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Abstract—A comparative experimental accuracy study of three shock-capturing schemes (the second-
order CABARET, third-order Rusanov, and fifth-order in space third-order in time A-WENO
schemes) is carried out by numerically solving a Cauchy problem with smooth periodic initial data for
the Euler equations of gas dynamics. In the studied example, the solution breaks down and shock
waves emerge. It is shown that the CABARET and A-WENO schemes, which are constructed using
nonlinear limiters as a stabilization mechanism, have approximately the same accuracy in the areas of
shock wave influence, while the nonmonotone Rusanov scheme has significantly higher accuracy in
these areas despite producing noticeable nonphysical oscillations in the immediate vicinities of shock
waves. At the same time, the combined scheme obtained based on the Rusanov and CABARET
schemes localizes shock wave fronts, which are captured in a non-oscillatory manner, and preserves
higher accuracy in the areas of the shock influence.
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1. INTRODUCTION
Since it was shown in the classic work [1] that there were no high-order two-level monotone schemes,

the development of numerical methods for hyperbolic systems of conservation laws was focused on over-
coming this “Godunov barrier”. As a result, many classes of numerical methods proposed in [2–9]
achieve both high order of accuracy on smooth solutions and monotonicity with the help of nonlinear f lux
correction (NFC). Main classes of the NFC schemes include MUSCL [10], TVD [11], Central [12],
WENO [13], DG (Discontinuous Galerkin) [2, 3], and CABARET [14] schemes.

In [16], an example of shallow water equations [15] was studied and it was shown that in the shock
influence regions, NFC schemes achieved at most first order of both local and integral (on intervals with
at least one of the endpoint lying inside a shock influence region) convergence [17–19]. At the same time,
some high-order nonmonotone schemes (in particular, the Rusanov scheme [20] and the compact
scheme from [16]) maintain a high order of integral convergence in the negative norm when the integra-
tion is performed over the domains containing strong discontinuities [17, 18]. As a result, these nonmono-
tone schemes, achieve substantially higher (compared with the NFC schemes) accuracy in shock influ-
ence regions despite noticable oscillations at shock fronts.

In [17–19], a method of constructing combined schemes was developed and applied to the shallow
water equations. These schemes combine the advantages of both NFC and classical nonmonotone
schemes: They localize shock waves and capture their frons in a non-oscillatory manner and at the same
time maintain a high order of accuracy in the shock influence regions. In combined schemes, a high-order
1341
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nonmonotone scheme (“basic scheme“) is first used to compute the solution in the entire computational
domain. Then, in the neighborhoods of large solution gradients, where the basic scheme produces non-
physical oscillations, the oscillatory solution is corrected by numerically solving the corresponding initial-
boundary value problems using one of the NFC schemes as an “internal scheme“.

The combined schemes in [17] use the third-order weak approximation implicit scheme [16] as a basic
scheme, while in [18], the third-order explicit Rusanov scheme [20] was utilized as a basic scheme. In both
[17, 18], a monotonized version of the second-order CABARET scheme [4] is used as an internal scheme.
The combined scheme in [19] uses a nonmonotone third-order DG method as a basic scheme and a
monotonized, NFC-based version of the same DG method [2] as an internal scheme.

In this paper, we study the accuracy of several schemes for the Euler equations of gas dynamics [21],
which, unlike the shallow water equations, are not genuinely nonlinear [22] (since it has a linearly degen-
erate characteristic field and thus admits contact discontinuities) and, in general, cannot be rewritten in
terms of the Riemann invariants. We perform a comparative accuracy study of the Rusanov [19] and two
different modern NFC schemes (a monotonized modification of the CABARET scheme [23] and the
A-WENO scheme from [24]) on a numerical example, in which shock waves emerge out of the smooth
periodic initial data. In this example, the solution breaks down and a sequence of isolated shock waves
propagating with a constant speed is formed. As a result, shock influence regions appear between the
shock waves and as time progresses, these regions expand and eventually cover the entire computational
domain.

Our numerical experiments demonstrate that the local accuracy of all of the studied schemes at smooth
parts of the computed solution located away from the shock influence regions corresponds to their formal
order of accuracy: The Rusanov scheme is more accurate than the CABARET scheme, and the A-WENO
scheme is much more accurate than the Rusanov scheme. At the same time, inside shock influence
regions, the local accuracy of the both NFC schemes (CABARET and A-WENO) is about the same and
it is substantially lower than the local accuracy of the nonmonotone Rusanov scheme, which, in turn,
develops noticable nonphysical oscillations in the vicinity of the shock fronts. We give a theoretical justi-
fication of the obtained numerical results.

Similarly to [18], we construct a combined scheme for the Euler equations of gas dynamics. In our
scheme, the Rusanov scheme is used as a basic scheme and the CABARET scheme serves as an internal
scheme, which is applied in the areas of large gradients detected with the help of the method proposed
in [25]. The resulting combined scheme localizes shock wave fronts in a monotone, non-oscillatory man-
ner and, at the same time, maintains high order of accuracy in the shock influence areas.

2. METHODS OF ACCURACY ESTIMATION

Consider quasilinear hyperbolic systems of conservation laws, which read as [21, 22]:

(2.1)

where  is a vector of unknowns and  is a smooth -dimensional f lux vector function. We assume
that the system (2.1) is strictly hyperbolic, which means that all of the eigenvalues  of the Jacobian

 are real and distinct. We consider the system (2.1) subject to the periodic initial data

(2.2)

where  is a given vector function, and  is the period. We assume that the initial value problem (2.1),
(2.2) has a unique weak solution , which is bounded, but breaks down at a certain time  and
develops shock waves.

We will construct explicit numerical methods for the initial value problem (2.1), (2.2) on the unifrom
Cartesian grid

(2.3)

where  is a spatial stepsize,  is a given positive number,

(2.4)
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is a timestep selected using the CFL condition with the CFL number , and  is a com-
puted solution at the node  with the semi-integer spatial superscript. In applied com-
putations, one can naturally save the CPU time by using nonuniform temporal grids

in which the timestep  is determined according to

However, since the main goal of this work is to study the experimental convergence rates of several numer-
ical methods, it is more convenient to use the uniform grid (2.3) with the constant timestep (2.4).

As in the numerical example, which will be considered below, no exact solution  of the studied
Cauchy problem (2.1), (2.2) is available, we will compute the error in the computation of the numerical
solution  on the basic grid (2.3) with the help of the reference solution, which will be obtained
by taking an odd number  and computing a quasi-exact solution  by one of the high-
order schemes on a substantially finer uniform grid

(2.5)

where , , and  As a result, the error in the numerical solution 
at the node  of the basic grid (2.3) will be approximated by

(2.6)

In the figures below, we will show the relative disbalances (errors) in the computation of the vector solu-
tion , determined by

(2.7)

If the hyperbolic system (2.1) models a certain physical process, formula (2.7) will be correct only if the
system (2.1) is dimensionless. If the dimensional units are used, then formula (2.7) will be correct pro-
vided the components of the vectors  and  in formulae (2.6) and (2.7) are replaced with their dimen-
sionless analogs.

3. TEST PROBLEM

We consider the dimensionless Euler equations of gas dynamics [4, 21], which read as the hyperbolic
system (2.1) with

(3.1)

where , , , and  are the density, velocity, pressure, and specific total energy, respectively,
and  is the specific internal energy. The pressure and internal energy satisfy the equation of state for an
ideal polytropic gas

(3.2)

in which  is the specific heat ratio of diatomic gas. When  and , the system (2.1), (3.1),
(3.2), is strictly hyperbolic since its Jacobian has three real and distinct eigenvalues

where  is the adiabatic speed of sound.
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Fig. 1. Gas density (a) and relative local disbalances (b) obtained at the time moment  in the numerical solution of
the Cauchy problem (2.1), (3.1), (3.3), (3.4) using the CABARET (squares), Rusanov (dots) and A-WENO (mugs)
schemes. In the graph (a), the solid line shows the quasi-exact, and the dotted line shows the initial density values.
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We consider the system (2.1), (3.1) subject to the smooth periodic initial data

(3.3)

(3.4)

where  is the period. Formulae (3.3) and (3.4) imply that the entropy

which is the invariant  of the system (2.1), (3.1), and the isentropic quasi-invariants [7] of this system

have the following initial values:

(3.5)

Since initially the entropy is constant, the f low in the smooth parts of the exact solution (those are not in
the shock influence areas) is isentropic. We note that due to (3.5), the initial value problem (2.1), (3.1),
(3.3), (3.4) is analogous to the Cauchy problem for the shallow water equations studied in [17–19].
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Fig. 2. Gas density (a) and relative local disbalances (b) obtained at the time moment  in the numerical solution
of the Cauchy problem (2.1), (3.1), (3.3), (3.4) using the CABARET (squares), Rusanov (dots) and A-WENO (mugs)
schemes. The cross marks the coordinate of the weak contact discontinuity, and the triangle depicts the left boundary of
the domain of influence of the shock wave. In the graph (a), the solid line shows the quasi-exact, and the dotted line shows
the initial density values.
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At the time moment , the exact solution of the initial value problem (2.1), (3.1), (3.3), (3.4)
develops a sequence of isolated shock waves, which propagate one after the other with the same speeds in
the positive direction of the -axis so that the distance between the consecutive shock waves remains con-
stant in time and is equal to the period . In Fig. 1a, the initial density given by (3.5), is plotted by the
dashed line, and in Figs. 1а, 2а, 3а, and 4а, the reference densities, computed by the A-WENO scheme
[24] on a very fine grid (2.5) with  and  at the times , , , and

, are plotted by the continuous lines. By the time , the exact solution starts developing large
gradients, but the solution still remains smooth (Fig. 1a). The shock waves, which merge at the time
moment  as strong discontinuities of initially infinitely small magnitude, have finite magnitude (Fig. 2a)
at the time , but their domains of influence, located inside the intervals

, , still do not fill the entire computational domain. By the time
moment , the shock waves travel the distance larger than the period  and the entire compu-
tational domain becomes the shock influence area. Thus, the strong discontinuities that can be seen in
Figs. 3a and 4а, correspond to the shock wave that had formed at the time moment  within the interval

.

4. NUMERICAL RESULTS

In Figs. 1–4, we show the numerical solutions of the Cauchy problem (2.1), (3.1), (3.3), (3.4) com-
puted using the CABARET (squares), Rusanov (dots), and A-WENO (circles) schemes on the uniform
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Fig. 3. Gas density (a) and relative local disbalances (b) obtained at the time moment  in the numerical solution of
the Cauchy problem (2.1), (3.1), (3.3), (3.4) using the CABARET (squares), Rusanov (dots) and A-WENO (mugs)
schemes. The cross marks the coordinate of the weak contact discontinuity. In the graph (a), the solid line shows the
quasi-exact, and the dotted line shows the initial density values.
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grid (2.3) with the timestep selected by the stability condition (2.4) with the CFL number . In the
top panels marked by the index (а), the densities computed on the grid (2.3) with the spatial stepsize

, are shown. One can see that unlike the NFC (CABARET and A-WENO) schemes, the Rusanov
scheme develops noticable nonphysical oscillations in the neighborhoods of the shock waves.

In the bottom panels marked by the index (b), we plot the relative local disbalances (2.7), obtained on
the basic grid (2.3) with the spatial stepsize . In formula (2.7), the reference solution was com-
puted using the Rusanov scheme [20] on the fine grid (2.5) with  and .
These results are shown for each 40th spatial node  of the basic grid (2.3). As can be seen in Figs. 1b
and 2b, outside the shock influence regions the A-WENO scheme is about two-three orders of magnitude
more accurate than the Rusanov scheme and about three-four orders of magnitude more accurate than
the CABARET scheme. Inside the shock influence domains, the accuracy of the A-WENO scheme
sharply deteriorates (Figs. 2b, 3b, and 4b), becomes comparable with the accuracy of the CABARET
scheme and substantially lower than the accuracy of the Rusanov scheme. As time progresses, the differ-
ence in the accuracy between the Rusanov and A-WENO schemes noticably increases riching by the time
moment  (Fig. 4b) about one and a half orders of magnitude in the main part of the smooth solution
region. It should be observed that the accuracy of all of the studied schemes sharply deteriorates not only
in the vicinity of the shock front, but also near the weak contact discontinuity, whose location is marked
by the crosses on the -axis.
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Fig. 4. Gas density (a) and relative local disbalances (b) obtained at the time moment  in the numerical solution of
the Cauchy problem (2.1), (3.1), (3.3), (3.4) using the CABARET (squares), Rusanov (dots) and A -WENO (mugs)
schemes. The cross marks the coordinate of the weak contact discontinuity. In the graph (a), the solid line shows the
quasi-exact, and the dotted line shows the initial density values.
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5. A COMBINED SCHEME
Using the methodology proposed in [17], and similarly to [18], we construct a combined CRC (Com-

bined Rusanov–CABARET) scheme for the Euler equations of gas dynamics (2.1), (3.1). In the CRC
scheme, the Rusanov scheme is a basic scheme and the CABARET scheme is the internal scheme. The
large gradient regions, in which the internal scheme is applied, are detected with the help of the method
proposed in [25]. The densities obtained by the CRC scheme on the grid (2.3) with the spatial stepsize

 are visually close to those obtained using the CABARET scheme, while the relative local disbal-
ances (2.7) obtained by the CRC scheme on the basic grid (2.3) with the spatial stepsize  are
visually close to those obtained using the Rusanov scheme. Therefore, the CRC scheme localizes the
shock fronts in a monotone, non-oscillatory way and, at the same time, maintains high order of accuracy
in the shock influence regions.

6. DISCUSSION OF THE OBTAINED RESULTS
The results shown in Figs. 1–4 demonstrate that as in the numerical simulations of discontinuous solu-

tions of the shallow water equations [17–19], the accuracy of the NFC schemes of different formal orders
becomes about the same in the shock influence regions. Moreover, their accuracy is substantially lower
than the accuracy of the Rusanov scheme. This drawback of the NFC schemes is directly related to their
main advantage—monotone localization of shock fronts, since a partial sum of the Fourier expansion of
a discontinuous function is not a monotone function. Therefore, the oscillations developed at the shock
fronts in the numerical solutions obtained by the nonmonotone Rusanov scheme, carry the information
about the Fourier wave structure in the vicinities of strong discontinuities: This allows the Rusanov

= 0.2h
= 0.005h
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scheme to accurately approximate the Rankine–Hugoniot conditions and, as a result, to maintain high
accuracy in the shock influence regions. On the contrary, the NFC schemes lose this information due to
the artificial shock wave smearing, and this leads to the reduction in the accuracy in the approximation of
the Rankine–Hugoniot conditions.

At the same time, numerical solutions of the initial value problem (2.1), (3.1), (3.3), (3.4) demonstrate
that the Rusanov scheme (as well as the NFC CABARET and A-WENO schemes) exhibits only first order
of integral convergence in the negative norm on the intervals with one of the endpoints lying in the shock
influence region. This is a major difference from the numerical results reported in [18], where the Rusa-
nov scheme (unlike the NFC schemes) maintained the second order of integral convergence and this
ensured the accuracy of the Rusanov scheme to be about three orders of magnitude higher compared with
the NFC schemes in the shock influence regions. As a result, when the Cauchy problem (2.1), (3.1), (3.3),
(3.4) is numerically solved, the advantage of the Rusanov scheme in terms of its accuracy in the shock
influence regions (compared with the CABARET and A-WENO schemes) reduces to about one and a
half orders of magnitude. This advantage, however, is still quite essential and this allows us to recommend
the combined CRC scheme (based on the Rusanov scheme) proposed in the previous section, to be used
for numerical simulations of more complicated gas dynamics f lows.
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