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ARTICLE INFO ABSTRACT

MSC: We introduce second-order low-dissipation (LD) path-conservative central-upwind (PCCU)
76M12 schemes for the one- (1-D) and two-dimensional (2-D) multifluid systems, whose components
65M08

are assumed to be immiscible and separated by material interfaces. The proposed LD PCCU

ngzg schemes are derived within the flux globalization based PCCU framework and they employ the
76N30 LD central-upwind (LDCU) numerical fluxes. These fluxes have been proposed in [A. KURGANOV

AND R. XIN, J. Sci. Comput., 96 (2023), Paper No. 56] for the single-fluid compressible Euler
Keywords: equations, recently modified in [S. CHU, A. KURGANOV, AND R. XIN, submitted], and in this
Low-dissipation central-upwind schemes paper, we rigorously develop their multifluid extensions. In order to achieve higher resolution
Path-conservative central-upwind schemes near the material interfaces, we track their locations and use an overcompressive SBM limiter in
Flux globalization their neighborhoods, while utilizing a dissipative generalized minmod limiter in the rest of the
Affine-invariant WENO-Z interpolation computational domain. We first develop a second-order finite-volume LD PCCU scheme and then
Compressible multifluids extend it to the fifth order of accuracy via the finite-difference alternative weighted essentially

non-oscillatory (A-WENO) framework. We apply the developed schemes to a number of 1-D and
2-D numerical examples to demonstrate the performance of the new schemes.

1. Introduction

In this paper, we focus on the development of highly accurate and conservative finite-volume methods for compressible multifluids,
which are assumed to be immiscible. The studied two-dimensional (2-D) multifluid system reads as

p: + (pu)y + (pv), =0,

(pu); + (pu” + p),. + (puv), = 0,
(p0); + (puv), + (p0* + p), =0,

E, +[u(E + p)l, + [v(E + p)], = 0.

(1.1)
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Here, x and y are spatial variables, ¢ is the time, p is the density, u and v are the x- and y-velocities, p is the pressure, and E is the
total energy. The system (1.1) is closed through the following equation of state (EOS) for each of the fluid components:

p=G-D[E- 2+ %) -y, 1.2)

where the parameters y and 7z represent the specific heat ratio and stiffness parameter, respectively. When 7, = 0, the system
(1.1)—(1.2) reduces to the ideal gas multicomponent case.

The fluid components can be identified by the variable ¢, such as the specific heat ratio y (or a certain function of y), the
mass fraction of the fluid component in the fluid mixture, or a level-set function designed to track the interfaces between the fluid
components; see, e.g., [2,3,10,18,36,39,44,54,55] and references therein. The state variable ¢ propagates with the fluid velocity and
thus satisfies the following advection equation:

¢y +ud, +vp, =0. (1.3)

The system (1.1)-(1.3) is a nonlinear hyperbolic system of PDEs and thus its solutions may develop complicated wave structures
including shocks, rarefactions, and contact discontinuities. In the single-fluid regime, that is, when y = Const and =, = Const, the
system (1.1)-(1.3) reduces to the Euler equations of gas dynamics, which can be numerically solved by finite-volume (FV) methods;
see, e.g., the monographs [23,33,48] and references therein. However, a straightforward application of single-fluid FV methods to the
multifluid system (1.1)—(1.3) may generate spurious pressure and velocity oscillations, which typically originate near the material
interface and then spread all over the computational domain; see, e.g., the review paper [2] and references therein.

In recent years, a variety of FV methods capable of capturing material interfaces in a non-oscillatory manner have been proposed.
A fully conservative approach was first developed in [45], where the pressure and velocity remained constant across the material
interface. This approach is robust but may suffer obvious drawbacks when strong shocks pass through the fluid interface. The quasi-
conservative approach was first introduced in [1], where pressure and velocity non-disturbing condition at an isolated material
interface was introduced to analyze and derive the spatial discretization. The resulting schemes reduced the numerical oscillations
effectively with the help of a quasi-conservative discretization. There are also many locally nonconservative approaches designed to
prevent pressure/velocity oscillations by sacrificing the conservation property near material interfaces. The conservation errors in
these approaches are typically small and decay after the mesh is refined. The pressure-based hybrid algorithms [9,27] are obtained
by switching from the conservative energy equation to the nonconservative pressure one near the interfaces. The ghost-cell methods
based on the single-fluid interpolations leading to two different single-fluid numerical fluxes at the material interfaces (placed at
the cell interfaces at each time step) were introduced in [3,18]. The interface tracking method [10] is based on the interpolation
between the single-fluid data from both sides of the interface and ignoring the “mixed” cell data. We note that both the ghost fluid
and interface tracking approaches are very robust in the 1-D case, but their multidimensional extensions are rather cumbersome. For
several high-order WENO schemes for compressible multifluids, we refer the reader to [16,22,25,41,42].

In this paper, our objective is to develop highly accurate and non-oscillatory numerical schemes for the so-called y-based multifluid
systems studied in [8,46], which in the 2-D case read as (1.1)-(1.2) together with the equations (1.3) for the state variables I" :=
1/(y =D and I :=yx, /(y — 1), which we recast as follows:

T, + D), + (D), =Ty +0y), T, + @D, + (01D, = (u, + v,). (1.4)

The resulting system is nonconservative (in fact, it can be rewritten in the conservative form, but as it was shown in [46], a non-
conservative form is preferable for designing an accurate numerical method) and the nonconservative terms on the right-hand side
require a special treatment.

We numerically solve the system (1.1)-(1.2), (1.4) and its one-dimensional (1-D) version by the Riemann-problem-solver-free
central-upwind (CU) schemes, which were originally introduced in [28,30,31] for general multidimensional hyperbolic systems of
conservative laws, and then extended to nonconservative hyperbolic systems in [6], where path-conservative CU (PCCU) schemes were
introduced. The PCCU schemes were extended to the flux globalization framework allowing to treat a wider variety of nonconservative
systems in [4,5,7,29].

The aforementioned PCCU schemes are based on the CU numerical fluxes from [28,30], which have relatively large numerical
dissipation preventing high resolution of contact waves/material interfaces. In the recent work [32], we have introduced a new way
of reducing the numerical dissipation present in the CU schemes and introduced the low-dissipation CU (LDCU) schemes. In these
schemes, the dissipation is reduced at the projection step, performed after the numerical solution is evolved to the new time level.
The novel projection is based on a subcell resolution technique, which introduces several degrees of freedom that can be utilized
to better approximate contact waves and material interfaces. In [32], we have designed the LDCU schemes for both the 1-D and
2-D single-fluid compressible Euler equations, which have then been recently improved in [14]. In this paper, we extend the LDCU
schemes to the y-based multifluid models. The extension is carried out in the flux globalization PCCU framework and results in new
flux globalization based LD PCCU schemes.

We also extend the proposed LD PCCU schemes to the fifth order of accuracy using the framework of the finite-difference alternative
WENO (A-WENO) schemes developed in [13,24,37,38,51-53]. Our new fifth-order schemes are based on the LD PCCU numerical
fluxes, a new, more efficient way to approximate the high-order A-WENO correction terms (see [15]), and the recently proposed
fifth-order affine-invariant WENO-Z (Ai-WENO-Z) interpolation [17,34,50] applied to the local characteristic variables with the help
of the local characteristic decomposition (LCD).
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This paper is organized as follows. §2 is devoted to the 1-D LD PCCU scheme. In §2.1, we give an overview of the flux globalization
based PCCU schemes and develop such scheme for the y-based multifluid model. The LD PCCU scheme is derived in §2.2, where
we prove that the new scheme preserves constant velocity and pressure across isolated material interfaces (this ensures lack of
pressure/velocity-based oscillations). In §2.3, the second-order LD PCCU scheme is extended to the fifth-order flux globalization
based LD Ai-WENO PCCU scheme. In §3, we present the 2-D extensions of the new LD PCCU schemes. In §4, we test the proposed LD
PCCU schemes together with their fifth-order versions on a number of 1-D and 2-D numerical examples. Finally, in §5, we give some
concluding remarks and comments.

2. One-dimensional algorithms
In this section, we present the new 1-D flux globalization based LD PCCU schemes for the 1-D compressible multifluids.
2.1. Flux globalization based path-conservative central-upwind schemes

We begin with a brief overview of the flux globalization based PCCU scheme, which was introduced in [29] for the general
nonconservative system

U,+FU),=BUYU,,

which can be rewritten in the following quasi-conservative form:

U,+KU), =0, KU)=FU)-RU), 2.1)
where U(x,t) € R? is the vector of unknowns, F : R? - R? is a flux, B € R%*4,

X

RU) := / BU)U (&, 1 dE,
X
and X is an arbitrary number.

We first introduce a uniform mesh consisting of the finite-volume cells C; := [xj X1 ] of size X1 =X, 1= Ax centered at
2 2

=3
x;= (xj_ 1HX )/2, j=1,...,N and set X = x| . We assume that at a certain level ¢, an approximate solution, realized in terms of
2 2 2

-5
2

the cell averages

— ] 1
U~ E/U(x,t)dx,
]

is available. The cell averages U ; are then evolved in time by solving the following system of ODEs (see [29]):

d K=K
= 3 3
7l Ay we— (2.2)
where Kj+ 1 are the CU numerical fluxes
2
aJrlK_l—a_]K*'I a*’la_l
Jj+5 Jt3 Jts  Jt3 Jjtz Jt3
- + _y-
nj+1_ + — + + _ U. 1 U. 1] (2.3)
2 a |, —a a |, —a Jts Jt3
Jt3 Jt3 Jt3 Jt3

Notice that all of the indexed quantities in (2.2) and (2.3) as well as other indexed quantities introduced below depend on ¢, but
from now on we will omit this dependence for the sake of brevity. In (2.3), U* , are the left/right-sided point values of U at the

Jt3
which are computed using a piecewise linear reconstruction, which will be discussed in §2.1.1, and a®

1, 1
+3 Jt3

cell interfaces X; are the

one-sided local speeds of propagation, which can be estimated using the largest and smallest eigenvalues of the matrix % (U)-B(U).

The global fluxes K* | are obtained using the relation in (2.1), namely, by

1

Jt3
K* =F* -R* | (2.4)
i+3 J*3 J+3
where F* | :=F(U™ ) and the point values of the global variable R are computed as follows. First, we set R :=0 and then
AS S 2
evaluate
RY = By .. (2.5)
7 2
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and recursively

R” =R" +B;, R" =R +B, 1, j=1,....N. 2.6
s - LT T T / 0
In (2.5) and (2.6), B and B 1 are obtained using a proper quadrature for the integrals in
1
B, /B(U)U dx and B, /B 1(s) l(s)ds 2.7)
C 0
where, ¥ . 1 (s) := ‘I‘(s; u- ., Ut . ) is a sufficiently smooth path connecting the states U~ , and U+ | » that is,
Jt3 J+y ity Jt+3 i+3
W0, 1]xRYxRY > RY,  W(0; UBNE Ut H=UT,, W Ui Ut H=Uut .
t Ut ita t2 Ut AN

2.1.1. Application to the compressible multifluid system
We apply the flux globalization based PCCU scheme to the 1-D y-based multifluid system

py + (pu), =0,
(pu), + (pu* + p), =0,
E, + [u(E + p)], =0, (2.8)

I+ @h), =Tu,,

I1; + (uIl), =Iu,,
completed with the following EOS:

p=(-1 [E— guz] — Ve (2.9)
The system (2.8) can be rewritten in the equivalent quasi-conservative form (2.1) with

U :=(p,pu, ET,ID', FU)=(pu,pu* + p,u(E + p),ul,ull)",

X X
T (2.10)
and RU)=10,0,0, / Tu, df,/l’[ug dé) .
X X
We first discuss the reconstruction procedure for recovering the point values U* | out of the cell averages U ;- Since the variables

Jt3
u and p are continuous across material interfaces (contact waves), we reconstruct the primitive variables V' := (p,u, p,T’, DT instead
of the conservative ones. To this end, we compute the cell centered values of u and p,

@), 1 [ @y =
uj: —, pj:_— E. — — _Hj s (2.11)
pj r; 2p;
and then construct the linear pieces
V0=V, +V),(x-x), xe€C, (2.12)

where V; :=(p;,u;,p j,l_“ j,ﬁ j)T and the slopes (V,); are supposed to be computed with the help of a nonlinear limiter to ensure a
non-oscillatory nature of (2.12). In the numerical experiments reported in §4, we implement a simple adaptive limiting strategy and
use different limiters near and away from the material interfaces. Our goal is to achieve very sharp resolution of linearly degenerate
waves at material interfaces. To this end, we need to detect the location of the interfaces. In the two-fluid case, this can be done as
follows. We first introduce I := (I 1+T'1)/2, where I'y and I'y; are the values of T for the first and second fluid, respectively. We then
assume that the interface is located either in cell C; or C;,, if

T;-DT,, -D<o. (2.13)

In these two cells as well as in the neighboring cells C i1 and C 42, We use the overcompressive SBM limiter [35]:

V-V \v -7
Jj+1 i\vV,-V,_ —

BSoM LIl V-V e
V), = V,-V x Y
J j-1
0, otherwise,

(2.14)
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where ¢, is a small positive constant and in all of the numerical examples reported in §4, we have taken £, = 10~'2. Here, the
two-parameter function

0 if r <0,
¢ZBM(r) = min{rd,1 +z(r—1)} if0O<r<l1, (2.15)
d)SBM ( ) otherwise,

is applied in a componentwise manner with 7 = —0.5, which belongs to the overcompressive range of values of 7; see [35]. Away
from the material interfaces, using the same overcompressive limiter is dangerous as it may lead to an artificial sharpening of smooth
parts of the computed solution (see [35]) and thus we use a dissipative generalized minmod limiter, given by the same formulae
(2.14)—(2.15), but with 7 = 0.5, there. In both areas, we use 6§ = 1.3.

Remark 2.1. Notice that the generalized minmod limiter can be written in a simpler form [35,40,47] by

(V,); = minmod <9

with the minmod function defined by

min(cy,¢p,...) if ¢; >0, Vi,
minmod(cy, ¢;, ...) =4 max(cy,c,,...) if ¢; <0, Vi,

0 otherwise.

Remark 2.2. If the number of fluid components is more than two, detecting interface cells becomes a more complicated task. A
reasonable extension of the strategy used in (2.13) should be developed for the problem at hand.

Equipped with (V,);, we then use (2.12) to obtain

v- = lim V)= Ax(Vx)j, vt = lim V(= ﬁ(vx)m, (2.16)
j+3 x/+ 2 Jtz  xoxt 2
2 i+

and the corresponding point values of the conservative variables U:

-
Jt+3 2

U =(p* 0" u JET | TF IIF, ), EF 1_F+1 re ot (”.il) +ITF . (2.17)

j+3 J*3 s stz s J+s j+3 j+3J+s3 2 j+3 j+3

1
2

We then compute the point values K* followmg (2.4)—(2.6). First, we use (2.10) and (2.17) to obtain
j+

T
2

F*  =(p" vt 0%, (il) +pi1”i1(E +p7 )Filuil’niluil » (2.18)
j+s i+s /+— +3 s F R Y 2T SN N A M A

and then evaluate B ; in (2.7) by substituting there the piecewise linear reconstructions (2.12) of u, I, and I1, which results in

- +It -, +0t T
A T + A +
=000, ———= (v, —u" ), ———(u , —ut )] . (2.19)

. ) needs to be

Next, in order to obtain B\y el in (2.7), a proper path connecting the states (u~ ,,I"” ,II” ) and (uJ_r N
Y2 2 It 2 2 / 2 +2

used, for instance, a simple linear path:

W ()=u"  +s(ut | —u s F_ r~ -1 ),
i@y Ty T MOy T, ) a0

\Pn1(s)=nf1+s(n+1_nf1)' .
J*3 Jt3 Jjt3 Jt3

Substituting (2.20) into (2.7) then results in
rt +r- ot +1 T

B 0,0,0, #(f ) T ) @.21)

Wit 2 L 2 iy ) ‘
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Finally, the one-sided local-speeds of propagation a;—r+ i
2

a+l=max u_l+c_],u+l+c+l,0 , a  , =min u_]—c_l,u+]—c+|,0 S
Jt3 Jt3 Jts  Jt3 Jt3 Jjt3 Jt3 Jjtz  J*3 Jt3
where ¢ :=+/[(1 +D)p+11] /(Tp).

Remark 2.3. The numerical fluxes (2.3) are slightly different from those present in [29] as one of the goals in [29] was to make the

resulting scheme well-balanced and thus different values of U~ , were used in (2.3) and in the computation of K * .
J* 2 Jt+ 3

can be estimated by

2.2. Flux globalization based low-dissipation PCCU schemes

In this section, we derived a modified, LD version of the flux globalization based PCCU scheme presented in §2.1. We follow
the idea used in [14,32], where the LDCU scheme for the single-fluid compressible Euler equations has been introduced. In order to
extend the LDCU scheme to the multifluid case, we now go through all of the derivation steps and begin with the development of the
fully discrete LD PCCU scheme.

2.2.1. Fully discrete scheme
T n . . .
We assume that the computed cell averages Uj IR ﬁ /c. U(x,1")dx are available at a certain time level t = " and use them
J

to reconstruct a second-order piecewise linear interpolant consisting of the linear pieces ﬁln + (Ux);?(x -x;), x€C), where the

slopes (UX);.' are obtained using a certain nonlinear limiter. We then estimate the local speeds of propagation a* |, introduce the
el
2
corresponding points x” | i=x. 1 +a |Af"and X" | =x, 1+ at | Ar", and integrate the system (2.1) over the space-time
j+3t 1 s s 3 vy

control volumes, which consist of the “smooth”, [xj_ Xl /] x [t",1"t1], and “nonsmooth”, [xj
3

5 + % £ X J
"1 :=¢" + At". This way the solution is evolved in time and upon the completion of the evolution step, we obtain the intermediate
cell averages

+%,r] x [¢","*1], ones, where

. @, .,
l.mlz—l { " a 1——xj+1(a+l)2At"—U" L oa+ xj(a_l)zAt"
Mt et —a7 J+3r i+ 2 j+3 J+3.E ity 2 j+3
el T (2.22)
1 1
@) -k )] )
Jtzr Jt3E
and
—it —p WY
vM=U"+ Lat  +a A"
J J 2 ( j_% j+%)
n 1 1 (2.23)
v kW) -x@)|:
Ax — (a | —a I)At" Jt5t Jj=5r
U BEEAS
see [32] for details. In (2.22)-(2.23), the point values of U at (x" L t") and (x" . ,t") are computed using the piecewise linear
Jt3, J+zr
reconstruction of U, namely,
~ — Ax _
Un :=U n ’tn =Un U n(— Atn>,
sie TV =Y UG
n C— TT (" n_ 7" _ n E_ + n
Uj+%,r '_U(xj+%,r’t )=V, (U")Hl( 2 aj+%At )’
1 1
and the point values of U at (x" . /’HE) and (x" . ,t"2), are obtained using the Taylor expansions about (xj+1 r,t") and
Jt3, i+5 2
(xj P 1"), respectively, and the fact that U, = —K(U),:
1 n 1 n
v -y Ak ) UM =ur -ACk@r ) 2.24)
j+5.8 j+3. 2 J+5.87% J+5r 5 2 JHzr X

Here, the slopes K (U" | f)x and K(U" | ) can be computed with the help of a certain nonlinear limiter; see [28] for details.
Jt3, Jtzr

Next, the intermediate solution, realized in terms of {ﬁj‘.m} and {ﬁj‘.': 1}, is projected onto the original grid. To this end, we need

2

to construct the interpolant
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ﬁint(x):Z{ l(x)xlx n J+U X[X_] N lfj}, (2.25)

J 5 j+§.

where X denotes the characteristic function of the corresponding intervals. We follow [14] and set

int,LL ~
) U L1 x< XL
™" =4 2 2 (2.26)
Jt3 —int,R > %
1, X2>X. 1,
J+3 Jt3
- . . _ —int,L —int,R . . .
where X LL=X 1+ u™ , At" and uml (pu)ml /p ““ .ThevaluesU | andU | are determined in several steps. First, accord-
Jt3 AT A /+2 Jjt+ 5 Jt3 Jt3

ing to the local conservation requirement, the COIldlthIlS

int’+ int, R mt _ —int,L _ —int
! U | =(@" L —a ])U,+l, (2.27)
1+§ J+‘ /+— Jt3 j+§ ity T2
int, —int,R .

where o™ ]+ =gt  —4" ] , have to be satisfied, and the rest of the relations on U and U 1 are to be established for the
Jt3 1+7 Jt3 jt+ 5 Jt3

problem at hand. In fact, the conservation of I and I1 components of U is not physically essential, but the relation (2.27) for I" and
I1 are crucial for proving physically relevant properties of the resulting flux globalization based LD PCCU scheme; see §2.2.3.

For the y-based multifluid model (2.8)—(2.9), we follow the single-fluid approach from [14,32] and make the projection step sharp
and accurate for the contact waves, which are linearly degenerate and thus affected by the excessive numerical dissipation much more
than nonlinear shock waves. In order to design such projection step, we consider an isolated contact wave consisting of the jump
discontinuities in p, I', and I1 propagating in the region with constant u and p, and make both u and p to be constant across the cell
interface, namely, we set

(pu)ml L (W)mlF

i+3 Jj+3
—int,L —int,R °’
P P
Jjts3 Jts3
. . (2.28)
—.int,L\2 —.int,R\2
(™) (™)
1 (Eim,L it3 ﬁint,L> 1 <Eian it3 ﬁim,R>
— il — I W B R = — )
l_‘th j+2 2 mtlL j+2 l_JntR j+2 2 int,R j+2
j+3 J+§ j+3 /+—
t,.L t,R mlL
where we have used the EOS (2.9). Next, we solve (2.27) and (2.28) for (pu)m , (p u)ln E and E 1 , and express these
— 1L —int,R wintL =intR 1ntL mtR
quantities in terms of Ll Sint, S T N 1 and l'[ :
T S S AT +3
—int,L
int,L P pp——
int,L —th - Int, 2 I
(o) j+ L i L’ E'+1 T T T+l
j+s j+§ j+3 ity it 3
Jt+3
. . . . 2.29)
int,+ (=inLR —jnt L =intL —ineR int,+ (=int,R =int,L.  =int,L =int,R ( .
. 1(F»+l 1 _F»+l . 1) a 1( +l H+_ F-+l H»+l)
Jjts ) Jts ) Jt3 (int )2+ Jt3 J J Jtz Jt3
u
_ —int i L _ —int ’
2(a* | —a 1)Fj+l " (a*_' 1 T4 l)rj+1
Jjts3 Jt3 2 Jt3 Jjts3 2
—=int,R
(ﬁ)im,R —int,R Lint —intR _ J*t3 —mt]
A ;
s Uil 1+— SR LA
J+3
int.— ; =int,R —j =int,L — int.— —int,R—im,L —=int,L =int,R (2‘30)
aml, (F 1pml,L T pmtR) aml, (F IH -T 1H )
T N +1 0 T '+— +3 +1
Jjta ) j+— J 2 Jt3 (int )2+ Jt3 Jtsy J J J 3
u
_ —int ip L _ —=int
2(”? 1 T4 |)F~+l 72 (a-." 1 T4 1>F-+l
Jt3 Jt3 /73 Jt3 J*3 /73

Notice that after enforcing (2.27) and (2.28), we are left with three degrees of freedom, which we use to make the profiles of p, I',
and IT across the cell interface as sharp as possible and, at the same time, non-oscillatory. This is achieved in the same way as in
[14,32], namely, by setting
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8’ st o1
1 1 1
- J+3  ZintL  =int Jt3  —intL = J*3
pl.mlL pl»ml + int,—’ Iﬁ+l _Fj+l int,—’ H+l _HJ+* int,—’
Jt3 Itz a™ J 2 a™] J 2 a™
j+3 J*3 I*3 (2.31)
8 " s '
1 1 1
—int,R _ —int Jt3 =int,R  =int Jt3 —int,R  =int Jt3
P =Pty j+1 _Fj+l+ int,+ H'+l =Wt
j+§ j+§ a ’l J 2 a 71 Jt3 2 a ’1
Jt3 Jts j+3
where
p . int,— (= int,+ ( int —int
6" | =minmod | —a’ l(p —p )a. I(p. R 1) ’
j+3 Jt+s j+2 f Jts g Jt3
. int,— / =int i =int
8", =minmod ( —a™ 7 (T, 1™ ), @™ F (™, —T") ), (2.32)
j+3 J AL S N R LA

. int,— ( =yint i t, —int
8 =minmod ( —a™ 7 (TI"; -1 ), @"F(r™, M) ),
it+3 S A S AN Y RS N A

and U“‘t] ~U(x. el "*+1) and Umt ~ U(xj+l r,t"“) are evaluated similarly to (2.24):
1 T

+yf J* 2’
U™ =U", -A"K(U" ). U™ =U", -A"K(U", ). (2.33)
jt3.f Jt5l A T Jt5r Jtsr VA T

—int,L —int,R e . . .
We then complete the construction of U{ntl and Ul.ml by substituting (2.31) into (2.29)-(2.30), which results in
i+ i+

2 2

59 P
1 1
: +5 Jjts .
int,L _ ,——int T3 it mtR _ mt 2 int
(ouy” " = (pu) s u s, (w) (ﬂ) ol SR
J+3 ! ] Jt3 ! g J+
Jt3 Jt3
r p _ <0 int 1 int - op Int
1 6 ,+_ 5 1P 5 1F/+l 6 1Hj+l
Emt,L J*+3 —int Jt3 2 J+— Jt3 ( int )2 Jt3 2 Jj+5 2
= u
j+% + int,— int ]+% + A il F——— , (2.34)
1 F-Jrl 2a F-+l 2 1 r‘>+l
jty T2 jty T2 j+s 173
r p wint _ s —int o int _ o0 it
iR 5j+1 o 5,+1Fj+l 5,+1”,-+1 ) 5,-+1Fj+% 5,+1Hj+§
—Int, _ 2 —1n 2 2 2 int 2
EJ'+l _<1+ int,+ int )E/+l+ t, (u' l) + t, '
2 o 2 24" +F AL 2" +F
j+s Jta j+3 3 /+— 3

Equipped with (2.31)—(2.34), we finalize the projection step by integrating the piecewise constant interpolant (2.25)—(2.26) over
the cell C;. This leads to the following cell averages at the time level 7 = s

_ 1 A" ZintR  —i _ Zintl  —
p;'z+1 — _/ mt(x)dx pmt + 2 gt (pml,l _p{nt> -a (plm, _p!nt)

Axc Ax J—— -5 AR S

i

+max(umt 0)(p1nllL —int, R)+mm(umt 0)(—1nlL —mtR)] (2.35)
-3 J=3 j j+
@3 _jn | A" —int _ —int - (int _ =int » it ¢p
=T ARl ) A e ]
2 2 2 2 2 2 2
Gy = o [ G ax

G
=G+ 5= (ot (G @) e (G- G0y
+ max(umt 1 ’0)( (W)mtlL (pu)mt R) + mm(umtl 0)( (pu)mt L (pu)ml R ] (2.36)

2 =3 -3 A 2 J*3
G+ 2 et (@™, - @) o (G, - Gai)
2 /72 Jt3 Jt3

nt ¢p int P int
AR ]—a L8 1]’
J=3 Jj=5 J=3 /+- Jt5 Jjt3

[SIE
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o L / E™xdx=E) +i’ o (B =) —a (B0 -E)")
X

1 — ; 4
J Ax j=3 73 J j+3 o it J
]
— int, L —int,R int, L mt R
+max@™ | O)E") ~ E, 1)+mm(u‘"tl,0)(E 1)]
i=3 -3 J*3
(2.34) —int At + —int int _ int int
= E. at (E_1—-E;, )-a I(E#—E )
J Ax | j-5" /72 J ity 2 J
p wint r  —int 1 int r int r (2.37)
6" 1FJ_1_5. N ) 1Fj_l_5 1I'Ij_l 5
j=3 472 =3 -3 2 =3 T2 -3 2 J=3 —int
+amt1 - —int - : (ulml) - —int - + —ml2 Ej*l
) 2T 73 r r 2
J=3 J=3 J=3
int int int
& Ta-¢8 o™, R T TR
int j+y 7 J*7 0 N2 3 TR kg T g i
—am™, (u"' 1) - + + ,
i Ll —int irl —int —int Jjt5
Jt3 2F-+l J*3 1 Ll 2
Jt3 Jt3 J*3
n+1 1 im At int,LR  =int _ int,L —=int
r :_/ medx =T + 20 [t (T -T") —a | (T T
A Ax i-3 1—5 Jt3 1+-
lof
—int, L mt R int, L ml R
+max(u'“‘ 0" ,)+mm(u‘"‘],0)(r iy )] (2.38)
i+ +1 / 5
(2.34) —int Al‘ —int —int _ —int —int ;i
2p at  (T™, -T )—a_ N i R L
i T ax R T jHz s It j=3 J=3 /+— +5
=+l 1 nt = A" —int,R  —=int _ ,=intL —int
o = M (x)dx = H + [+ (I - —am (T -T00)
/ Ax Ax L j-5" J=3 / A A J
<
1mL = th mtR
+ max@™ |, 0)(TL" 1)+m1n(u"“ 0T 1)] (2.39)
i=3 i+
@239 =int A" , —int —int _ —int int int oIl ot gl
=+ 2 o (T, -1 )—a. l(nﬂl-nj )+aA & k
XL j=-5 2 Jt3 2 J=3 1—5 /+- J+
where
at
j+3 )
z ifu™ <0,
at 1 it i+3
; 5 s
amll - 2_ 2 (2.40)
J+3 a
+3 ,
- otherwise.
a  —u
Jt3 Jt3

2.2.2. Semi-discrete scheme
Finally, we pass to the semi-discrete limit A" — 0 in (2.35)-(2.39) and proceed as in [14,32] to end up with the semi-discretization
(2.2) with the modified (compared with (2.3)) numerical fluxes

+ - + +
aj+1Kj+1 1+1Kj+l Y1
o= 2 +2 2 L _ 2 I U+1—Uf1 +q..1, (2.41)
Jt3 a” | —a a | —a j+3 j+3 I3
j+3 iy 3 i+
where

(u* 1)2 T
Jts3 2.42
qj+l :af 1{‘1;.7 1(1’14».< pTZvOsO) +qli 1(0’0’p>‘.< 1’1’0)T+ql._[ 1(0’0’1’0’1)T} ( )

2 J*+3 Jts3 Jt+3 J*3 Jt3 J*+3

is a built-in “anti-diffusion” term. In (2.42),
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+ + - - + - )
a.lU.l_a,lU.1_<K.1_K.1) (pw)* |
" Jt3 Jt3 Jty Jt3 Jts Jt3 " Jt3
U= ¥ - I
J*3 a | —a Jt+3 P
Jjt3 Jt3 itz
*
((pu). 1)
Sk 1 * j+_ £
P == E - * _H, s
j+z TP Lj+s 2p* j+s
Jt3 Jt3
q 1=minmod<—a*’ (" =r 1>’a*+1 (A 1)>’
Jt3 Jtz Utz Jjt3" Jts ot J*3
i, =minmod (= (00 =T )0, (7, =17 ) ) 49
Jt3 Jtz o Jt3 Jjt3" Jts o Uty Jt3
T =minmod ( -, (I* |, -1I" ,),a™* (O0F | —IT* ,
1 1 1 . 1 1 1
Jt3 Jtz o Jt3 Jt37 Jty o it Jt3
at .
A
s ifu* | <0,
a’, Jjt3
*, % + * «  _ ) Jt3
a | =a U s @ =y
Jt3 Jt3 j+§ Jjt+s a 1
Jt3
— otherwise.
a’
Jt3

Remark 2.4. If we replace (2.26) with the following limited linear piece:

X 1 +Xx. 1
(NIint ) ﬁint +(U )int Jtzr o Titgl
L1(x)=U. xX——
Jt3 Jt3 x j+% 2 ’
where
int Frint - Fint int
v™, -U., U ,-U",
. JH5r Jty Uty J+5L INL
it _ . 2 2 L -
U" l_mmmod 5 s 5 , 6:.= > (a‘ L, —a l)’
Jt3 Jt3 J*+3
we will end up with an alternative built-in “anti-diffusion” term
at 14
Jjtz Jt3 . _
q,,1 =—————— minmod v*, -u- Ut -U* ),
I3 a ,—a Jt3 jty J+3 Jts
Jt3 Jt3

which was introduced in [28]. This will result in another flux globalization based PCCU scheme for the y-based multifluid system. In
the numerical results reported in §4, we will compare the behavior of this PCCU scheme with the proposed LD PCCU one.

Remark 2.5. We stress that the second-order semi-discrete LD PCCU scheme can be rewritten in the form without global fluxes. To
this end, we substitute (2.4)-(2.6) into (2.2), (2.41) and end up with

- +
= F -F a a
dUJ Jt3 = B j+% B -3 B
—_— = + — - 1+ 1],
dt Ax Ax| at e Wt at —a | W2
J*3 Jt3 J=3 J=3
where
o FWS )-a FU* ) ' a
Jt3 Jt3 Jt3 Jt3 Jt3 Jt3 _
T.j+l: T — + T — U_f'l—U_ 1 +qj+l.
2 a_+l —a_+l a_+l —a_+l Jjt3 Jt3 2
J*3 JT3 I3 JT3

In addition, in (2.43) used to compute 9,1 the formula for U* , will become
2 Jjt3

v+l

a’ 1U+ 1 —a 1Uf 1 _<F(Uf 1)_F(Uf 1))+B
+5 j+§ J+§ j+§ 2

U* — J+§ J+§ /73
J*3 a-." LA
Jt3 Jt3

10
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2.2.3. Properties of the semi-discrete scheme

In this section, we establish two important properties the designed semi-discrete scheme satisfies:

1. When initially y = Const and =, = Const, that is, if initially the system contains a single fluid, then y and 7, will stay constant
for all #;

2. At the isolated material interface at which initially u = Const and p = Const, both u and p will stay constant for all ¢.
To this end, we prove the following theorem.

Theorem 2.6. 1. If T ;= = Const and TI ;= 1= Const for all j at a certain time level t, then
dg _d
e/ dr

2. If at a certain time level t =", u}? == Const and p;’ = p = Const for dll j, then at the next time level t = t"*1,

Hj =0, Vj.

W=7 and ptl=p, v, (2.44)
provided the ODE system (2.2), (2.41)—(2.43) is discretized using the forward Euler method.

Proof: 1. We only show that % r ;=0as % Inl ; =0 can be proved in a similar way. Since the point values of I at the cell interfaces

are obtained using the piecewise linear reconstruction (2.16), we have I't =7, =r + | = IA“, which we substitute into (2.18),
Jt3 Jt3 Jj=3
(2.19), and (2.21) to obtain

FOE =T | B9Y=0  -ut ), BY =0t -u ). 2.45
( )j+% i+ j (j+% j_%) Wil <j+% j+%) (2.45)
We then use (2.4)—(2.6) to compute the flux differences
@V (k@Y (FOVE (@) _g@ @D
(K )j+% (K )j+% _(F )j+% (F )j+% B‘I‘,j+l =0,
(2245) (2.46)
@\~ @OVt (p@)\T @\* (COR s
(KO),, 0 = (KO) = (R = ()7, - B 20,
which we substitute into (2.43) to verify that
¢ =0 (2.47)

Finally, we substitute (2.46)-(2.47) into (2.2), (2.41)-(2.42) to end up with %l: ;= 0. This completes the proof of the first part of the
theorem.
2. Since the point values of u and p at the cell interfaces are computed using the piecewise linear reconstruction (2.16), we have

ut  =u”  =ut  =wand p* =p~  =p*  =patthe time level s =¢". This results in
Jt3 Jt3 J=3 Jt3 Jt3 J=3
Ut E N T - 1 - L T o a . I
]—(p 1P ’ (R .1)’ 1 =P ]+7p  HIE
j+ J¥3 ity 3ty g+ j+3 i+3 i*3 j+3 (2.48)
A~ A~ A~ A ~ ~ ~T
F%l_(/’%1”’pi1”2+p’”(Ei1+p)’F% 1T 1”) ’
s vyt J+3 3 iy

The latter equality implies K* | = F*
Jjts3 J+

| » which together with (2.48) results in
2

F* = F =aU* 1 -U? 1)
Jts3 Jt3 Jt3 Jjts

so that the first line in (2.43) can be rewritten as

a* 1U+ ,—a U™ —ii(U+ , —U” 1)
Jjt3 Jt3 Jj+5 Jt Jjt3 Jt3
2 2 2 2 2 2
Ut = e 2 _ ot =0 (2.49)
J*3 a | —a J*3
Jt3 Jt3

S]]

We then use (2.42), (2.43), (2.48), and (2.49) to compute the “anti-diffusion” term, which reduces to

~2 T
~ ~ u
g, = (¢ 00 | Bd v d ) (2.50)
J Jjts 2 Jts Jts U+ ts

11
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and then substitute (2.48) and (2.50) into (2.41) to obtain the numerical fluxes

~2 T
K. 1= (]C“)],EIC(”] +5. kY + =W+ 1 +ﬁﬁ,1c<4>,,ic(5>,) ,
I3 3 s s 2 gty s s it

which, in turn, are substituted into (2.2) to obtain the following semi-discrete relations:

dn_ad oy dp d
P =g P j 24l T

These relations are discretized using the forward Euler method, which results in

——\n+l _ —=\n —n+l _ —n

(pu)’ (pu); :ﬁpj p;
At Ar

n+l  —=n

EY_E I o oy O o
J jZﬁ J I+u_. J J+ J I.
At At 2 At At

Finally, we substitute (2.11) expressed at both time levels =" and t = "+ into (2.51) to end up with (2.44). This completes the
proof of the second part of the theorem. [l

(2.51)

Remark 2.7. The second part of Theorem 2.6 is still true if the forward Euler time discretization is replaced with another strong
stability preserving (SSP) ODE solver; see, e.g., [19,20].

Remark 2.8. As in [32], the computation of numerical fluxes in (2.41) should be desingularized to avoid division by zero or very

small numbers. If a* | <&, and a~ | > —¢, for a small positive &,, we replace the fluxes le+1 with
Jj+ 3 Jj+ 3 2

- +
K(US, ) +K(U7 )

1
Jt3 2

In all of the numerical examples reported in §4, we have taken &, = 107'2,

2.3. Flux globalization based LD ai-WENO PCCU scheme

In this section, we extend the second-order flux globalization based LD PCCU schemes from §2.2 to the fifth order of accuracy
within the A-WENO framework.
The semi-discrete fifth-order LD Ai-WENO PCCU scheme for the 1-D quasi-conservative system (2.1) reads as

H 1—-H .
d ity U7
dy - 73 2.52
dr 7 Ax ¢ )

where U; :=U(x;,n and the fifth-order numerical fluxes 7-[/_+ 1 are defined by
2
B (Ax) 7(Ax)*

Hj+% = IC/.+% (Kxx)j+_ 5760 ¢ xxxx),+%~ (2.53)

Here, Kj 41 are the finite-volume fluxes (2.41)-(2.43), and (K

1 )iy

1 and (K

1 are approximations of the second- and fourth-

2 2 2

order spatial derivatives of K at x = Xils which we compute using the finite-difference approximations recently proposed in [15]:
2

xxxx j+s

1
) (2.54)
(Kxxxx) f W [K}._E —4K _1 +6K,'j+% —4‘}.4_% +le+%] .

The resulting semi-discrete scheme (2.52)-(2.54) will be fifth-order accurate provided the point values U* , are calculated using

Jt3
a fifth-order interpolation. To this end, we apply the recently proposed fifth-order Ai-WENO-Z interpolation [17,34,50], which we
briefly describe in Appendix A.

Remark 2.9. In order to ensure the designed LD Ai-WENO PCCU scheme is fifth-order accurate, the term B; needs to be evaluated
using at least a fifth-order quadrature. In this paper, we use the same Newton-Cotes quadrature introduced in [12]; see also [11].

Remark 2.10. We note that the fifth-order semi-discrete flux globalization based LD Ai-WENO PCCU scheme also satisfies the two
properties specified in Theorem 2.5. The proof of this fact is a direct extension of the proof of Theorem 2.5 as both I" and II are

12
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characteristic variables and when they are constants, the Ai-WENO-Z interpolation is exact for these components. We omit the details
of the proof for the sake of brevity.

3. Two-dimensional algorithms

In this section, we extend the proposed 1-D flux globalization based LD A-WENO PCCU schemes to the 2-D y-based multifluid
system (1.1), (1.2), (1.4). This system can be written in the vector form

U,+F(U), +GU), = BU)U, +CU)U,,

or, equivalently, in the quasi-conservative form

U,+KU),+LU),=0 (3.1
with

KU)=FU)-RU), LU)=GU)-S®U),

x y
R(U)=/B(U)U§ dé, S(U)=/C(U)UV, dn. (3.2)
% y

Here,

U :=(p, pu,pv, E,T, D)7,

FU) = (pu, pu2 + p, puv,u(E + p),ul’, uH)T, BWU)U, = <0,0,0, 0, Fux,Hux)T, (3.3)

G(U) = (pv, puv, pv* + p,v(E + p), ol 0IDT,  CU)U = (0,0,0,0, ruy,nuy)T.

We first introduce a uniform mesh consisting of the finite-volume cells C k= [x/_i 1,X, 1 1% [yk7 1Yl ] of the uniform size
2 2
AxAy with xj+% —xj_% = Ax and yk+% —yk_% = Ay centered at (x;, y;) with x; = (xj_% +xj+%)/2 and (yk_% +yk+%)/2, j=1,....N,,
k=1,...,N ye
We assume that at certain time level ¢, an approximate solution, realized in terms of the cell averages U kR ﬁAy //C .
, "
U (x,y,t)dxdy, is available. These cell averages are then evolved in time by solving the following system of ODEs:

d= Kilo =Kt Ll =Ly
—U; =—— EHA 2 2, (3.4)
dr Ax Ay
where the x- and y-numerical fluxes are
;r+l kK;+l k _a;+1 kK;‘ k a;r+1 ka;+l k
2° 2’ 2° 2’ 2’ 2’ -
K. 1, = T + T U+1 -U | +q. Lo (3.5)
Ity a | —a a | —-a J+zk o Jtak Jta
Jtgk gk Jtyk gk
b+ - —b + + b~
Sy kg ks ks ks ks N _
L, 1= - — " — vr -0 )+q,.0. (3.6)
ST bt = . bt = | Jk+3 Jk+3 A
Jkty ks Jk+s  jkty

1), respectively, are obtained as follows.

The one-sided point values U* | and U* | at the cell interfaces (xj+ 1,¥)and (x; 1
2 2

j+§,k J,k+§ j’yk+
We first use the cell averages U ; , to compute the point values of u, v, and p at the cell centers:

(ou); 4 00k
= V., = s Pik=

(@,4) +(G90)
Pik s Pik

J» zﬂj,k Js

Ujk

1
Lk
and then construct the linear pieces to approximate the primitive variables V = (p,u, v, p,T,II)T:

I7j,k(xs N=Vi+ W) x=x)+W ) =w). (»EC),, 3.7)

where V; 1= (ﬁj!k,uj!k,Uj’k,pj,k,l:j’k,ﬁj’k)-r and (V) and (V ), , are the slopes, which are supposed to be computed using a
nonlinear limiter.

As in the 1-D case, we use different limiters near and away from the material interfaces, which need to be detected. In the two-fluid
case, we check whether

k- f)a:jﬂ,k - <o, (3.8)

13
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where, as before, = I} +TI'p/2. If (3.8) is satisfied, we then use the overcompressive SBM limiter,

Vf 1,k — Vf,k Vf 1,k — Vf,k
(Vx)f’k = d’gEM <— hs — hs Ax , (3.9
Vek=Veik

forc=j—-1,j,j+1,and j+2.In (3.9), the function ¢§2M(r), given by (2.15), is applied in a componentwise manner with 7 = —0.5
and 0 = 1.3. Otherwise, that is, away from the material interface, we use a dissipative generalized minmod limiter which is also given
by the same formulae (3.9), (2.15), but with 7 = 0.5 and 6 = 1.3. We proceed similarly in the y-direction: we use

/ ’m+1_|jm Jjom+l =V jm
V)= 52N [ L2 ’ <y (3.10)
Y7 0,t % % Ay

withz=—-05and =13 form=k—1,k, k+1,and k+2 if

Jim =V jm=1

Cjx — fxfj,kﬂ -D<o, (3.11)

is satisfied, and with = =0.5 and 6 = 1.3 otherwise.
Equipped with (V,); , and (V); ,, we use (3.7) to obtain

_ = Ax = Ax
Vj+% . = Vj,k + T(Vx)j’k’ V:—Jrl . = Vj+1,k — T(Vx)j+l,k’
. 3
_ = Ay 4 — Ay
Vj,k+% =Viat T(Vy)j’k’ Vj,k+% = Vs = T(Vy)f’k“’

and then the corresponding point values of the conservative variables U are

T
+ + + + + + + + +
Uf,m - (pf,m’pf,muf,m’pf,muf,m’Ef,m’rf,m’nf,m> ’

for (Z,m)=(j + %,k) and (j,k + %). Here, E?,m = r;i,mp;;,m + p?,m((u;m)z + (U;m)z)/z i H?,m'
The global fluxes KJf' . and £j ik in (3.5)-(3.6) are obtained using the relations in (3.2), namely, by
Kty

Jt+3.
+ _p* + +  _* +
KAl _F.l _R.l » L J_G, 1_S. 1°

Jt3.k J+5.k Jt3.k Jok+3 Jok+3 Jok+3
where F* | :=F(U* | ),G* | :=GU* ), and the point values of the global variables R and S are computed as follows.

Jt3.k J+5.k Jok+3 Jok+3
First, we set X =x, and y =y, so that R LS 0and S~, :=0. We then evaluate R* = B, 1, and St = B\Pj 1 and recursively

2 2 2 J»3 5.k 2 J>3 2

compute the rest of the required point values:

R™ =R" +B*,, RT =R~ +B, .. 1,, j=1,....,N,,
JHak =k Tk TS N S N s R x
N =St +BY, ST =S +B, ., .1, k=1,...,N,.
Jhed k=t Tk PR RN TS R M y
X Yy o : .
Here, Bj’k, B‘I,’H%’k, Bj,k, and B\PJ’H%J‘ are evaluated precisely the same way as in §2.1.1:
F—]k+F+lk H_lk+n+lk .
Hpk g JHpk iy
B’.‘k:<0,0,0,0, = (o, —ut ), —2 e U ))’
> 2 Jj+5.k Jj—5.k 2 J+5.k Jj—5.k
rt +r ot +10
j+3 gk, _ Jt5.k gk, _ T
By,,1,=(0.000, - (W, =, ), > (W, —u )
2 J+3k AT j+3k AT
- + - +
Jok+ k=1 Jok+d jok—1 T
y o _ i T2 + T2 o+
Blu=(00.0.0 — 55— (v 1 =97, ) U)o
L) ) K+ Jk=75
+ Inm + —
. 1 . 1 . 1
ket k+ 5 k+ 5 k+5 T
B, .1 =(0000-""2 T2 - o) TRt )
W)kt 2 el T el 2 el T st
2 7, +2 J» +2 1,k+2 J» +2

14
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2

Finally, the one-sided local-speeds of propagation a* » and bik , can be estimated by
j+ Jok+

2

I
E.
=

3.1. “built-in” anti-diffusion

In this section, we discuss the derivation of the “built-in” anti-diffusion terms 9014 and 9401 in (3.5)—(3.6) in a “dimension-
27 ’ 2

by-dimension” manner following the idea introduced in [14,32].

In order to derive the formula for q;,1, we consider the 1-D restriction of the system (3.1)-(3.3) along the lines y = y;:
35

U,x. )+ K(Ux,y.0) =0, k=1,....N,. (3.12)

We then can go through all of the steps in the derivation of the 1-D fully discrete scheme for the systems in (3.12) following §2.2.1

up to (2.26), which now reads as

—int,L ~
U '\, x<X. i,
ﬁim ( ) J+3.k J*3
1, (x =
Jt5.k Vi —int,R S%
X>X. 1
J+5K j+3’

where X, 1 =x 1 +u™ A u™ =)™ /p™, |, and the corresponding local conservation requirements (2.27) become
Jty Uty sk J+5.k J+gk' gk

i —int,R int.— —int,L _ —int
al'nt,?' U-+L . —al.m,] U-+1 = (a*f Lo—a ) e (3.13)
j+5,k Jt3 j+§,k Jt3, j+5,k ]+§,k 2
where amtf—' i=g* | —u™ . In addition to the six conservation constraints given by (3.13), we have six degrees of freedom,
J+ak Jtyk gk

which we use as in the 1-D case to enforce a sharp approximation of quasi 1-D isolated contact waves propagating in the x-direction.
To this end, we enforce the continuity of u and p across the cell interfaces x = X1 by setting
2

—. int,L —. int,R —.int,L \2 —.int,L \2
(ou) " (pw) ((pu). 1 ) +((/’U). 1 )
JHyk Jtsk 1 FinL jtz.k jt3.k ik
ﬁint,L - Eint,R ’ FinL JHik 2Eint,L ik
o1 ] ] o1
J+§,k j+§,k j+§,k J+§’k
—.int,R \2 —. int,R \2
(o™ )" +(@" )
1 <Eim,R J+3.k J+3 .k iR )
T =int,R '+l,k_ —int,R - '+l,k s
r I 2p ak
Jt3.k J+3,

and then proceed as in §2.2.1 to enforce sharp (yet, non-oscillatory) jumps of the p-, pv-, I'-, and II-components. This leads to the

following formulae analogous to (2.31)-(2.32):
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& | & |
—int,L _ ﬁmt J+§‘k —int,R __ Eml J+§’k
ik Uiy aint JHk gk aim +
J+2,k J+2,k
5/;1) 5/}1}
1 1
— intL . Jt+3.k __intR J+3.k
)" =E0", t=— @D =E0)N,
3k ityk g 3k gk gin ’
J+5.k Jt5k
61" 5F
1 1
fint,L _ —=int J+§vk fint,R _ —=int /+5vk
I jH3k T - A T AT
1 1
j+§,k j+5,k
6“ 51_[
1 1
—int,L —int J+3.k —int,R —int J+3.k
Im ., =I0I 2 nmy =I 2 s
Jt3k /+§,k amt,— Jt5k Jj+5.k amt,+
1 1
j+§,k j+§,k
where
p o mt —mt _ ( ,int int,+ int _
6" | =minmod 1 (p‘ 1 )f]’ 1 [(p 1 ) " ]
j+§qk + 3.k J+5.k j+§,k j+§,k j+ k
pU o int int int,+ int — int
L _m1nm0d< (pv) = (o™, )], d™ " [(eo)™, ), —@Eo)™, ])
Jt3. Jt3.k +5.k 1+5,k J+zk
. m i i
5F .= minmod mt k (l—q.ntl )f]7 ml,;{— [(Fmt k]
j+§,k J+§,k j+5,k Jt+3 k
ot . 4 im int int,+ int int
6, =minmod k (H, 1 )f]’ a [(H )r_ +1 k] :
Jt3s j+ k Jt3.k +5.k j+ k 2
t int t t int int
Here, the values (p‘“ ) (P ) (Cov )'" )f, ((pu)m )r, (o), (e
3k /+§,k Jt5k J+3.k Jt3,

the Taylor expanswns as it was done in (2.33).

We then proceed as in the remaining part of §2.2.1 and complete the derivation of the fully discrete scheme (not shown here for
the sake of brevity), and after this, we pass to the semi-discrete limit and end up with the LD PCCU flux (3.5) with the following

“built-in” anti-diffusion term:

T
* P * P ﬂU E T 11
q..1, =« q u q >4 >q »q .
Jrpk i b \ Lk ke e T L R T e T Lk
Here,
+ + - - + -
a L1, T4 1 _(K. 1, T ) (pu)” |
/+2,k jtzk otk gk J+ak /+2,k 5.k
U* _ u* _
1, T + — 4 1, T * 4
Jt3.k a -, —a J+3.k P "
Jt3.k Jt5k jt3.
7 1 —mmmod< lk_p_ lk) *,+1 (p+ L A lk)>’
j+5,k +§, 3 +§’k j+§’k I+Es
pv 4 +
¢”’, =minmod (pv) RGO L )a T (ot =) ) ),
.y 1 Kbk +1 1k
J+s3, 2, J+3, 3 7
g, -mmmod( C T 0 o)),
j+§,k +§,k J i’k Jtak jtyk j+§,k
q' 1 —m1nm0d< * =1, )’ *."+| (m* - )>’
Jt3.k j+§,k 3k j+§~k Jt5.k J+3.k
pU pU
qj+l k . qj+1 k
I'\— * 2’ T\+ * 2
(d ) (pv) + d v +
at ik \ sk o, ( )j+%k ! -
E J+5.k jtz.k J+5.k J+5.k
q. =TF - » - p
JHyk a ., a4 q. q
J+5.k Jt+3.k Jtsk 5k
ok *
2\, ot 2l W
Jtzk a” | Jt3.k a’ |
j+§,k J+§.k
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. 2 r
(W ) a (COME
+5.k +5.k +5.k
Jt3e 7 Jt3e N 3 7 - qn
2 et T[Tk 20" | Iy I Y
j+3k J+3.k
at
1
1+§k . §
— ifu* | <0,
’l J+3.k
*,4 + 5 * Jj+5.k
a.1=a41—u_1,(x'1=_2
Jt3.k Jt3.k J+3k J+5.k a
3k
— otherwise,
>
1
/+§,k
where
r
q,+1 i
jt3.
@ys, =l-—g—
./+Evk a’—l I 1
Jts.k jtsk
Similarly, the “built-in” anti-diffusion term in the LD PCCU flux (3.6) is
T
41 =0, ,(q’,’ RUSTTLNT 4 l,qi ,,q_rk l,ql_]k 1) ,
) Jkts Jokts pktz Jkts gkt Jkts o jkts jkt3
with
b+ + — b - _(L+ . ) (pl))*
A | A | o1 1 ol
" Dkt ks Jkt+3 o Jkts Jok+3 Jok+3 o _ Jok+3
. 1= + _ . 1= ¢ ’
Jokt3 K 1_b.k 1 Jet p-k+l
Jik+5 Jikt5 Jkt3
7 ]:mlnm0d<—bf’_ 1(l’f A 1)’b%’+ ](pf = 1)>’
j,k+§ j,k+§ j,k+5 j,k+§ j,k+§ j,k+§ j,k+5
pu — mi *,— * — *,+ + :
¢ 1—mmmod<—b, N S O (OO ,)>,
/,k+5 j,k+5 Js +§ Js +§ /,k+§ ,k+§ Js +§
ql,q 1=m1nm0d<—b’f’_ 1( - T 1)’b’f’+ 1(1—‘*,— - 1)>’
Jok+3 Jk+s " Jkts Jokt3" ikt ks Jokt5
q" 1:mmmool<—b’“‘ (-1 )t (m | T 1)>,
Jikt3 Stz N Jkts Jkta " ks ks Jsk+3
7 "
Jok+3 ok
T\— % 2 2
. @)y \w |+ @yt "+
b_ O ’ jsk+§ j,k+§ b_’ 1 J.k 3 J»k+§ b.' ’
qE _ Jokt3 Jk+3 Jok+3 _ Jk+3
j’k+% b* 1 o qp 1 qp 1
Jk+3 j,k+§ " j,k+§ N j,k+§
2 p 1 *,4 1 *,—
Jk+s  b” | Jkts b ,
j,k+§ j,k+5
2 r 2
oy ¢ (CONY
Jok+3 Jok+3 Jok+3
+ qﬂ * _ : R e i +qH ,
2 JLET I N AT 20 phetd | ks
Jok+3 Jok+5
b+
.
Jok+3 -
= if Uj irl <0,
o] T2
o, + * ® Jkt3
= -0t 1T -
Jokt3 gkt 5 Jok+3 Jk+5 b .
j ket 5
ikt .
— otherwise,
. 1
j,k+§
where
r
@) kg
jiet 3 poE T

. 1 B 1
Jokt5 jkt3
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Remark 3.1. As in [14,32], the computation of numerical fluxes in (3.5) should be desingularized to avoid division by zero or very

small numbers. First, if a* | . <egpand a” | . > —¢g for a small positive ¢, we replace the flux le 41, with
j+§, j+§, 2’
K(U~ +K(U*
( j+%,k) ( j+%,k)
JHak T 2
Similarly, if 5% | <gpand b~ | > —¢, we replace the flux CJ_ i) with
Jik+3 Jok+3 T2

- +
L(ULH%) +L(Uj7k+i

L

Jktd = )
As in the 1-D case, we take £, = 10~'2 in all of the numerical examples.
3.2. Flux globalization based LD ai-WENO PCCU scheme
In this section, we extend the 2-D second-order flux globalization based LD PCCU schemes from §3.1 to the fifth order of accuracy

within the A-WENO framework.
The semi-discrete fifth-order LD Ai-WENO PCCU scheme for the 2-D quasi-conservative system (3.1)-(3.2) reads as

H* 1k_Hx Ly Hyk I_Hyk 1
d J*3 =3 Jk+3 Jk=3
v, =- - ; 3.14
dr 7k Ax Ay ¢ )
where the fifth-order numerical fluxes H* | . and H” ol are defined by
AT Jokt5
(Ax)? 7(Ax)*
x o —
Hj+%,k_ni+%,k (Kxx)j+%,k+ 5760 ( xxxx)j+%,k’
(A2 Ay (3.15)
y _ Y y
s =Bt = T oyt + 560 Bt
Here, leJr%’k and £j’k+% are the finite-volume fluxes (3.5), and (KXX)H%J(, (Kxxxx)”%’k, (Lyy)j,k+%’ and (Lyyyy)j’“% are approx-

imations of the second- and fourth-order spatial derivatives of K at (x,y) = (xj + % ,¥)and L at (x,y) = (x Vs % ), respectively. We
compute these quantities using the finite-difference approximations analogous to (2.54):

(Kyx) i1, = B

J+3k 12(Ax)?

xxxx)- 1, = ;

J+5.k (A x)4

[_nj—%,k FAOK, 1y = 30K 1 16K 5 = lc“%*"] ’

(K [I(Zj_%vk—MCj_lk+6Kj+%’k—41Cj+%’k+lcj+%vk],

3

1
(Lyy)j,k+% = m [_['j,k—% + 16£j,k—% _30['j,k+% + 16£j,k+% _ﬁj,k+%] s

1
(Lyyyy)j,k+% = _(Ay)4 [[’j,k—% - 4cj,k—% + 6£j,k+% - 4£j,k+% + cj,k+§] .

As in the 1-D case, the resulting semi-discrete scheme (3.14)-(3.15) is fifth-order accurate provided the point values U* "
j+§,

and Utk are calculated using a fifth-order interpolation. To this end, we apply the recently proposed fifth-order Ai-WENO-Z
Jok+

interpolation [17,34,50], which can be performed in the x- and y-directions similarly to the 1-D case discussed in Appendix A; we
omit the details for the sake of brevity.

Remark 3.2. As in the 1-D case, one needs to apply the Ai-WENO-Z interpolation procedure in the local characteristic variables to
reduce the magnitude of the numerical oscillations. In Appendix B, we provide a detailed explanation on how to apply the LCD to
the 2-D system (3.1)-(3.3).

4. Numerical examples

In this section, we apply the developed schemes to several 1-D and 2-D numerical examples and compare the performance of the
second-order flux globalization based PCCU, the second-order flux globalization based LD PCCU, and the fifth-order flux globalization
based LD Ai-WENO PCCU schemes, which will be referred to as the PCCU, LD PCCU, and LD Ai-WENO schemes, respectively.

In all of the numerical examples, we have solved the ODE systems (2.2), (2.52), (3.4), and (3.14) using the three-stage third-order
strong stability preserving (SSP) Runge-Kutta method (see, e.g., [19,20]) and used the CFL number 0.45.
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Table 4.1
Example 1: The L'-errors and experimental convergence rates for the den-
sity p.
Ax PCCU LD PCCU LD Ai-WENO
Error Rate Error Rate Error Rate

1/40 9.13e-3 1.49 4.03e-3 1.80 7.77e-7 5.02
1/80 1.39%e-3 1.99 8.19e-4 2.01 2.41e-8 5.02
1/160  2.92e-4 2.10 1.84e-4 2.07 7.52e-10 5.01
1/320  5.99e-5 2.18 4.12e-5 211 2.34e-11 5.01
1/640 1.26e-5 2.21 9.26e-6 213 7.30e-13 5.00

4.1. One-dimensional examples

Example 1—1-D accuracy test
In the first example taken from [49], we consider the following smooth initial data:
= (1 + %cos(;rx), L1 % + %sin(nx), 10-8 sin(:rx)).

(p,u,p;v, ﬂoo)|(xv0)

We implement the periodic boundary conditions on the computational domain [—1, 1] and compute the numerical solution until the
final time ¢ = 1 using the PCCU, LD PCCU, and LD Ai-WENO schemes on a sequence of seven uniform meshes with Ax=1/(10- 209,
¢=0,...,6.

We compute the L'-errors in density and estimate the experimental convergence rates using the following Runge formulae, which
are based on the solutions computed on the three consecutive uniform grids with the mesh sizes Ax, 2Ax, and 4Ax and denoted by
()2%, (2%, and (-)*A*, respectively:

82 5
Error(Ax) ¥ ——2——,  Rate(Ax) ~ log, <ﬂ> .
1612 — 624l 51n
Here, &5 := [|(-)2% = (-)**¥|| ;1 and &y, :=[|(-)**¥ — (-)**%|| ... The obtained results for the density are reported in Table 4.1, where

one can clearly see that the second order of accuracy is achieved for the PCCU and LD PCCU schemes, and the fifth order of accuracy
is achieved for the LD Ai-WENO scheme. Note that in order to achieve the fifth order of accuracy, we had to use smaller time steps

5
with Af ~ (Ax)3.

Example 2—*“Shock-Bubble” interaction
In the first example, we consider the “shock-bubble” interaction problem, which is a two-fluid modification of a single-fluid
example from [32]. The initial data are given by

(13.1538,0,1;5/3,0), |x] <0.25,
(p,u, P37+ 7o) x0) =14(1.3333,-0.3535,1.5;1.4,0), x>0.75,
X!
(1,0,1;1.4,0), otherwise,

which correspond to a left-moving shock, initially located at x = 0.75, and a resting “bubble” with a radius of 0.25, initially located
at the origin. These inital data are considered in the computational domain [—1,2] subject to the solid wall boundary conditions
imposed at both x =—1 and x =2.

We apply the studied PCCU, LD PCCU, and LD Ai-WENO schemes to this initial-boundary value problem and compute its numerical
solutions until the final time ¢ = 3 on a uniform mesh with Ax = 1/100. The obtained p, u, I', and II are presented in Figs. 4.1—4.3
together with the reference solution computed by the PCCU scheme on a much finer mesh with Ax = 1/2000. As one can see, the LD
PCCU scheme achieves sharper resolution than the PCCU one, and the use of a fifth-order LD Ai-WENO scheme further enhances the
resolution. One can also observe small oscillations in the PCCU and LD PCCU solutions (see Fig. 4.1 (left)), while the LD Ai-WENO
solution is oscillatory-free in this example.

We then perform a more thorough comparison between the PCCU, LD PCCU, and LD Ai-WENO schemes by taking into account
additional computational cost of the higher-order LD Ai-WENO scheme. To this end, we measure the CPU time consumed by the
LD Ai-WENO scheme and refine the meshes used by the corresponding PCCU and LD PCCU schemes so that exactly the same CPU
times are consumed by these two schemes to compute the numerical solutions (the sizes of the corresponding uniform grids are
Ax =1/180 and 1/190 for the PCCU and LD PCCU schemes, respectively). The obtained p (zoom at x € [-0.55,—-0.4]) and u (zoom
at x € [-0.2,0.9]) are shown in Fig. 4.4, where one can clearly see that in this example, the LD PCCU scheme outperforms its PCCU
and LD Ai-WENO counterparts.

Example 3—water-air “Shock-Bubble” interaction
In the second 1-D example, which is a 1-D modification of an example from [8], we consider a gas-liquid multifluid system, where

the liquid component is modeled by the EOS (2.9) with 7, > 1. The initial conditions,
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p p
—PCCU —PCCU
15 ——LD PCCU 15} |—LD PCCU
--—-LD Ai-WENO --—-LD Ai-WENO
——Reference ——Reference
10 10
5 5
0 0
-1 -0.5 0 0.5 1 1.5 2 -0.55 -0.5 -0.45 -0.4

Fig. 4.1. Example 2: Density p (left) and zoom at x € [-0.55, —0.4] (right) . (For interpretation of the colors in the figure(s), the reader is referred to the web version
of this article.)

u u
. S—— 0
0.1 —PCCU
——LD PCCU
—-—-LD Ai-WENO
0 ——Reference
- -0.1
-0.1
—PCCU
0.2 -0.27|—LD PCCU |
--—-LD Ai-WENO A
—— Reference
-0.3
-1 -0.5 0 0.5 1 1.5 2 -0.2 0 0.2 0.4 0.6 0.8
Fig. 4.2. Example 2: Velocity u (left) and zoom at x € [—0.2,0.9] (right).
r II
2.6 0.01
—PCCU —PCCU
24 ——LD PCCU ——LD PCCU
—-—-LD Ai-WENO 0.005 —-—-LD Ai-WENO
22 ——Reference ——Reference
2 0
1.8
0.005
1.6
. -0.01
-0.6 -0.4 -0.2 0 0.2 -1 -0.5 0 0.5 1 1.5 2
Fig. 4.3. Example 2: I" zoomed at x € [-0.6,0.2] (left) and IT (right).
p U
. 0 : :
—PCCU
15 t|——LD PCCU
—-—-LD Ai-WENO
——Reference
-0.1
10
L —PCCU
B -0.2[|—LD PCCU
—-—- Ai-WENO ‘ /
——Reference
0
-0.55 -0.5 -0.45 -0.4 -0.2 0 0.2 04 0.6 0.8

Fig. 4.4. Example 2: Density p zoom at x € [—0.55,—-0.4] (left) and velocity u zoom at x € [-0.2,0.9] (right) computed by the PCCU scheme with Ax = 1/180, LD
PCCU scheme with Ax =1/190, and LD Ai-WENO scheme with Ax = 1/100.
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- p P
1 —PCCU
1:2 ——LD PCCU
08 —-—-LD Ai-WENO
1 ’ ——Reference
0.6
0.4
0.4
0.2 0z
0 0
0 3 6 9 12 15 18 25 3 35 4 45
Fig. 4.5. Example 3: Density p (left) and zoom at x € [2.5,4.8] (right).
r 11
3{[—PCCU  --=-LD ALWENO 10000 [ [—PCCU  ----LD Ai-WENO
——LD PCCU ——Reference ——LD PCCU ——Reference
25 8000
4 6000 | \
e 4000}
1
2000
0.5
ok
2 3 4 5 2 3 4 5
Fig. 4.6. Example 3: I (left) and IT (right) zoomed at x € [2,5].
(0.05,0,1;1.4,0), |[x-6] <3,
(p,u,p;y, o) 0 =14(1.325,-68.525,19153;4.4,6000), x> 114,
X,
(1,0, 1;4.4,6000), otherwise,

correspond to the left-moving shock, initially located at x = 11.4, and a resting air “bubble” with a radius 3, initially located at x = 6.
The initial conditions are prescribed in the computational domain [0, 18] subject to the free boundary conditions.

We compute the numerical solution until the final time ¢ = 0.045 on a uniform mesh with Ax =1/10 by the PCCU, LD PCCU,
and LD Ai-WENO schemes and plot the obtained p, I, and II in Figs. 4.5 and 4.6 together with the reference solution computed by
the PCCU scheme on a much finer mesh with Ax = 1/400. As one can observe, the LD PCCU solution achieves sharper resolution
(especially of the contact wave located at about x = 3) compared with its PCCU counterpart, and the LD Ai-WENO scheme achieves
even higher resolution.

Example 4—water-air model with a very stiff equation of state
In the last 1-D example taken from [2,10], we consider another gas-liquid multifluid system with the water component modeled
using even stiffer EOS than the one used in Example 2. The initial conditions that correspond to a severe water-air shock tube problem,

(1000,0,10%;4.4,6 - 10%), x<0.7,
(p, U, 37, o) =

&0 ] (50,0,10%;1.4,0), x>0.7,
are prescribed in the computational domain [0, 1] subject to the free boundary conditions.

We compute the numerical solutions by the studied PCCU, LD PCCU, and LD Ai-WENO schemes until the final time 7 = 0.00025
on a uniform mesh with Ax =1/400. The obtained p, I', and Il are shown in Figs. 4.7 and 4.8 along with the reference solution
computed by the PCCU scheme on a much finer mesh with Ax = 1/6400. One can observe that all of the studied schemes produce
non-oscillatory numerical solutions, and the LD Ai-WENO solution is slightly sharper than the solutions computed by the PCCU and
LD PCCU schemes.

4.2. Two-dimensional examples

In this section, we present four 2-D numerical examples. In all of them, we plot the Schlieren images of the magnitude of the
density gradient field, |Vp|. To this end, we have used the following shading function:

o 80/V)
P\ max(iVoD) /)
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p p
1000 800 —PCCU
—1LD PCCU
800 --=-LD Ai-WENO
600 ——Reference
600
400
400
—PCCU
——1LD PCCU 200
200 |_._.LD Ai-WENO )
——Reference .
0 0
0 0.2 0.4 0.6 0.8 1 0.79 0.81 0.83 0.85 0.87

Fig. 4.7. Example 4: Density p (left) and zoom at [0.79,0.87] (right).

r x108 II
8
--—-LD Ai-WENO 6
——Reference
4
—PCCU
2/|—LD PCCU
—-—-LD Ai-WENO \
——Reference
0
0.8 0.82 0.84 0.8 0.82 0.84

Fig. 4.8. Example 4: y (left) and I (right) zoomed at x € [0.8,0.84].

-0.25 0 0.25 0.75

Fig. 4.9. Initial setting for the 2-D numerical examples.

where the numerical derivatives of the density are computed using standard central differencing.

Example 5—shock-helium bubble interaction
In the first 2-D example taken from [10,43], a shock wave in the air hits the light resting bubble which contains helium. We take
the following initial conditions:

(4/29,0,0,1;5/3,0), in region A,

(psu, U, P37, Pos) - =4(1,0,0,1;1.4,0), in region B,
X,

(4/3,-0.3535,0,1.5;1.4,0), inregion C,

where regions A, B, and C are outlined in Fig. 4.9, and the computational domain is [-3, 1] X [-0.5,0.5]. We impose the solid wall
boundary conditions on the top and bottom and the free boundary conditions on the left and right edges of the computational domain.

We compute the numerical solutions until the final time ¢ = 3 on a uniform mesh with Ax = Ay =1/500. In Figs. 4.10 and 4.11,
we present different stages of the shock-bubble interaction computed by the PCCU, LD PCCU, and LD Ai-WENO schemes. Notice that
the bubble changes its shape and propagates to the left, but in order to focus on the details of the bubble structure, we only zoom
at [o,0 + 1] X [-0.5,0.5] square area containing the bubble (¢ is decreasing in time from -0.5 to -1.6). As one can observe from the
numerical results, the bubble interface develops very complex structures after the bubble is hit by the shock, especially at large times.
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PCCU, t=0.5 LD PCCU, t=0.5 55 LD Ai-WENO, t=0.5
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Fig. 4.10. Example 5: Shock-helium bubble interaction by the PCCU (left column), LD PCCU (middle column), and LD Ai-WENO (right column) schemes at times
t=0.5,1, and 1.5.

The obtained results are in a good agreement with the experimental findings presented in [21] and the numerical results reported in
[9,10,43]. At the same time, one can see that at a small time ¢ = 0.5, the resolution of the bubble interface is significantly improved
by the use of the LD PCCU and especially the LD Ai-WENO schemes. At larger times, the interface develops instabilities, which are
smeared by a more dissipative PCCU scheme. The differences in the achieved resolution of the small solution structures become even
more pronounced at the larger times 7 = 2, 2.5, and especially at ¢ = 3. This clearly indicates that the LD PCCU scheme outperforms
the PCCU one, and the further improvement in the LD Ai-WENO results is much more obvious than in the 1-D examples.

We also perform a more thorough comparison between the PCCU, LD PCCU, and LD Ai-WENO schemes by taking into account
additional computational cost of the LD Ai-WENO scheme. As in Example 2, we measure the CPU time consumed by the LD Ai-WENO
scheme and refine the meshes used by the PCCU and LD PCCU schemes so that exactly the same CPU times are consumed by these
two schemes to compute the numerical solutions (the sizes of the corresponding uniform grids are Ax = Ay =1/600 and 1/590 for
the PCCU and LD PCCU schemes, respectively). The obtained numerical results are shown in Figs. 4.12 and 4.13, where one can see
that in this example (unlike the 1-D Example 2), the LD Ai-WENO scheme achieves higher resolution than the LD PCCU scheme, while
they both clearly outperform the PCCU scheme.
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Fig. 4.11. Same as in Fig. 4.10, but at larger times 7 =2, 2.5, and 3.

Example 6—shock-R22 bubble interaction
In the second 2-D example also taken from [10,43], a shock wave in the air hits the heavy resting bubble which contains R22.
The initial conditions are

(3.1538,0,0,1;1.249,0), in region A,

(p,u,0,p;7, ) ) (1,0,0,1;1.4,0), in region B,
X, P!

(4/3,-0.3535,0,1.5;1.4,0), in region C.

The regions A, B, and C are the same as in Example 5 and they are specified in Fig. 4.11. In this example, we impose the same
boundary conditions and use the same computational domain as in Example 5.

We compute the numerical solutions until the final time ¢ = 3 on a uniform mesh with Ax = Ay =1/500. In Figs. 4.14 and 4.15,
we present different stages of the shock-bubble interaction computed by the PCCU, LD PCCU, and LD Ai-WENO schemes. As one
can see, the bubble changes its shape and propagates to the left, and in order to focus on the details of the bubble structure, we
only zoom at [o,0 + 1] X [-0.5,0.5] square area containing the bubble (¢ is decreasing in time from -0.5 to -1.15). Compared with
Example 5, the bubble moves to the left a little slower and develops totally different structures as the R22 is heavier than the Helium.
The obtained results are in a good agreement with the numerical results reported in [9,10,43]. Similar to Example 5, at a small time
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Fig. 4.12. Example 5: Shock-helium bubble interaction by the PCCU scheme with Ax = Ay =1/600 (left column), LD PCCU scheme with Ax = Ay =1/590 (middle
column), and LD Ai-WENO scheme with Ax = Ay =1/500 (right column) at times ¢ =0.5, 1, and 1.5.

t = 0.5, the resolution of the bubble interface is significantly improved by the use of either the LD PCCU or LD Ai-WENO schemes, and
the improvement in this example is even more pronounced. By the time 7 = 1, the interface develop instabilities which are smeared by
a more dissipative PCCU scheme. As time progresses, the solutions develop very complex small structures, which are better resolved
by the schemes containing smaller amount of numerical dissipation, namely, by the LD PCCU and LD Ai-WENO schemes.

Example 7—a cylindrical explosion problem
In this 2-D example, which is a modification of an example from [56], we consider the case where a cylindrical explosive source
is located between an air-water interface and an impermeable wall. The initial conditions are given by

(1.27,0,0,8290;2,0), (x—572+(—-2)><1,
(p,u, 0,37, o) gy~ 1002.0.0.1:1.4,0), y>4,
T (1,0,0,1;7.15,3309),  otherwise,
the solid wall boundary conditions are imposed at the bottom, and the free boundary conditions are prescribed on the other sides of

the computational domain [0, 10] x [0, 6].
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Fig. 4.13. Same as in Fig. 4.12, but at larger times 7 =2, 2.5, and 3.

Notice that the initial conditions contain three—not two—different fluids, and therefore we need to modify the way the fluid
interfaces are detected as the criteria (3.8) and (3.11) are applicable in the two-fluid case only. We first set I'1 =1/(y; — 1), ' =
1/(yp—1), and T'y;; = 1/(yyp — 1), where y; =2, yyp = 1.4, and yp; = 7.15 are the specific heat ratios for the three fluids. We then
introduce fl =0+ /2, IA"Z := Ty +I'p)/2, and replace the conditions (3.8) and (3.11) with

T~ DT =T <0 or @) =TT;41 4 —T2) <0

and

(e fl)(rj,k+l -T)<0 or (7% fZ)(Fj,kH -1y <0
respectively.

We compute the numerical solutions until the final time ¢ = 0.02 on a uniform mesh with Ax = Ay =1/80 by the studied PCCU,
LD PCCU, and LD Ai-WENO schemes. In Fig. 4.16, we present time snapshots of the obtained results, which qualitatively look very
similar to the numerical results reported in [56]. As one can see, the LD PCCU scheme captures both the material interfaces and
many of the developed wave structures substantially sharper than the PCCU scheme and the use of the LD Ai-WENO scheme further
enhances the resolution. In particular, one can observe more pronounced small structures in the LD Ai-WENO solution (especially
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Fig. 4.14. Example 6: Shock-R22 bubble interaction by the PCCU (left column), LD PCCU (middle column), and LD Ai-WENO (right column) schemes at times r = 0.5,
1, and 1.5.

inside the bubble) at the large time ¢ = 0.02; see Fig. 4.17, where we zoom at the bubble area. This example, once again, clearly
indicates that the LD PCCU and LD Ai-WENO schemes outperform the PCCU one.

Example 8—water-air shock-bubble interaction

In the last 2-D example, which is taken from [8], we consider the interaction of a shock in water with a gas bubble. The initial
conditions

(0.0012,0,0,1;1.4,0), (x—62+(y—6)*<9,
(p,u, 0,7, 7o) = (1.325,-68.525,0,19153;4.4,6000), x> 11.4,
EA
(1,0,0,1;4.4,6000), otherwise,

correspond to a cylindrical air bubble impacted by a Mach 1.72 shock initiated in water. In this example, the initial data is prescribed
in the computational domain [0, 12] X [0, 12] with the solid wall boundary conditions imposed on the top and bottom and the free
boundary conditions on the left and right edges of the computational domain.
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Fig. 4.15. Same as in Fig. 4.14, but at larger times 7 =2, 2.5, and 3.

We compute the numerical solutions by the studied PCCU, LD PCCU, and LD Ai-WENO schemes until the final time # = 0.045
on a uniform mesh with Ax = Ay =3/200. In Figs. 4.18 and 4.19, we present different stages of the interaction process. As one
can see, the bubble containing air will be compressed by the water, propagates to the left, and changes its shape until losing its
integrity and breaking up. The obtained results are in a good qualitative agreement with the numerical results reported in [8]. As in
the previous examples, the resolution of the bubble interface is significantly improved by the use of the LD PCCU and LD Ai-WENO
schemes, especially for the small times t = 0.0204, 0.0305, and 0.0368; see Fig. 4.18. At the same time, the differences near the bubble
interfaces between the LD PCCU and LD Ai-WENO solutions are minor.

Remark 4.1. In order to preserve the positivity of the pressure computed by the LD Ai-WENO scheme, we have used the following
algorithm. We first detect the material interfaces by (3.8) and (3.11) and then switch to the second-order LD PCCU scheme (with
the one-sided point values computed by the SBM limiter (2.15), (3.7), (3.9), (3.10) in the overcompressive regime with § = 1.3 and
7 = —0.5) in the neighboring four cells at each side of the interface. This results in a hybrid “mixed-order” scheme, which still achieves
higher resolution compared with the second-order LD PCCU scheme.

28



S. Chu, A. Kurganov and R. Xin Journal of Computational Physics 518 (2024) 113311

PCCU, t=0.008 6 LD PCCU, t=0.008 5 LD Ai-WENO, t=0.008

Fig. 4.16. Example 7: Solutions computed by the PCCU (left column), LD PCCU (middle column), and LD Ai-WENO (right column) schemes at times # = 0.008, 0.014,
and 0.02.

PCCU, t=0.02 . LD PCCU, t=0.02 . LD Ai-WENO, t=0.02

Fig. 4.17. Example 7: Solutions computed by the PCCU (left), LD PCCU (middle), and LD Ai-WENO (right) schemes at time 7 = 0.02; zoom at the bubble area.

5. Conclusion

In this paper, we have developed flux globalization based low-dissipation (LD) path-conservative central-upwind (PCCU) schemes
for one- (1-D) and two-dimensional (2-D) compressible multifluids. The LD PCCU schemes are based on the flux globalization based
PCCU schemes and employ the recently proposed LDCU fluxes to reduce the numerical dissipation present in the original PCCU
schemes. In order to further enhance the resolution of material interfaces, we track their locations and use the overcompressive SBM
limiter in their neighborhoods, while in the rest of the computational domain, a dissipative generalized minmod limiter is utilized. The
new second-order finite-volume method is then extended to the fifth order of accuracy via the finite-difference A-WENO framework.
We have applied the developed schemes to a number of 1-D and 2-D examples and the obtained numerical results clearly demonstrate
that both of the LD PCCU and LD A-WENO schemes outperform the flux globalization based PCCU scheme that employs the original
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Fig. 4.18. Example 8: Shock-air bubble interaction computed by the PCCU (left column), LD PCCU (middle column), and LD Ai-WENO (right column) schemes at
times 7 = 0.0204, 0.0305, and 0.0368.

central-upwind numerical flux from [28]. At the same time, these examples show that the fifth-order LD Ai-WENO scheme enhances
the resolution achieved by the second-order LD PCCU scheme.
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Fig. 4.19. Example 8: Same as in Fig. 4.18, but at larger times # = 0.0405 and 0.045.
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Appendix A. 1-D fifth-order ai-WENO-Z interpolation

In this appendix, we briefly describe the fifth-order Ai-WENO-Z interpolation recently introduced in [17,34,50].
Assume that the point values W, , of a certain quantity W at the uniform grid points x = x;,,, £ = —2,...,3 are available. We

now show how to obtain an interpolated left-sided value of W at x = X1 denoted by W~ . The right-sided value W* | can then
2 Jjts5 Jj+

2 2
be obtained in the mirror-symmetric way.

The value W™ | is calculated using a weighted average of the three parabolic interpolants 7(x), P (x), and 7,(x) obtained using
J+3

the stencils [xj_z,xj_l,xj], [xj_l,xj,xj+1], and [xj,xj+l,xj+2], respectively:

2
w- :Zw Polx.. 1),
i+ Pelx1)
2 k=0
where
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3 5 15 1 3 3

Polej )= g Wima = g Wimit g Wi Prly, D= =g Wi # g Wi g Wi,
3 3 1
Pyxj 1) =g Wit 7 Wi = g Wisa,
and the Ai-weights w, are computed by
*k % '
wp=———, o =d |1+ —— , k=0,1,2, (A1)
ag+a;+oay ﬂk+5/4j
with d = 1—16, d = %, and d, = 15—6. The smoothness indicators g, for the corresponding parabolic interpolants P, (x) are given by
_ 13 2 2 1 4 2
bo=15 (Wi =2Wy + W)+ 2 (W —4W_ +3W))",
13 2 1 2
br=15Wim =2W+ W) + 2 (Wi = W),
13 2 1 2
b= 35 (W) =2Wi + W)+ 2 (3W; = 4W + Wis) ™
Finally, in formula (A.1), 75 = |, — foyl, ;= ézg;zj_z W, — W}I + 10740 with I//I7J = ézj;;i‘—z Wy, and in all of the numerical

examples, we have chosen r =2 and £ = 10712,
A.1. 1-D local characteristic decomposition

In §2.3, the Ai-WENO-Z interpolant is applied to the local characteristic variables, which are obtained using the LCD. To this end,
we first rewrite the studied y-based multifluid system in terms of the primitive variables V' = (p,u, p,I", m':

u p 0 00
0 u oo
_ . P
VA AV, =0 Ai=lg oue b ol
0O 0 0 u o0
0O 0 00 u

and introduce the locally averaged matrices

7 p 0 00
o a2 LYoo
n _ P
Ap1i=lo 5Gp+4) @ 0 Of (A2)
0 0 0 a0
0 0 0 0 a
where (*) stands for the following averages (see [26]):
) R R R I
p=1\/pjpjs1, = ES ,
7 VPt /P \/ﬂ_j+ \VPj+1
R \/ﬂ_ﬂ/j T Pjr1Yjsl \/l’_j(”oo)j + /1T j41
j=———— A= ,
P+ /P ® NRRYOm
wherey; =1+ l/Fj and (7,); :Hj/(l +T)).
We then compute the matrix R}.+ 1 composed of the right eigenvectors of .A/t\j 1 and obtain
2 2
1 1 0 pe 1 0 0
- 001 = -5 3
é? é2
1 00 0 1 0 0 0 0 1
R, =| # pe| and R =[O0 01 OY (A.3)
I3 1 000 1 *ol1 o -5 00
0 010 O 5 IC
0 100 0 o X 2 oo
2 2

where ¢ = \/y(p + #,)/p. Notice that all of the () quantities in (A.2)—(A.3) have to have a subscript index, that is, (*) = (T)jJr 1, but
2

we have omitted it for the sake of brevity for all of the quantities except for /’l\j+ 1.
2
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Finally, we introduce the local characteristic variables in the neighborhood of x = X1
2

-1
Wj+f =R le+f, ‘=-2,...,3,
Jt3

and apply the Ai-WENO-Z interpolation to every component of W to obtain W= | » and then we end up with
J+3

Appendix B. 2-D local characteristic decomposition

In this appendix, we extend the 1-D LCD described in Appendix A.1 to the system (3.12), which can be rewritten in terms of the
primitive variables V = (p,u, v, p,T,ID)T as

u p 00 00
0 u 0 1 00
p
V,+AV,=0, A:=[0 0w 0 0 0],
0 y(p+7,) O u 0 O
0 0 0 0 u O
0 0 0 0 0 u

and introduce the locally averaged matrices

a P 00 00
0 i oL oo
~ P
=10 0 i 0 0 0]
2 0 (p+%,) 0 @ 0 0
0 0 0 0 & 0
0 0 0 0 0 &

where () stands for the following averages:

e . \/muj,k LRV TSN PP T AP kP k
P=PjkPjt1ks = \//’/_k""\/pﬁ-_lk - b= ‘/ﬂjyk"'\/p/‘-{_],k '
. \/m}’j,k t\PisikYivie VP T ik + 7/Pj+1,(Foo)jr 1k
y= , Ty = 5

VPt P B VPt Pk

with 7, = 1+ 1/T; and (7)., =11 /(1 +T; ).

We then compute the matrices R, ; , and R~'  such that the matrix R~ A R, is diagonal and obtain
I3k ik TN A X
1 00 0 1 1 0o -Z o 1 00
&2 2 2 2
1 1 0 0 0 0 01
26 0000 = 1 0 0 0 0 10
R,1,=| 0 0010 ofad R, =f0 0 1 01 00
1 00O0O0 1 1 0 0 —-—— 00
0 0100 O s 162
0 1000 O 0O — 0 - 00
2 2

Appendix A.1, we have omitted the (j + %, k) indices for all of the (-) quantities except for .Aj+ e
3

Finally, given the matrices R”!| and R we introduce the local characteristic variablesnin the neighborhood of (x,y) =

1
J+3k Jt3k

(xj_'_%ayk):

W =R v, £=-2,...,3
J+t.k 1 Jj+t.k> 5 5,
j+§,k

1

apply the Ai-WENO-Z interpolation to every component of W' to obtain W= 0 and end up with
J
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Notice that the point values V*

are obtained in a similar manner and we omit the details for the sake of brevity.
Jik+ 3

References

[1] R. Abgrall, How to prevent pressure oscillations in multicompoent flow calculations: a quasi conservative approach, J. Comput. Phys. 125 (1996) 150-160.
[2] R. Abgrall, S. Karni, Computations of compressible multifluids, J. Comput. Phys. 169 (2001) 594-623.
[3] R. Abgrall, S. Karni, Ghost-fluids for the poor: a single fluid algorithm for multifluids, in: Hyperbolic Problems: Theory, Numerics, Applications, Birkhéuser,
Basel, 2001.
[4] Y. Cao, A. Kurganov, Y. Liu, R. Xin, Flux globalization based well-balanced path-conservative central-upwind schemes for shallow water models, J. Sci. Comput.
92 (2022).
[5] Y. Cao, A. Kurganov, Y. Liu, V. Zeitlin, Flux globalization based well-balanced path-conservative central-upwind scheme for two-layer thermal rotating shallow
water equations, J. Comput. Phys. 474 (2023) 111790, 29 pp.
[6] M.J. Castro Diaz, A. Kurganov, T. Morales de Luna, Path-conservative central-upwind schemes for nonconservative hyperbolic systems, ESAIM: Math. Model.
Numer. Anal. 53 (2019) 959-985.
[7] Y. Chen, A. Kurganov, M. Na, A flux globalization based well-balanced path-conservative central-upwind scheme for the shallow water flows in channels, ESAIM:
Math. Model. Numer. Anal. 57 (2023) 1087-1110.
[8] J. Cheng, F. Zhang, T.G. Liu, A discontinuous Galerkin method for the simulation of compressible gas-gas and gas-water two-medium flows, J. Comput. Phys.
403 (2020) 109059, 29 pp.
[9] A. Chertock, S. Chu, A. Kurganov, Hybrid multifluid algorithms based on the path-conservative central-upwind scheme, J. Sci. Comput. 89 (2021) 48, 24 pp.
[10] A. Chertock, S. Karni, A. Kurganov, Interface tracking method for compressible multifluids, M2AN Math. Model. Numer. Anal. 42 (2008) 991-1019.
[11] S. Chu, A. Kurganov, S. Mohammadian, Z. Zheng, Fifth-order A-WENO path-conservative central-upwind scheme for behavioral non-equilibrium traffic models,
Commun. Comput. Phys. 33 (2023) 692-732.
[12] S. Chu, A. Kurganov, M. Na, Fifth-order A-WENO schemes based on the path-conservative central-upwind method, J. Comput. Phys. 469 (2022) 111508, 22 pp.
[13] S. Chu, A. Kurganov, R. Xin, To appear in the A fifth-order A-WENO scheme based on the low-dissipation central-upwind fluxes, in: Proceedings of the XVIII
International Conference on Hyperbolic Problems: Theory, Numerics, Applications,.
[14] S. Chu, A. Kurganov, R. Xin, New low-dissipation central-upwind schemes. Part II, Submitted, preprint is available at, https://sites.google.com/view/alexander-
kurganov/publications.
[15] S. Chu, A. Kurganov, R. Xin, New more efficient A-WENO schemes, Submitted, preprint is available at, https://sites.google.com/view/alexander-kurganov/
publications.
[16] W.S. Don, D.-M. Li, Z. Gao, B.-S. Wang, A characteristic-wise alternative WENO-Z finite difference scheme for solving the compressible multicomponent non-
reactive flows in the overestimated quasi-conservative form, J. Sci. Comput. 82 (2020), Paper No. 27, 24 pp.
[17] W.S. Don, R. Li, B.-S. Wang, Y.H. Wang, A novel and robust scale-invariant WENO scheme for hyperbolic conservation laws, J. Comput. Phys. 448 (2022), Paper
No. 110724, 23 pp.
[18] R.P. Fedkiw, T. Aslam, B. Merriman, S. Osher, A non-oscillatory Eulerian approach to interfaces in multimaterial flows (the ghost fluid method), J. Comput.
Phys. 152 (1999) 457-492.
[19] S. Gottlieb, D. Ketcheson, C.-W. Shu, Strong Stability Preserving Runge-Kutta and Multistep Time Discretizations, World Scientific Publishing Co. Pte. Ltd.,
Hackensack, NJ, 2011.
[20] S. Gottlieb, C.-W. Shu, E. Tadmor, Strong stability-preserving high-order time discretization methods, SIAM Rev. 43 (2001) 89-112.
[21] J.-F. Haas, B. Sturtevant, Interaction of weak shock waves with cylindrical and spherical gas inhomogeneities, J. Fluid Mech. 181 (1987) 41-76.
[22] Z.W. He, L. Li, Y.S. Zhang, B.L. Tian, Consistent implementation of characteristic flux-split based finite difference method for compressible multi-material gas
flows, Comput. Fluids 168 (2018) 190-200.
[23] J.S. Hesthaven, Numerical Methods for Conservation Laws: From Analysis to Algorithms, Comput. Sci. Eng., vol. 18, SIAM, Philadelphia, 2018.
[24] Y. Jiang, C.-W. Shu, M. Zhang, An alternative formulation of finite difference weighted ENO schemes with Lax-Wendroff time discretization for conservation
laws, SIAM J. Sci. Comput. 35 (2013) A1137-A1160.
[25] E. Johnsen, T. Colonius, Implementation of WENO schemes in compressible multicomponent flow problems, J. Comput. Phys. 219 (2006) 715-732.
[26] S. Karni, Multicomponent flow calculations by a consistent primitive algorithm, J. Comput. Phys. 112 (1993) 31-43.
[27] S. Karni, Hybrid multifluid algorithms, SIAM J. Sci. Comput. 17 (1996) 1019-1039.
[28] A. Kurganov, C.-T. Lin, On the reduction of numerical dissipation in central-upwind schemes, Commun. Comput. Phys. 2 (2007) 141-163.
[29] A. Kurganov, Y. Liu, R. Xin, Well-balanced path-conservative central-upwind schemes based on flux globalization, J. Comput. Phys. 474 (2023) 111773, 32 pp.
[30] A.Kurganov, S. Noelle, G. Petrova, Semi-discrete central-upwind schemes for hyperbolic conservation laws and Hamilton-Jacobi equations, SIAM J. Sci. Comput.
23 (2001) 707-740.
[31] A. Kurganov, E. Tadmor, New high-resolution central schemes for nonlinear conservation laws and convection-diffusion equations, J. Comput. Phys. 160 (2000)
241-282.
[32] A. Kurganov, R. Xin, New low-dissipation central-upwind schemes, J. Sci. Comput. 96 (2023) 56, 33 pp.
[33]1 R.J. LeVeque, Finite Volume Methods for Hyperbolic Problems, Cambridge Texts in Applied Mathematics, Cambridge University Press, Cambridge, 2002.
[34] P. Li, T.T. Li, W.S. Don, B.-S. Wang, Scale-invariant multi-resolution alternative WENO scheme for the Euler equations, J. Sci. Comput. 94 (2023) 15, 32 pp.
[35] K.-A. Lie, S. Noelle, On the artificial compression method for second-order nonoscillatory central difference schemes for systems of conservation laws, SIAM J.
Sci. Comput. 24 (2003) 1157-1174.
[36] J.-Y. Lin, Y. Shen, H. Ding, N.-S. Liu, X.-Y. Lu, Simulation of compressible two-phase flows with topologychange of fluid—fluid interface by a robust cut-cell
method, J. Comput. Phys. 328 (2017) 140-159.
[37] H. Liu, A numerical study of the performance of alternative weighted ENO methods based on various numerical fluxes for conservation law, Appl. Math. Comput.
296 (2017) 182-197.
[38] H. Liu, J. Qiu, Finite difference Hermite WENO schemes for conservation laws, II: An alternative approach, J. Sci. Comput. 66 (2016) 598-624.
[39] W. Mulder, S. Osher, J.A. Sethian, Computing interface motion in compressible gas dynamics, J. Comput. Phys. 100 (1992) 209-228.
[40] H. Nessyahu, E. Tadmor, Nonoscillatory central differencing for hyperbolic conservation laws, J. Comput. Phys. 87 (1990) 408-463.
[41] T. Nonomura, K. Fujii, Characteristic finite-difference WENO scheme for multicomponent compressible fluid analysis: overestimated quasi-conservative formu-
lation maintaining equilibriums of velocity, pressure, and temperature, J. Comput. Phys. 340 (2017) 358-388.
[42] T. Nonomura, S. Morizawa, H. Terashima, S. Obayashi, K. Fujii, Numerical (error) issues on compressible multicomponent flows using a high-order differencing
scheme: weighted compact nonlinear scheme, J. Comput. Phys. 231 (2012) 3181-3210.
[43] J. Quirk, S. Karni, On the dynamics of a shock-bubble interaction, J. Fluid Mech. 318 (1996) 129-163.
[44] R. Saurel, R. Abgrall, A multiphase Godunov method for compressible multifluid and multiphase flows, J. Comput. Phys. 150 (1999) 425-467.
[45] R. Saurel, R. Abgrall, A simple method for compressible multifluid flows, SIAM J. Sci. Comput. 21 (1999) 1115-1145.
[46] K.-M. Shyue, An efficient shock-capturing algorithm for compressible multicomponent problems, J. Comput. Phys. 142 (1998) 208-242.

34


http://refhub.elsevier.com/S0021-9991(24)00559-X/bib032A8321EC3387A1D52E6AA85A62575Bs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib99A263AD9DDF984FDE18E1D48933FE1Ds1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib2DE4DD9064490F81C838FF295D3D00B4s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib2DE4DD9064490F81C838FF295D3D00B4s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib1BC0C32CF780558FC4FAE5C59995A85Fs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib1BC0C32CF780558FC4FAE5C59995A85Fs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib94399C0045579C05068B36189C793D68s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib94399C0045579C05068B36189C793D68s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib72988A19811BC5D99B6BBF5750783E50s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib72988A19811BC5D99B6BBF5750783E50s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibF73EC60EADCDA8BD77B7955DA33237C2s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibF73EC60EADCDA8BD77B7955DA33237C2s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib3AF51EA55EBF1F163B082619D89F352Ds1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib3AF51EA55EBF1F163B082619D89F352Ds1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib070B79F29672E19861753A16ACA116F9s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib6800AA7EDA022A633C1FA3D5A19413DDs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibA0009DFB12FB859DCF3510584FE12BB1s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibA0009DFB12FB859DCF3510584FE12BB1s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibCC137AB9999272D131C24161A5445EACs1
https://sites.google.com/view/alexander-kurganov/publications
https://sites.google.com/view/alexander-kurganov/publications
https://sites.google.com/view/alexander-kurganov/publications
https://sites.google.com/view/alexander-kurganov/publications
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib9B03812C751CA74C17444DFD9ACE0685s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib9B03812C751CA74C17444DFD9ACE0685s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib3BFDD9B86BAB1318CB3C5764BDE236D5s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib3BFDD9B86BAB1318CB3C5764BDE236D5s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibDF5AE535E965C0836C007027A17D84CFs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibDF5AE535E965C0836C007027A17D84CFs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibF5E98E9CC0538812AF9AEA185A3490D2s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibF5E98E9CC0538812AF9AEA185A3490D2s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib477497B21654E2383ADFD49FCE1EF1D1s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib4D48A1ABEEE87A3430B66023FCE774C1s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibC32D7589AE7EAB4995D5488A55EB4FAFs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibC32D7589AE7EAB4995D5488A55EB4FAFs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibEBD2DCD5A479E739AB3455DDFFF330D6s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib285F1CD79E2FB5C680F8588D54923C4Cs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib285F1CD79E2FB5C680F8588D54923C4Cs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib389F5AD3C918C9CDEAD0AED0B6420485s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib393B3C16606CD8327887D25D559FD41As1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib35F193880D541C632E9FB57FDA728D22s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibCBAA00A8E9F8081BA06E32366951D155s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibF78C277491234A955048560FCEC4A8DAs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib742197E787EE54DA2A1176B7B3B9D399s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib742197E787EE54DA2A1176B7B3B9D399s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib886A1CE2F9B70A3603CBF762C7C64EF3s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib886A1CE2F9B70A3603CBF762C7C64EF3s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibB07D7A11930F2EA2B428EC91F3C2C0ABs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib28C59B3B4DE09F86D260010EB53A27C7s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib5B387D9B826C5FE977FBD3D045628C15s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibFACCF5FBECE5D95182FAE0726DDADD4Bs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibFACCF5FBECE5D95182FAE0726DDADD4Bs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibE2B81AC9750E5BE65FFFA23058742455s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibE2B81AC9750E5BE65FFFA23058742455s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibC9538D74344B34C5BC2D1D4981A891DBs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibC9538D74344B34C5BC2D1D4981A891DBs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibA81F7399146D7EFEF7B45579E0E0D4C9s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib25CF7F47666A717522052B594357C1B4s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibCB48AF3E40AB9EC3622C07B8FAF27CF3s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibB0F6D48788655F4521F6ACE28B417A42s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibB0F6D48788655F4521F6ACE28B417A42s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib14429DD8ACD61370CFCE9B032E52E37Es1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib14429DD8ACD61370CFCE9B032E52E37Es1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibF49866023DB84635ADBD188CE90B20EFs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibFAD848D20DD178BA42FEF524F33AEBA0s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibD96E8038AEBC4BD7FC795C6827393F8Bs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib9623F29249C62AE58ED3F51910B95940s1

S. Chu, A. Kurganov and R. Xin Journal of Computational Physics 518 (2024) 113311

[47] P.K. Sweby, High resolution schemes using flux limiters for hyperbolic conservation laws, SIAM J. Numer. Anal. 21 (1984) 995-1011.

[48] E.F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical Introduction, third ed., Springer-Verlag, Berlin, Heidelberg, 2009.

[49] B.-S. Wang, W.S. Don, Fifth-order bound-, positivity-, and equilibrium-preserving affine-invariant AWENO scheme for two-medium y-based model of stiffened
gas, Submitted, preprint is available at, https://doi.org/10.13140/RG.2.2.18907.85288.

[50] B.-S. Wang, W.S. Don, Affine-invariant WENO weights and operator, Appl. Numer. Math. 181 (2022) 630-646.

[51] B.-S. Wang, W.S. Don, N.K. Garg, A. Kurganov, Fifth-order A-WENO finite-difference schemes based on a new adaptive diffusion central numerical flux, SIAM J.
Sci. Comput. 42 (2020) A3932-A3956.

[52] B.-S. Wang, W.S. Don, A. Kurganov, Y. Liu, Fifth-order A-WENO schemes based on the adaptive diffusion central-upwind Rankine-Hugoniot fluxes, Commun.
Appl. Math. Comput. 5 (2023) 295-314.

[53] B.-S. Wang, P. Li, Z. Gao, W.S. Don, An improved fifth order alternative WENO-Z finite difference scheme for hyperbolic conservation laws, J. Comput. Phys.
374 (2018) 469-477.

[54] C.W. Wang, T.G. Liu, C.-W. Shu, A real ghost fluid method for the simulation of multimedium compressible flow, SIAM J. Sci. Comput. 28 (2006) 278-302.

[55] C.W. Wang, C.-W. Shu, An interface treating technique for compressible multi-medium flow with Runge-Kutta discontinuous Galerkin method, J. Comput. Phys.
229 (2010) 8823-8843.

[56] L. Xu, T.G. Liu, Explicit interface treatments for compressible gas-liquid simulations, Comput. Fluids 153 (2017) 34-48.

35


http://refhub.elsevier.com/S0021-9991(24)00559-X/bibCFEED9963B321D7A8A01BF549D9530A1s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibCB14B8A3C25FE43B596B49B4643FF223s1
https://doi.org/10.13140/RG.2.2.18907.85288
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibD9ED21617A58662F3EC437DB73E2450Ds1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibB7BBCCE547DC77E00FE6F86ECA19A949s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bibB7BBCCE547DC77E00FE6F86ECA19A949s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib5FE508867121953C6F6061E5FB0DC883s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib5FE508867121953C6F6061E5FB0DC883s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib154AA2B3C5E92A69793A8429C4ED7719s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib154AA2B3C5E92A69793A8429C4ED7719s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib36B4CD21871BF237F9E3EED19F01691Bs1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib572FED5A52E594E924A28A8B6D558498s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib572FED5A52E594E924A28A8B6D558498s1
http://refhub.elsevier.com/S0021-9991(24)00559-X/bib33C0E9E7A7370E8017D1BC23C72BE0CAs1

	Low-dissipation central-upwind schemes for compressible multifluids
	1 Introduction
	2 One-dimensional algorithms
	2.1 Flux globalization based path-conservative central-upwind schemes
	2.1.1 Application to the compressible multifluid system

	2.2 Flux globalization based low-dissipation PCCU schemes
	2.2.1 Fully discrete scheme
	2.2.2 Semi-discrete scheme
	2.2.3 Properties of the semi-discrete scheme

	2.3 Flux globalization based LD ai-WENO PCCU scheme

	3 Two-dimensional algorithms
	3.1 ‘‘built-in’’ anti-diffusion
	3.2 Flux globalization based LD ai-WENO PCCU scheme

	4 Numerical examples
	4.1 One-dimensional examples
	Example 1---1-D accuracy test
	Example 2---‘‘Shock-Bubble’’ interaction
	Example 3---water-air ‘‘Shock-Bubble’’ interaction
	Example 4---water-air model with a very stiff equation of state

	4.2 Two-dimensional examples
	Example 5---shock-helium bubble interaction
	Example 6---shock-R22 bubble interaction
	Example 7---a cylindrical explosion problem
	Example 8---water-air shock-bubble interaction


	5 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgement
	Appendix A 1-D fifth-order ai-WENO-Z interpolation
	A.1 1-D local characteristic decomposition

	Appendix B 2-D local characteristic decomposition
	References


