleigh-Taylor (RT) Instability. In the last example taken from [39], we inves-414

tigate the RT instability, which occurs when a layer of heavier fluid is placed above a layer of lighter fluid.415

The model is governed by the 2-D Euler equations with gravitational source terms acting in the positive416
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Fig. 4.20. Example 13: Density ρ computed by the A-WENO (top row) and AAAD5 (bottom row) schemes at t = 1 (left
column), 2.5 (middle column), and 4 (right column).

y-direction, namely,417

ρt + (ρu)x + (ρv)y = 0,

(ρu)t + (ρu2 + p)x + (ρuv)y = 0,

(ρv)t + (ρuv)x + (ρv2 + p)y = ρ,

Et + [u(E + p)]x + [v(E + p)]y = ρv.

418

We consider the initial conditions419

(ρ(x, y, 0), u(x, y, 0), v(x, y, 0), p(x, y, 0)) =

{
(2, 0,−0.025 c cos(8πx), 2y + 1), y < 0.5,

(1, 0,−0.025 c cos(8πx), y + 1.5), otherwise,
420

where c is the speed of sound. The computational domain is [0, 0.25]× [0, 1] with the solid wall boundary421

conditions imposed at x = 0 and x = 0.25, and the following Dirichlet boundary conditions imposed at422

the top and bottom boundaries:423

(ρ, u, v, p)
∣∣
y=1

= (1, 0, 0, 2.5), (ρ, u, v, p)
∣∣
y=0

= (2, 0, 0, 1).424

We compute the numerical solution until the final time t = 2.95 by the studied AAAD2 (with the425

adaptation constant C = 0.05) and AAAD5 (with the adaptation constant C = 0.02) schemes on a uniform426

mesh with ∆x = ∆y = 1/1024 and plot the results, obtained at times t = 1.95 and 2.95, in Figure 4.21.427

One can observe pronounced differences between the AAAD solutions and those computed by the CU428

and A-WENO schemes: the AAAD schemes capture substantially more complex small-scale structures,429

which again indicates reduced numerical dissipation present in the AAAD schemes.430
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Fig. 4.21. Example 14: Density ρ computed by the CU, AAAD2, A-WENO, and AAAD5 schemes at different times.

Appendix A. 1-D Local Characteristic Decomposition Based Fifth-Order WENO-Z In-431

terpolant. In this appendix, we briefly describe the 1-D LCD based fifth-order WENO-Z interpolant.432

Given the point values ψj of a certain function ψ at uniform grid points x = xj , the values ψ−
j+ 1

2

are433

computed using a weighted average of the three parabolic interpolants P0(x), P1(x) and P2(x) obtained434

using the stencils [xj−2, xj−1, xj ], [xj−1, xj , xj+1], and [xj , xj+1, xj+2], respectively:435

(A.1) ψ−
j+ 1

2

=

2∑
k=0

ωkPk(xj+ 1
2
),436

where437

(A.2)

P0(xj+ 1
2
) =

3

8
ψj−2 −

5

4
ψj−1 +

15

8
ψj ,

P1(xj+ 1
2
) = −1

8
ψj−1 +

3

4
ψj +

3

8
ψj+1,

P2(xj+ 1
2
) =

3

8
ψj +

3

4
ψj+1 −

1

8
ψj+2.

438

To ensure (A.1)–(A.2) are fifth-order accurate and nonoscillatory, we take the following weights ωk in439
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(A.1):440

(A.3) ωk :=
αk

α0 + α1 + α2
, αk = dk

[
1 +

(
τ5

βk + ε

)p]
, τ5 = |β2 − β0|,441

where d0 = 1
16 , d1 = 5

8 , and d2 = 5
16 , and the SIs βk are given by442

(A.4)

β0 =
13

12

(
ψj−2 − 2ψj−1 + ψj

)2
+

1

4

(
ψj−2 − 4ψj−1 + 3ψj

)2
,

β1 =
13

12

(
ψj−1 − 2ψj + ψj+1

)2
+

1

4

(
ψj−1 − ψj+1

)2
,

β2 =
13

12

(
ψj − 2ψj+1 + ψj+2

)2
+

1

4

(
3ψj − 4ψj+1 + ψj+2

)2
.

443

In this paper, we have used p = 2 and ε = 10−12 in all of the numerical examples. The corresponding444

right-sided value, ψ+
j+ 1

2

, can also be derived using a mirror-symmetric approach, and we omit it for the445

sake of brevity.446

To ensure a nonoscillatory nature of the reconstruction (A.1)–(A.4), we apply it to the local charac-
teristic variables, which we introduce in the neighborhood of x = xj+ 1

2
:

Γℓ =
(
Rj+ 1

2

)−1
Uj+ℓ, ℓ = −2, . . . , 3.

Equipped with the values Γ−2, Γ−1, Γ0, Γ1, Γ2, and Γ3, we then apply the interpolation procedure (A.1)–447

(A.4) to each of the components Γ(i), i = 1, . . . , d of Γ to obtain Γ−
1
2

(the values of Γ+
1
2

are computed in448

the mirror-symmetric way). Finally, the corresponding one-sided point values of U are given by449

U±
j+ 1

2

= Rj+ 1
2
Γ±

1
2

.450
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