arXiv:submit/7091886 [math.NA] 18 Dec 2025

New Fully Discrete Active Flux Methods with Truly
Multi-Dimensional Evolution Operators and WENO
Reconstruction

Amelie Porfetye* Zhuyan Tang! Shaoshuai Chu! Christiane Helzel$

Miéria Lukécova-Medvid ova¥

Abstract

We propose new fully discrete third-order accurate Active Flux and WENO methods
based on truly multidimensional evolution operators for the two-dimensional acoustic equa-
tions. Building on the method of bicharacteristics, several approximate evolution operators
are derived that yield an improved stability of the resulting schemes. A linear stability anal-
ysis is applied to determine the maximal CFL number. The schemes are tested extensively
on both continuous and discontinuous problems, confirming their robustness and accurate
approximation even on coarse grids.
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1 Introduction

The Active Flux (AF) method, originally introduced by Eymann and Roe [@, @] and Roe et
al. [@,@f@], is a relatively new variant of finite volume methods for hyperbolic conservation
laws. Its key feature is the use of point value degrees of freedom located along cell boundaries, in
addition to cell average values that are commonly used in finite volume methods. This enables
the construction of globally continuous piecewise quadratic reconstructions, which can be used
to obtain fully discrete third-order accurate methods with a compact stencil. By contrast,
classical finite volume methods, which only use cell averages of conserved quantities as degrees
of freedom, require an increased stencil to achieve high-order accuracy. The evolution of the
point values is central to the AF method. For scalar conservation laws, characteristics can
be used to compute the evolution of the point values; see, e.g., [B, ,]. Exact evolution
operators are available for the trivial case of advection and the nontrivial case of acoustics in
one, two, and three dimensions. More details can be found in [H, H, g,lﬁ, @] Barsukow et
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al. [6,9] showed that Cartesian grid AF methods for acoustics, which use the exact evolution
operator for evolving the point values, preserve all steady states.

The development of AF methods for more general hyperbolic problems, where no exact evo-
lution operators are available, is currently a very active field of research. The Euler equations
of gas dynamics, as well as the equations of magnetohydrodynamics, are important examples.
Eymann and Roe [17] suggested using splitting methods that separately approximate acoustic
wave propagation and nonlinear transport. This approach was further developed in the PhD
thesis of Fan [[1§]. A related recent contribution of Barsukow [7] used a splitting method for
updating the point values in the Euler equations.

Intensive recent research activities are devoted to the development of semi-discrete methods
that use the degrees of freedom of AF methods. These methods are named generalized AF
methods, see [I,[15], and point-average-moment polynomiAl-interpreted (PAMPA) schemes,
see [2]. The point and cell average values provide compact stencils for the spatial discretisation.
High-order stability-preserving Runge-Kutta methods are used for the temporal discretisation.
The method of lines approach also simplifies theoretical studies, as shown in [3,8,[10]. However,
the temporal discretisation of semi-discrete methods increases the stencil, and the resulting
methods have quite restrictive CFL conditions.

Our own work is devoted to the further development of fully discrete AF methods. Such
methods rely on evolution operators for the point value degrees of freedom. Previously,
Lukécova et al. [22,24] developed evolution operators for linear hyperbolic systems using the
Method of Bicharacteristics. These evolution operators are based on integrals along the base
of characteristic cones and thus take all directions of wave propagation into account. The
so-called EG2 evolution operator for acoustics [22] and linearized Euler equations [24] is so far
the only known third-order accurate approximate evolution operator of this type. In [13], fully
discrete third-order accurate AF methods for acoustics and linearised Euler equations have
been presented using the EG2 evolution operator for the point value update. The study of
the acoustic equations allows one to compare the resulting AF methods with the presumably
optimal method that uses the exact evolution operator. While the use of the exact evolution
operator for acoustics provides AF methods stable for time steps corresponding to a CFL con-
dition of the form CFL < 0.5, i.e., optimal for AF methods with this stencil [12], the use of the
EG2 evolution operator leads to a more restrictive stability condition of the form CFL < 0.279.
The same time step restriction was observed for the linearised Euler equations [[13]. Early evi-
dence of the EG2 evolution operator for the nonlinear Euler equations appears in [13]. In [14],
the nonlinear situation was explored in more detail, including an accuracy study for smooth
problems and computations of shock waves that require limiting. All previous studies confirm
that fully discrete AF methods yield accurate results even on coarse grids.

In this paper, we consider the two-dimensional acoustic equations, which are given by

Op+cV-u=0

5 B (1)
hu+ cVp =0,

where u : R? x RT — R? denotes the velocity, p : R? x RT — R is the pressure, and ¢ €
R* represents the speed of sound. In the following, we propose new approximate evolution
operators for acoustics that yield third-order accurate AF and improved stability. To this end,
we first derive evolution operators that are exact for quadratic plane waves. This suggests
a modification of the EG2 evolution operator by applying the Taylor expansion over mantle
integrals and carefully adjusting the integral over the basis of the characteristic cone to yield
an exact solution to the wave equation in 1D. While the resulting AF method does not offer



improved stability, it yields smaller global errors and a simpler implementation. In the next
step, we propose consistent modifications to the EG2 evolution operator that improve the
stability of the AF method. These new operators integrate over several circles of different radii
rather than a single one. Here, more efficient implementations can be obtained by replacing
the exact integration with quadrature rules. Parameter studies show that versions of these
new evolution operators lead to AF methods, which are stable for time steps that satisfy
CFL < 0.44, i.e., close to the optimal limit. Finally, we also study the influence of the
reconstruction operator on the stability and accuracy of the AF method. We investigate two
biquadratic reconstruction operators using either the AF degrees of freedom or a CWENO
reconstruction based on the neighbouring cell averages. In the latter case, the numerical
fluxes are again computed using Simpson’s rule, and the solution at the quadrature nodes is
approximated using our different approximate evolution operators. The resulting finite volume
methods can be seen as generalised AF methods. They are, by construction, third-order
accurate and appear to be stable for all considered approximate EG operators at CFL = 0.5.
Moreover, by including all six neighbours of the edge midpoints in the approximate evolution,
larger time steps corresponding to CFL=0.7 are allowed.

For smooth test problems, the magnitude of the error of the AF method with a CWENO
reconstruction (AFCW) is typically larger than that of the AF methods that use the classical
AF degrees of freedom for the reconstruction. This seems to be due to a larger stencil, which,
on the other hand, allows a less restricted stability condition. Note, however, that for CFL=0.7,
the AFCW method with the so-called EG9%d operator yields errors comparable to those
obtained by the AF reconstruction. While all methods provide accurate approximations of
discontinuous solution structures, the AFCW method shows slightly more smearing and a
slightly less accurate approximation of the stationary vortex.

This paper is organised as follows. In Section P, we briefly review the two-dimensional AF
method together with two existing evolution operators for updating of point values—the exact
evolution operator and the EG2 evolution operator; see, e.g., [13]. We then introduce a series
of test problems that will be tested by different versions of AF methods. In Section E, we
introduce a new evolution operator that exactly reproduces planar waves for quadratic initial
data. We show that this operator is third-order accurate. These accuracy studies motivate
a simplified implementation that replaces integration with simple quadrature formulas. In
Section f we introduce another new approximate evolution operator, which modifies the EG2
operator in such a way that the stability of the resulting AF method is improved. We show
that this operator is third-order accurate and that stable methods are obtained for time steps
which satisfy CFL < 0.44. In Section p, we explore the influence of the spatial reconstruction
by constructing fully discrete AFCW methods, i.e. the AF methods with a CWENO recon-
struction. While all methods are third-order accurate, the AFCW methods are more sensitive
to the choice of the approximate evolution operator and the newly proposed EG%2d yields the
most accurate results.

2 Fully discrete Cartesian Grid Active Flux methods

Let us divide a two-dimensional computational domain €2 into uniform rectangular cells

Qi,j = [‘,ri7%7xi+%} X [yjféay‘%F%]



1—

centered at (z;,y;) = ((acz 1+, )/2 (yj_7 +yj1 )/2), with ;1 — =, 1= Az and

Yjrl — Y1 = Ay for all 1, j. Denote by Qi ; (t) the cell average of @Q (-, ) over Q”

Qij () ~

t) dzd
AQUAy/QMQ(%y, ) dz dy,

and suppose that all Q; ; (t) are available at a given time level ¢ = t" > 0. A finite volume
method can be written as follows

At At
7L+1 n
@ WAz (Fi+%ﬂ' - Fl-ﬁ) Ay <Gi,j+% - Gm‘—%) ) (2)

with numerical fluxes that approximate two-dimensional integrals, i.e.
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Numerical methods typically require a reconstruction, an evolution and an averaging step.
The averaging step computes cellaverage values at the new time level. It is implemented via the
finite volume update in () and a choice of quadrature rules for approximating the integrals in
(E) In AF methods, the most common choice of the quadrature rule is Simpson’s rule, which
leads to fluxes of the form

3)
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and analogously for G; L
For the reconstruction, we use the globally continuous, piecewise quadratic Cartesian grid
AF reconstruction. On each cell we introduce reference coordinates (£,7) € [—1,1]? via the

affine mapping

~2(z— ) 2y —yy)
f—T7 n_iAy 2

We reconstruct a local quadratic polynomial on €2; ; at time ¢" in a modal basis,

gy (&m) = ZCka (&m) - (4)

k=0

For AF reconstruction, m = 8 is chosen, the coefficients C}, and basis functions N, are given
n [12].

The AF method requires approximations of point values along the grid cell boundary at
times ¢, 1 and t,41. Their approximations are crucial parts of fully discrete AF methods.
In this paper, we use truly multi-dimensional evolution operators to approximate these point
values. In particular, we will derive new evolution operators for the acoustic equations and
compare the resulting AF method with previously proposed methods.



2.1 Previously proposed truly multi-dimensional evolution operators
2.1.1 Exact evolution operator

Eymann and Roe [17], Fan and Roe [19] and Barsukow et al. [J] derived the exact evolution
formulas for point values. The formulas, expressed using derivatives in radial direction r, have
the form

p(x,t) =0 (rM{p (x,0)}) [r=ct — éar (7’2Mr{n ‘u(x, O)}) lr=ct

u (x,t) = u(x, 0(—%8T(r2MT{np(x, 0)})|r=ct

ct 1 1

+/ ;&(;@(rsMr{(n-u(x, 0))n(—rM,{u(x,0)})dr,
0

where M, {f (x)} describes the spherical mean of a scalar function f over a disc with radius r

and can be computed via

-
————drd#.

V22

The resulting AF method based on the globally continuous piecewise quadratic reconstruction
is third-order accurate. Note that the accuracy is limited by the reconstruction. The flux
computation using Simpson’s rule would allow fourth-order accuracy. It was shown in [12],
that the resulting method is stable for time steps that satisfy CFL < 0.5, with

2 r
MAf (x)}:= L ; /Of(x+Fcos(9),y+Fsin(9))

© 27

CFL = max { cat CAt} .

Az’ Ay

This is optimal for a third-order accurate method that uses a compact stencil. Barsukow et
al. [9] showed that the resulting AF method preserves all steady states. Thus, the method in
particular preserves vorticity.

2.1.2 EG2 approximate evolution operator

Lukécova et al. [22] derived an exact and several approximate evolution operators for acoustics
using the method of bicharacteristics. They derived an exact and approximate expression for
the solutions p,u,v at a given point (z,y) at time ¢ + At that can be computed from a known
representation of the solution in the neighbourhood of the point (x,y) at time ¢. The exact



operator reads

2w
2 [ (QE) = u(Q®)cos (6) - 0 (Q0))sin (6)) 9
0

1 t+At  p27

p(P)=

o ; S (¢,0) dadt,

2
u(P) = % /0 (p (Q(0)) cos (8) +u(Q(H)) cos® (8) + v (Q (#)) sin (6) cos (0)) do

1 t+AL p2rm
+2u (P —|—/ / S (¢,0) cos () dod¢

. ;c/;wpx (P (7)) di

27
v(P) = % / (p (Q(0))sin(0) +v (Q () sin? (0) + u (Q(0)) sin (0) cos (0)) dé

t+AE p2m
+ v / / (,0) sin (6) dod¢

1 t+AL B
- e /t py (P (1)) di.
where P = (z,y,t + At), P’ = (x,y,t) , Q(0) = (z + cAtcos () ,y + cAtsin (0) ,t), and

S (t~, 9) =c (ux (i,g],i) sin? () — (uy (5:, g,ﬂ + vy (5:,3],75)) sin (0) cos (0) + vy (i,g],ﬂ cos? (0))
with
(Z,9) = (x4 c(t+ At —t) cos (8) ,y +c (t + At — ¢) sin (9)) .

By combining exact and approximate steps, they derived a third-order evolution operator.
An exact step is given by

t+At B
u(P)=u(P') - C/ pe (2,y,t) di,
t

t+AL B
o (P) = v (P) —c/ py (2.8 di,
t

which follows by integrating the second and third equations of @) from P’ to P. Further details
on the derivation of a third-order approximate evolution operator are given in [13] and [22].
The operator is called EG2 and is given as follows

(6)

21
p(P) = 1/0 (P(Q(6)) — u(Q(9))cos (6) — v (Q(9))sin (8)) df — p (P') + O (AF?),

V) /0 ™ <—p(Q (0))cos (0) +u (Q(0)) (2 cos? (6) — ;) +2v(Q(0))sin () Cos(9)> dé
+0 (A%, K
27
o) = [T (0@ 50 (6) + 20(Q(6)) sin () cos (6) + 0 (@(0)) (2500 (8) - 5 ) ) a0

™

+0(A).

The AF method based on the EG2 approximate evolution operator has been introduced
and studied in [13]. The method is third-order accurate and stable for time steps satisfying



CFL < 0.279. Note that the accuracy of the method is limited by the reconstruction as well
as the accuracy of the evolution operator. In contrast to the exact evolution operator, the AF
method no longer exactly preserves vorticity.

2.2 Test problems

In this section, we define a series of test problems for the acoustic equations and illustrate the
performance of the AF method with exact evolution for these problems.

The first problem was proposed by Lukacova et al. [22], providing an exact smooth time
periodic solution for the acoustic equations with irrotational initial values, which can be used
for numerical convergence studies. Results are given in Tables [l and

Example 2.1. We consider exact solutions of the acoustic equations of the form
p(x,y,t) = —% cos (2mct) (sin (27x) + sin (27y)) ,
u(z,y,t) = %sin (27et) cos (2mx)
v(z,y,t) = %sin (27et) cos (2my) .
Let the computation domain be [—1,1] x [—1, 1], with periodic boundary conditions imposed in

both the z- and y-directions. The solution at time t = 0 is used as the initial data.

Table 1: Errors measured in the Li-norm and EOC for Example El! using exact evolution with
CFL=0.5att=0.1.

Res. Error EOC

p u,v p u,v

64x64 1.60x10"° 931x10% — —
128 x 128 2.04 x 1076 1.17x 107% 2.976 2.990
256 x 256 2.54 x 10~7 1.46 x 107 3.003  3.009

Table 2: Errors measured in the Li-norm and EOC for Example Ell using exact evolution with
CFL=05att=1.

Res. Error EOC

p u,v p u,v

64 x 64 2.00x107% 201 x10°¢ — —
128 x 128 2.51 x 10™° 1.27 x 10~7 2.993 3.984
256 x 256 3.14 x 107% 7.99 x 1079 2.998 3.995

The second problem was proposed by Chudzik et al. [13]. Similar to Example Ell, the
test comsists of an exact smooth time-periodic solution of the acoustic equations but with
non-irrotational data. The results are given in Tables B and



Example 2.2. We consider exact solutions of the acoustic equations of the form
p(z,y,t) = % (cos (2mx) — cos (2my)) sin (27ct)
u(z,y,t) = —% (sin (27x) cos (2met) + sin (27y))
v(z,y,t) = % (sin (27x) + sin (27y) cos (27cet)) .
Test computations are performed on the interval [—1,1] x [—1, 1] with periodic boundary con-

ditions in x- and y-directions, using the solution at time t = 0 as initial values.

Table 3: Errors measured in the Li-norm and EOC for Example @ using exact evolution with
CFL=0.5att=0.1.

Res. Error EOC

P U,V P U,V

64x64 120x107° 1.27x107° — —
128 x 128 1.50 x 1076 1.60 x 1075 2.994 2.981
256 x 256 1.86 x 10~7 2.00 x 10~7 3.013 3.004

Table 4: Errors measured in the Li-norm and EOC for Example @ using exact evolution with
CFL=05att=1.

Res. Error EOC

p u,v p u,v

64x 64 250x 1076 1.57x107%* —
128 x 128 1.60 x 1077 1.97 x 107° 3.963 2.997
256 x 256 1.01 x 1078 2.46 x 10~% 3.985 2.999

The next test problem was introduced by Barsukow et al. [9] to study the ability of methods
to preserve a stationary vortex for acoustics. It is motivated by the well-known Gresho vortex
problem for the Euler equations.

Example 2.3. We approzimate solutions of the two-dimensional acoustic equations with initial
values of the form

or : 0<r<0.2
p(r,0)=0, u(r,y,0)=n¢ 2_5- : 02<r<04
0 : r>04,

with v = /22 + y2, n = (—sin (9),cos (0))”, 0 € [0,27) and u = (u,v)". The computational
domain is [—1,1] x [—=1,1], and double periodic boundary conditions are imposed.



Barsukow et al. [9] showed that the third-order accurate Cartesian grid AF method with
an exact evolution operator is stationary preserving, i.e., it exactly preserves a discrete repre-
sentation of all stationary states. In order to test how well different methods approximate the
steady state, they proposed to compute solutions at time ¢ = 100. The left column of Figure

shows numerical solutions on grids with 64 x 64 and 128 x 128 cells that conform to the
theoretical result.

In the final test problem, we study the performance of the method for the approximation
of discontinuous solution structures. This problem was also considered in [13,22].

Example 2.4. We consider the two-dimensional acoustic equations with initial values of the
form

yl < |zl
ug (x,y) =vo (2, y) =
:ly| > |z

S-Sk

bo (xvy) =1

The speed of sound is set to ¢ =1 and the computational domain is [—1,1] x [—=1,1]. We use
zero-order extrapolation at the boundaries, which takes the wave propagation in the diagonal
direction into account, e.g., ghost cells at the left boundary Co; are filled with cells Cy ;1 if
they are not close to the bottom left corner; otherwise, they are filled with cells Cy jy1.

The top row of Figure @ shows approximate solutions of Example @ at t = 0.5 calculated
on grids with 64 x 64 and 128 x 128 grid cells.

In the remaining sections, we introduce new third-order accurate evolution operators and
investigate their stability and performance for the test problems.

3 New Evolution Operator Reproducing Exactly Quadratic Plane
Waves

Inspired by the previous work of Lukacova [23], where stable approximate evolution operators
for the FVEG method were derived, we apply a similar strategy here to improve the accuracy
and stability of the AF method. In this section, we introduce a new evolution operator that
is derived based on the exact solution for one-dimensional quadratic initial data. Motivated
by the quadratic continuous reconstruction employed in our scheme, we aim to construct an
evolution operator that can naturally accommodate and accurately evolve quadratic terms.
The use of this operator leads to a third-order fully discrete AF scheme, which allows for time
steps comparable to those employed in the method using EG2 as the evolution operator.
We consider one-dimensional data of the form

R..2 R..2
, > 0, , > 0,
prxre, u'tr, T v (@,1,0) = 0.

0, z <0, 0, z <0,

For simplicity, we have taken the left state to be zero. Note that for the linear acoustic equation
system, the superposition principle holds, and a more general piecewise quadratic solution can



easily be deduced. The exact solution is given by

(

pR ($2 + cQtQ) —ulxet, x> e,
1
p(z,y,t) = 5(pR—uR) (z+ct)?, —ct<z<ct,
L0, T < —ct,
( (8)
ult (ajz + 02t2) — 2pfxet, x> ct,
1
u(z,y,t) = i(uR—pR) (z + ct)?, —ct <z < ct,
0, T < —ct,
v (x,y,t) = 0.

Substituting these data into the mantle integrals (B) leads to an approximate evolution
operator, called EGdU2d,

More precisely, we modify the EG2 operator such that its numerical solution over one time
step remains consistent with the exact solution (). Direct calculations in the first equation of
the approximate evolution operator EG2 ([f]) give

2
= [ r@ie) a0 = ean?",
e 4
- /0 w(Q6))cos (6) 46 = (cAr)*u",
1

2 4
/O v (Q(6))sin (6) df =— (cAt)*v".

T 3T

In order to preserve an exact planar wave solution, we derive a suitable approximation
justified by Lemma @ with n = 4. This yields

2 T
| w@@)cos(0) a0 =5 [w(@(0) ~u(Qm)] + O (A7),

/Ogﬂv(Q (6))sin (6) 40 = [ (@(%)) -+ (Q @“)ﬂ 0 (AF).

Next, we rewrite the corresponding terms in the EG2 operator to achieve the exact solution
after one time step for one-dimensional quadratic data. Specifically, we have for wi,ws € R

1 2
/0 w(Q (8)) cos (6) 6

10



(b () et oo

and
- (@) sin (0) a0
—n [Tv@@nsn@ st (F o) [To@@)sn o)
—ws /OQWU(Q () sin (8) df + <717 - w2> g [ (Q (g)) — <Q @”))] O (A3
:%WJR (cAt)? + <1 - ”wQ> o (At + O (AF)
_ (ng - <; _ g%)) VR (ALY + O (AF).

The choice of w; = 0 and wy = 0 leads to

27
1/ u(Q)cosfdh = %uR (cAt)*> + O (A,
T Jo
1

2
/ v (Q)sinfdf = %UR (cAt)? + 0 (A?).
0

s

Substituting the above results in (B), one can obtain EGduad (E) An analogous procedure
leads directly to (@), (@)

2

p(P) == p(P)+ = [ 0(Q(0) a8~ 5 u(Q(0) - u(Q(r)]

—S (@ (3) —v(@Q(¥))] + o), 9)

21

u(P) = = 5 (@0) = Q)] + 1 [ u(Q®)) (2e05%(0) - }

+ 20(Q(#)) sin(8) cos(8)] do + O(AL?), (10)

2T

0(P) = =5 (Q(3) -2(@(F)] + 1 [ QW) @sin*(0) - )

+ 2u(Q(#)) sin(f) cos(h)] A8 + O(AL3). (11)

Numerical results indicate that the AF method based on the EG9%4 operator ﬂ—()
remains stable under the same CFL condition as the EG2 operator. In Sections §.2, 4.3, and

, we will investigate the numerical performance of this new evolution operator and compare
it with new operators that permit larger time steps, which will be introduced in the following
section.

4 New Evolution Operator with Increased Stability

In this section, we derive an evolution operator that increases the stability of the resulting
AF method. This operator is derived from the EG2 formulas with a slight modification that

11



does not affect the order of accuracy but leads to a method that is stable even for much larger
time steps. To derive the new evolution operator for p, we use the existing one from the EG2
operator. The first approximation in equation ([f]) depends on the value of a point at the
previous time level. This point value is replaced by a third-order approximation. A suitable
approximation can be found using Lemmah

Lemma 4.1. Let f € C3(Q), where Q C R? and that contains the closed disk Br (xo,v0). For
R > 0, define the circle parametrisation Qg (0) = (zo + Rcos () ,y0 + Rsin(0)), 6 € [0, 2x].
Then

2 2
f(xoayo):;<2i/o f(Qg (9)>d9—% ; f(QR(H))d9>+O(R3),
for R > 0 sufficiently small.

Proof. Using the two-dimensional Taylor expansion at (zg, yp), we obtain

f(zo+ Rceos(0) ,yo + Rsin (0)) = f (w0, y0) + Rcos (0) fz (z0,yo) + Rsin(0) fy (xo,y0)
2

+R7 (0052 (0) fee (z0,90) + 2 cos (0) sin (0) Jzy (w0, y0) + sin® (0) Ty (o, yo))
+0 (R%).

Hence,

2;/02” Af (Qg (0)) — £ (Qr(0))dd

1 2

=3/, 3f (z0,y0) + Reos (0) fr (zo,y0) + Rsin (0) fy (z0,y0) dd + O (R?)

—13 2W1d9R o 6)dd + R 2ﬂ'0d9 O (R?
27r(f(ivovyo)/o + fz(x()vy())/(; cos (0) df + fy(l’o,yo)/o sin () )+ (R?)

= 3f (z0,%0) + O (R?).
Dividing by three yields the claim. O
Remark 4.1. If f € C*(Q) the error term improves from O (R?) to O (R*).

The combination of Lemma @ and EG2 leads to an infinite family of third-order evolution
formulas for p (P) using R = dcAt with ¢ € [0, 1]. It has the form

2m
p(P) :/0 (P (Q(0)) —u(Q(0))cos (0) — v (Q(0))sin (6))dd

,r ) (12)
- (2‘; /02 P (Qson, (0)) d6 - ;ﬂ/: P (Qear (9))d9> +0 (A7)

The combination of the formula for updating p (P) and the original EG2 formulas for u (P)
and v (P) leads to new evolution operators, which we refer to as EG2s. Note that for § = 0,
EG2q reduces to EG2.

Furthermore, the exact equation in (E) for u (P) contains the term Su (P’). This contri-
bution is lost when using the exact integration step (fi), which suggests two possible ways of
approximation. The first option is to replace the term %u (P') in the exact formula by an

12



approximation obtained from Lemma, @ The second option is to replace the term w (P’) in
the integration step (fj) by such an approximation. The same applies to the update of v (P).
The formulas obtained by the first option are

u(P) = 717/0% (—p(Q (0)) cos (0) +u(Q(9)) <2 cos? (0) — ;) +2v(Q(0)) sin (9) cos (9)) dé
~(n (1:') 5 (o [T (@ua @) - [Tu@usonan) ) o (a). »
o) =1 [T (-p@@)sin(9) + 20(Q(0) s (9)c05(0) + (@ 0)) (25007 (6) - 5 ) ) a0
- <u (P') - % <2i /O%v (Q%Cm (9)) 9 — % /027r v (Queat (0)) dG)) +0 (A,
Using the second option yields
w(P) = jr/O% <p(Q (8)) cos (6) + u (Q (6)) (2 cos? (6) — ;) + 20(Q (6)) sin (0) cos (9)) a0
o) -5 (5 T (Ques ) a0 - / T (Quent ) 1)) +o(ar).
v =1 " (= (QE)sin () + 20(Q8) sin (8)cos(6) + 0(Q(6) (2502 (0) - 3 ) ) o

(005 (35 [ (@ @) 0L [T r@usoni0) ) w0 (30).

For both options, we have v € [0,1]. However, the formulas in (@) ield better numerical
results. We refer to the evolution that uses (@) for updating p (P) and ) for updating u (P)
and v (P) as EG2;,. In Section {f.1], we will show that both new evolution operators, EG25 and
EG2;5,, increase the admissible time step of the AF methods for well-chosen values of ¢ and
v. However, they also increase the computational cost, since additional integrals are involved.
To reduce computational costs, Lemma is applied to all integrals. This ensures that the
numerical integration is third-order accurate. Numerical experiments have shown that it is
necessary to choose n = 8 instead of 4, which is used for the EG9" operator. Consequently,
all integrals are approximated using the values at the points Q (0), Q (%), Q (g), Q (%’r),

Q(m), Q (%), Q (37”), and Q (%”) We denote by E/\G25 the EG2s operator based on the
circle approximations. Analogously, we refer to EG2s,,.
We will now study the stability and accuracy of the new AF methods.

4.1 Investigation of linear stability

To analyse the linear stability of the AF method with different evolution operators for updat-
ing the point values, we consider discretisations on a quadratic domain with double periodic
boundary conditions. The domain is discretised using a grid with m x m grid cells. The linear
method can be written in the form

Uttt = B (A U™,

where the vector U™ contains all degrees of freedom of the two-dimensional Cartesian grid
simulation and the matrix B describes the evolution of the degrees of freedom during one time
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step with size At using the AF method. We can investigate the stability of the method under
different time step restrictions. A necessary condition for stability is that all eigenvalues of
B (At) lie within the unit circle. We have previously found that the AF method with EG2
is stable under the condition CFL < 0.279. As indicated in Figure E, the new approximate
evolution operator EG% remains also stable for CFL < 0.279. For a method employing EG2s,
0 =0,0.1,...,1, we observe that, as the radius of the circles used for the approximation of the
point values increases, the maximum admissible CFL number also increases. The results are
shown in Table fl. Up to approximations, using R = 0.5c¢At the CFL number is comparable
to the one that we get using the original EG2 operator. For § > 0.7, the CFL number
increases significantly to 0.419, , which represents a considerable improvement over the previous
evolution operators. For the calculations, we use a 20 x 20 grid. Numerical simulations on
finer grids confirm stability under the same time step restriction.

Table 5: Maximum admissible CFL numbers for the stable method with EG25,d = 0,0.1,..., 1.

0 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

CFL 0.279 0.287 0.286 0.290 0.297 0.309 0.332 0.419 0.419 0.419 0.419

Calculations using the exact formulas for u (P) and v (P) indicate that, for EG2s with
0 > 0.7, the admissible CFL number is determined by these formulas; see Table [j.

Table 6: Maximum admissible CFL numbers for the stable method with EG25, § =
0,0.7,0.8,0.9, 1 for the evolution of p (P) and exact evolution for u (P) and v (P).

0 0 0.7 0.8 0.9 1.0

CFL 0.279 0.431 0.453 0.462 0.471

These results suggest that further improvement of the stability of the AF methods requires
adapting the approximate evolution equations for u (P) and v (P), as realised in EG2s5,. Its
maximum admissible CFL number increases further, for well-chosen § and v, to 0.44. Table
lists the maximum admissible CFL numbers for different combinations of v and 4.

Table 7: Maximum admissible CFL numbers for the stable method EG2s,, for different com-
binations of § and v.

CFL numbers for different values of § and v

0=0.7 0=0.38 0=09 0=1.0

v=0.1 0.434 0.371 0.434 0.434
v=20.2 0.426 0.440 0.437 0.433
v=203 0.417 0.438 0.435 0.431
v=204 0.411 0.435 0.434 0.430
v=20.5 0.403 0.421 0.431 0.429
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In Figure ﬁ] we show the eigenvalues of the matrix B for the AF method using different
evolution operators with CFL = 0.44. The second plot displays the results obtained with
the original EG2 operator, where the real part of many eigenvalues lies outside the unit circle.
After modifying the formulas for p (P), the distribution of the eigenvalues changes significantly
(see fourth plot) and becomes more comparable to that of the method using the exact evolution
operator (see first plot). Further adjustments to the formulas for u (P) and v (P) alter the
eigenvalue distribution such that all eigenvalues remain inside the unit circle up to CFL = 0.44
(see fifth plot). As documented in Figure E] (third plot), and in Figure E, the AF method with
EGaad gperator is unstable for CFL = 0.44, but remains stable for CFL=0.279.

Figure 1: Eigenvalues of the matrix B for the AF method using (from left to right): exact
evolution, EG2, EG®d EG2, - and EG208,0.2 with CFL = 0.44. A 20 x 20 grid with periodic
boundary conditions was used.

Figure 2: Eigenvalues of the matrix B for the AF method using exact evolution, EG2 and
EG®ad with CFL = 0.279. A 20 x 20 grid with periodic boundary conditions was used.

___In the Appendix, we present a further simplification of the AF methods with 5621,0 and
EG21,0,0.2 operators using numerical quadrature for the integration along the base of the bichar-
acteristic cones. Our numerical experiments confirm that these AF methods are stable up to
a CFL number equal to 0.4.

4.2 Investigation of accuracy

In this section, we present the accuracy results for the different new evolution operators and
compare them with those obtained using the exact evolution operator. To this end, we consider
Examples and

Tables § and J show the results for Example El] The computations are performed on grids
with 64 x 64, 128 x 128, and 256 x 256 grid cells. We measure the errorof patt =0.1andt =1
for the AF method using exact evolution, EG9"2d EG2) -, and EG2pg,0.2. For each method,
the time steps are chosen close to their respective stability limit, i.e., CFL= 0.5,0.276,0.418,
and 0.439 were used for the AF method with the exact and approximate evolution operators
EG®ad EG247, and EG2.8,0.2, respectively.
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All methods exhibit third-order accuracy. As expected, the method with the exact evolution
yields the smallest errors for all test cases and time levels. All four methods yield errors of the
same order of magnitude. Among the methods employing approximate evolution operators,
EG2¢.8,0.2 produces the smallest errors, although the results are very similar to those obtained
with EG9"d and EG2¢.7. In contrast, the errors obtained with EG2 are systematically larger
than those of the other approximate methods.

Similar results are obtained for Example @ We now measure the errors in v and v at
times t = 0.1 and t = 1. The results show that the methods using approximate evolution
operators yield nearly identical errors. Even though this is not directly apparent from the
numerical values, it was shown in [13, Table 5] that the convergence order of the AF method
with exact evolution is not third order at all times.

Table 8: Errors measured in the Li-norm and EOC for Example El! using exact evolution,
EG®2d EG2y 7, and EG2pg0.2 at t = 0.1.

Res. Error in p EOC

exact EGauad EG2¢7 EGQQ.&O,Q exact E@Gauad EG2y7 EGQO'&O'Q

64 x 64 1.60x 107° 2.62x 107° 2.14 x 107° 243 x 107> — — — —
128 x 128 2.04 x 107% 3.36 x 1076 3.19 x 1076 3.02 x 1076 2.976 2.960 2.745  3.011
256 x 256 2.54 x 1077 4.26 x 1077 3.97 x 10~7 3.74 x 10~7 3.003 2.982 3.004  3.011

Table 9: Errors measured in the Li-norm and EOC for Example El! using exact evolution,
EG2, EG2y7, and EGQ[].&Q_Q at t = 1.

Res. Error in p EOC

exact EGavad EG2y7 EG20.870_2 exact EGavad EG2y 7 EGQO_&O_Q

64 x 64 2.00x 1074 2.99 x 1074 3.05 x 1074 295 x 1074 — — — —
128 x 128 2.51 x 1075 3.76 x 107° 3.80 x 107° 3.72 x 10~° 2.993 2.993 2990  2.987
256 x 256 3.14 x 1076 4.70 x 1076 4.77 x 1076 4.64 x 1076 2.998 2.998 2.997 3.005

Table 10: Errors measured in the Li-norm and EOC for Example using exact evolution,
EG2, EG2y7, and EGZO.&Q_Q at t =0.1.

Res. Error in u,v EOC

exact EGauad EG2¢7 EG20.870_2 exact E@Gauad EG2y7 EG20_870_2

64x64 1.27x107° 1.65 x 1075 1.92x 107° 1.94 x 1075 — — — —
128 x 128 1.60 x 1076 2.07 x 1076 2.38 x 107 2.40 x 1076 2.981 2.992  3.009 3.016
256 x 256 2.00 x 1077 2.59 x 1077 2.97 x 1077 2.99 x 10~7 3.004 2.996 3.006  3.007

Convergence studies for the corresponding AF methods that use numerical integration can
be found in Appendix Ell
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Table 11: Errors measured in the Li-norm and EOC for Example @ using exact evolution,
EGQ, EG20.7, and EGQO.g’O_Q at t =1.

Res. Error in u, v EOC

exact EGauad EG2y7 EG20.870.2 exact EGauad EG2y7 EGQO.&O.Q

64 x 64 1.57x107% 2.37x107% 241 x107* 233 x 107¢ — — — —
128 x 128 1.97 x 1075 2.96 x 10~° 2.99 x 107° 2.93 x 10~° 2.997 3.000  3.009 2.991
256 x 256 2.46 x 1076 3.70 x 1076 3.75 x 1076 3.64 x 1076 2.999 3.000 2.997  3.006

4.3 Approximation of the Stationary Vortex

In this section, we compare the performance of the AF method that uses exact evolution,
EGY2d EG2, 7 and EG29.8,0.2 for the stationary vortex described in Example . Barsukow
et al. [9] showed that the third-order accurate Cartesian grid AF method with exact evolution
operator is stationary preserving. In [13] Chudzik et al. showed that the method using EG2 is
not stationary preserving. As expected, none of the AF methods that use the new evolution
operator preserves the stationary vortex. The numerical results are shown in Figure B. The
solutions were calculated on grids with 64 x 64 and 128 x 128 grid cells. Apart from the AF
method, which uses exact evolution, all methods produce similar solutions. Furthermore, the
solutions are similar to those obtained using EG2 as the evolution operator, as shown in Figure
8 of [13]. We refer the reader to Appendix for results obtained by simplified AF methods
using numerical quadratures for evolution operators.

4.4 Approximation of discontinuous solutions

We now investigate the performance of the AF methods with EG4"#d EG247 and EG20.8,0.2
evolution operators for the approximation of a discontinuous solution as obtained in Example
The results will be compared with those obtained by the AF method with the exact
evolution operator. All methods lead to accurate approximations even on coarse grids as shown
in Figure . Appendix @ presents the corresponding results for simplified AF methods using
numerical quadratures for the integration along the base of the bicharacteristic cone.

5 Central Weighted Essentially Non-Oscillatory Reconstruc-
tion

In the preceding sections, the stability requirements of the AF method were primarily addressed
through the design of new evolution operators. To further enhance stability, we now introduce
a novel AFCW method that combines the CWENO reconstruction with the approximate EG
operators proposed in the previous sections.

The fundamental advantage of any AF method is its compact, high-order representation
of the solution, whose Degrees of Freedom (DoFs) consist of both conservative cell averages
and non-conservative point values on edges. By employing the CWENO reconstruction, we
effectively increase the DoFs and provide the necessary flexibility to incorporate upwinding
information via the evolution operators. Note that we still use the point values at edges as
independently evolved variables. The resulting combination leverages the compact, high-order
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Figure 3: Approximation of the stationary vortex using a grid with 64 x 64 (top) and 128 x 128
(bottom) cells at ¢ = 100 with an AF method using exact evolution(left), EG92d (center left),
EG2¢.7 (center right) and EG2p5 0.2 (right).

character of AF and the robust, non-oscillatory limiting of CWENO, thereby delivering the
enhanced stability required for hyperbolic systems.

To achieve high-order spatial accuracy within each computational cell, we adopt a third-
order CWENO reconstruction procedure; see, e.g., [20,21]. Unlike standard CWENO applica-
tions that supply only interface point values for use in numerical fluxes, here we reconstruct,
in each mesh cell, a piecewise quadratic polynomial that will be used in the approximate evo-
lution operators. Then in (4), we set m = 5 with coefficients Cj and basis functions N listed
in Table . The quadratic modes are chosen to have zero cell average so that Cy = @Q; j. The
auxiliary central coefficients ¢y are computed from neighbouring cell averages

1 1
co=Qij, c1= 3 (Qit1; — Qi—1j5), 2= 3 (Qij+1 — Qij—1),

1 1
c3 = 5 (Qir1 + Qim1y) = Qijs - c1= 5 (Qigi1 + Qij-1) — Qi

1
5= (Qit1,j+1 — Qit1,j—1 — Qi—1j+1 + Qi—1,—1) -

The parameters a,, and b,, (m = 1,...,4) denote the one-sided first differences associated
with four directional substencils (east—north, west—north, west—south, east—south):

a1 = Qit15 — Qij, a2=0Qi; —Qi—1j, a3=Qij— Qi—1j, a4=Qit1; — Qij,
by = Qij+1— Qij, b2=Qijr1—Qij, b3=0Qi; —Qij-1, bs=Qi; — Qij_1.
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Figure 4: Approximation of discontinuous solution at ¢ = 0.5 on grids with 64 x 64 (left),
128 x 128 (middle) and 256 x 256 (right) cells using the AF method with exact evolution (first
row), EG2 (second row), EG2¢7 (third row) and EG4"%¢ (fourth row). All methods use time
steps near their stability limit.
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Table 12: Coeflicients and basis functions for CWENO reconstruction

k C Ny
0 inj 1
1 2wo (cl—Sa)—l-Zwmam g
m=1
4
2 2wo (62 — Sb) + Z Wi b g
m=1
3 2 & L
HOes 412
2
7 1
4 2 — - —
o 112
5 2w0 Cs %
We also define the (scaled) averages
1 o 1 <
Sa=§2am, Sb:§2bm
m=1 m=1

To achieve third-order accuracy in smooth regions and non-oscillatory behaviour near discon-
tinuities, the nonlinear CWENO weights are

~ Tm Wm

G = —1 gy == =0,1,2,3,4,
m= Gt ) mE S g

with linear weights vy = % and yp =y =73 = = %. Here € > 0 is a small parameter and

r > 1 is usually chosen even; in all numerical examples, we take ¢ = 107'2 and r = 2. By
construction, w,, > 0 and anzo W, = 1.
Finally, the smoothness indicators are

5 4
Bo=14(c1 —Sa)*+4(ca — Sp)* + 3 (c3+cF) + gcg,

and
B = a2, + b2, m=1,2,3,4.

With these definitions, the polynomial g¢; ; provides a third-order accurate, non-oscillatory
CWENO reconstruction on each cell.

5.1 Investigation of accuracy

In this section, we present the accuracy study for the AFCW methods obtained using the third-
order CWENO reconstruction in combination with the EG2, EG%d and EG20.g,0.2 operators.
We consider Examples @ and @, compute the numerical results on a sequence of grids with
64 x 64, 128 x 128, and 256 x 256 cells at times t = 0.1 and ¢t = 1, and report the obtained
results in Tables . As one can see, all AFCW methods achieve third-order accuracy
and are stable for CFL = 0.5. In addition, one can observe that the method employing the
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EGY%4 gperator provides higher accuracy compared to the methods using the EG2 or EG20.8,0.2
operators. In comparison with the errors of the AF methods using the original reconstruction
(see Tables ), the errors obtained in the present case are noticeably larger for CFL=0.5.
Note, however, that for CFL=0.7 the AFCW method with EG2d operator yields comparable
errors with those reported in Tables E—@; see Tables @—@ In this case, approximate evolution
operators integrate over the base circle of the bicharacteristic cone, taking into account all six
neighbouring cells around the midpoint of an edge.

Table 13: Errors measured in the Li-norm and EOC for Example @ using AFCW method
with EG2, EG4%d and EG20502 with CFL = 0.5 at ¢t = 0.1.

Res. FError in p EOC

EG2 EGd  EG2g02 EG2 EG™ EG2)g0.2

64x 64 210x107% 1.21x107% 2.04 x107* — — —
128 x 128 2.52 x 107° 1.42x 107° 2.46 x 10~° 3.058 3.089 3.052
256 x 256 3.03 x 107% 1.67 x 1076 3.02 x 107% 3.052 3.084 3.025

Table 14: Errors measured in the Li-norm and EOC for Example El] using AFCW method
with EG2, EG4%d and EG2p502 with CFL = 0.5 at ¢t = 1.

Res. Error in p EOC

EG2 EGad  EG2502 EG2 EG™M™ EG2)g0.2

64x 64 230x1073 1.27x1073 240x 1073 — — —
128 x 128 2.91 x 1074 1.59x 107% 2.94 x 10~% 2.984 2.993 3.029
256 x 256 3.64 x 107° 1.99 x 10~° 3.68 x 107° 2.997  3.000 2.999

Table 15: Errors measured in the Li-norm and EOC for Example @ using AFCW method
with EG2, EG4%d and EG2p502 with CFL = 0.5 at ¢t = 0.1.

Res. Error in u,v EOC

EG2 EGad  EG2g02 EG2 EG™M™ EG2)g0.2

64 x 64 1.65x107% 950 x 107® 1.61 x 1074 — — —
128 x 128 1.98 x 10~° 1.11 x 107° 1.93 x 10~° 3.063 3.093 3.0558
256 x 256 2.38 x 1079 1.31 x 1076 2.38 x 1076 3.053 3.085 3.0257

5.2 Approximation of the Stationary Vortex

In this section, we investigate the numerical behaviour of the AFCW methods for the stationary
vortex described in Example @ The corresponding results for EG2, EGI@d gand EG20.8,0.2
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Table 16: Errors measured in the Li-norm and EOC for Example @ using AFCW method
with EG2, EG1*d and EG20502 with CFL = 0.5 at t = 1.

Res. Error in u, v EOC
EG2 EGMad  EG2802 EG2 EGM EG2)g02
64 x 64 1.81x1073 999 x 10~* 1.89 x 1073 — — —
128 x 128 2.29 x 1074 1.25 x 107% 2.31 x 10~* 2.988 2.998 3.034
256 x 256 2.86 x 107° 1.56 x 10~° 2.89 x 1075 2.998  3.001 3.000

Table 17: Errors measured in the Li-norm and EOC for Example @ using AFCW method
with EG2, EG4% and EG20802 with CFL = 0.7 at ¢t = 0.1.

Res. Error in p EOC
EG2 EG®d  EG2502 EG2 EG™M™ EG2s02
64 x 64 1.65x107% 6.36 x 107° 1.38x 1074 — — —
128 x 128 1.81 x 107° 5.37x 107% 1.61 x 107° 3.191  3.566 3.103
256 x 256 2.07 x 1079 4.79 x 10~7 1.97 x 107 3.130 3.486 3.026

Table 18: Errors measured in the Li-norm and EOC for Example El] using AFCW method
with EG2, EG4%d and EG20502 with CFL = 0.7 at ¢ = 1.

Res. FError in p EOC
EG2 EG®d  EG2s02 EG2 EG™M™ EG2)g0.2
64 x 64 1.49x 1073 3.06x107% 1.64x 1073 — — —
128 x 128 1.89 x 1074 3.68 x 107° 1.98 x 10~% 2.979  3.056 3.054
256 x 256 2.37 x 107° 4.45x 1076 242 x 107° 3.000 3.049 3.028

Table 19: Errors measured in the Li-norm and EOC for Example @ using AFCW method
with EG2, EG4%d and EG20502 with CFL = 0.7 at ¢t = 0.1.

EOC

Res. Error in u,v
Eunad EGQO.S,O.Q EG2 Eunad EGQO.S,O.?

EG2

64 x 64 1.30x 107% 5.01 x 107° 1.09 x 10~* —
128 x 128 1.42 x 107° 4.22x107% 1.26 x 10~° 3.195
256 x 256 1.62 x 1079 3.77 x 1077 1.55 x 1076 3.131

3.569 3.108
3.487 3.027

on 64 x 64 and 128 x 128 grids are presented in Figure B On relatively coarse grids, the
reconstructed solution exhibits oscillations and a noticeable deviation from the stationary
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Table 20: Errors measured in the Li-norm and EOC for Example @ using AFCW method
with EG2, EG®* and EG20502 with CFL = 0.7 at t = 1.

Res. Error in u, v EOC

EG2 EGauad EG20s802 EG2 EG™ EG250.2

64x 64 118 x 1073 242 x10~* 1.30 x 1073 — — —
128 x 128 1.49 x 1074 2.890x 1075 1.55 x 10~* 2.983  3.061 3.058
256 x 256 1.86 x 107° 3.49 x 1076 1.90 x 107 3.001  3.050 3.029

state. As the grid resolution increases, these oscillations gradually diminish, and the overall
solution becomes more consistent with the expected stationary pattern. This trend can be
attributed to the wider spatial stencil employed in the CWENO reconstruction, which reduces
the performance on coarse meshes. Nevertheless, EG2, EG2"d and EG20 g,0.2 operators remain
stable even at the maximum admissible CFL number. Moreover, for the same grid resolution,
the EG®d operator tends to preserve the stationary state more effectively than the EG2
operator and EG2p50.2.

5.3 Approximation of discontinuous solution

We now present the performance of the AFCW methods with EG2, EG®d and EG2¢.g,0.2 evo-
lution operators for the discontinuous problem, as described in Example @ As illustrated in
Figure é? all schemes are capable of capturing the discontinuities sharply and without spurious
oscillations. The results for EGauad (second row) and EGog.2 operator (third row) demon-
strate performance highly comparable to the AFCW method with EG2 operator, maintaining
sharpness at the discontinuities similar to the first row. The benefit of increasing the grid
resolution from 64 x 64 (left column) to 256 x 256 (right column) is clearly demonstrated,
yielding a corresponding increase in the fidelity and resolution of the computed solution fea-
tures. In comparison with the AF methods presented in Figure @, the AFCW methods are
slightly smoother near the discontinuities. This suggests that the AFCW methods may possess
slightly higher numerical dissipation while still preserving the overall sharpness characteristic.

6 Conclusion

We have developed and analysed several new evolution operators for the fully discrete two-
dimensional Active Flux method. The proposed operators are designed to retain the compact-
ness and high accuracy of the AF method while significantly improving stability. We first
constructed the EG9"d operator that is exact for quadratic plane waves, leading to a third-
order accurate method. This new formulation replaces the mantle and base integrals in the
exact evolution with a third-order approximated evolution operator with a reduced compu-
tational complexity without sacrificing accuracy. We then introduced two families of modi-
fied operators, EG2s and EG2;,, obtained by systematically modifying the EG2 formulation
through two-circle angular averaging and the Taylor-based approximations of the point values.
A linear stability analysis has demonstrated a substantial enlargement of the admissible time
step: the maximal stable CFL number increases from 0.279 for EG2 to approximately 0.419
for EG2s and up to 0.440 for properly chosen EG25,. Accuracy studies for smooth periodic
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Figure 5: Approximation of the stationary vortex using a grid with 64 x 64 (top) and 128 x 128
(bottom) cells at t = 100 with AFCW method using EG2 (left), EG9%¢ (middle) and EG2¢.8,0.2
(right) operators, respectively.
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Figure 6: Approximation of discontinuous solution at ¢ = 0.5 on grids with 64 x 64 (left),
128 %128 (middle) and 256 x 256 (right) cells using AFCW method with EG2 (first row), EGduad
(second row) and EG2yg .2 (third row) operators, respectively. All methods use CFL = 0.7.

test problems have confirmed that all new variants preserve third-order accuracy. For steady
vortex configurations, we have observed that only the scheme based on the exact evolution
operator maintains stationary states precisely. In contrast, the approximate operators exhibit
minor but non-negligible deviations. We have also investigated the influence of different re-
constructions and compared the AF schemes using the compact AF reconstruction with the
third-order CWENO reconstruction. The latter yields the AFCW methods that have a more
compact stencil than standard semi-discrete WENO methods and achieve third-order accuracy
with a CFL number up to 0.7.

Future work will focus on extending the present analysis to nonlinear systems, such as the
Euler equations of gas dynamics. The AFCW methods offer an efficient way for limiting and
positivity preservation.
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A Useful lemma

Lemma A.1. Let f € C3(Q),r > 0, denote
- 21k
—W g < T ) n € N.
n
k=0

Then it holds that )

f(r,0)d0 =T, + O (r*), forn=4,38.
0

Proof. This can be done by Taylor’s expansion. Let us expand f (z,y), (z,y) = (rcos,rsin )
at (0,0)

+ % (22042 £(0,0) + 22y0sy (0, 0) + y*8yy £(0,0)) + O(r%),

which yields
2

2 2 2 27
Fey) 46 = 2 f (0,0)+’"26mf(o,0)/0 cos29d9+gayyf(o,0)/o sin20d0 (14)

2
= 27Tf (0, 0) + % (&rx + ayy) f (03 0) +0 (7“3) :

0

Let n=4, thenf(r,%),k:O ...,3at (0,0)

£(r,0) = £(0,0) + rdy f (0,0) + TQamf 0,0)+ O (%),
f(r,m) = £(0,0) — rd,f (0,0) + 7’28mf00 +0 (r?),
r(ng)= )
)

£(0,0) + 70, f(0,0) + TQayyf 0,0) + O (%),
<, £(0,0) — 79, f (0,0) + r2ayyf 0,0) + O (r?).

Consequently, we have

j'?f)—”((rm+fvm+f( D)

—27Tf( ,O) (azz+8yy)f(070)+o(r3) :

Comparing (@) and (@), ylelds the desired results. Analogous computations can be applied
for n = 8. O

w\:,
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B Numerical Integration

In this Section, we compare the performance of AF methods that employ approximate evolution
formulas with exact integration to those that use numerical integration. The main goal of using
numerical integration is to reduce costs. Since multiple point evaluations can be used for § = 1,
we use different deltas here than in Section . For this purpose, we consider the operators
EG21,9, EG210,02, EG219, and EG2,9,.2. To this end, we first perform convergence studies
using Examples @ and (see_Section @), and then compare the results for Example

(see Section B.2) and Example @ (see Section B.3). We use CFL = 0.39 for all calculations.

B.1 Accuracy Results

Tables @—@ show the results for Examples @ and @ att = 0.1 and £ = 1. The methods that
compute the evolution formulas using numerical integration are approximately as accurate as
those employing exact integration at this point.

Table 21: Erroriineasured in the Li-norm and EOC for Example @ using EG2 o, E/CTQLO,
EGZL0,0.Q and EGZL0,0Q at t =0.1.

Res. Error in p EOC

EG210 EG2). EG21.0,0.2 E/\GQ1.0,0.2 EG2;0 EG2;, EG21.0,0.2 E/Gr\21.0,0.2

64 2.66x 107° 253 x 107° 2.56 x 1075 2.44 x 107°> — — — —
128 3.32x10°% 3.16 x 1076 3.19 x 107% 3.05 x 1076 3.0032 3.0027 3.0016 3.0000
256 4.13 x 1077 3.94 x 1077 3.98 x 1077 3.81 x 10~7 3.0050 3.0052 3.0043 3.0046

Table 22: Erroriineasured in the Li-norm and EOC for Example El] using EG21 o, E/G\Ql,o,
EGQLO’QQ and EGQL0,0.Q at t = 1.

Res. Error in p EOC

EG210 EG2) EG21.0,02 E/\GQLo,o.z EG2;0 EG2), EG21.0,0.2 ]3/(?21‘0,0.2

64 3.22x107% 3.23x107* 3.16 x 107% 3.18 x 107%* — — — —
128 4.05 x 107° 4.07 x 107° 3.98 x 10~° 4.01 x 1075 2.9891 2.9883  2.9898 2.9891
256 5.07 x 1076 5.08 x 107% 4.98 x 1076 5.01 x 1076 2.9993 2.9991  2.9992 2.9991

B.2 Approximation of the Stationary Vortex

Figure H shows the results for Example @ at t = 100. The performance of the methods that
compute the evolution formulas using numerical integration is approximately the same as for
methods employing exact integration.
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Table 23: Errors measured in the Li-norm and EOC for Example @ using EG2 g, E/G\QLO,
EG21.070.2 and EG21.0,0.2 at t =0.1.

Res. Error in u, v EOC

EG21 EG21 EG21.0,0.2 E/\G21.0,0.2 EG2;0 EG2 EG21.0,0.2 ETG\QLO,O.Q

64 2.09 x 107° 2.19 x 107° 2.09 x 107° 2.19 x 10~°> — — — —
128 2.60 x 1076 2.73 x 1076 2.60 x 107 2.73 x 1076 3.0080 3.0061  3.0060 3.0045
256 3.23 x 1077 3.40 x 1077 3.24 x 1077 3.41 x 10~7 3.0063 3.0055 3.0049 3.0043

Table 24: Errorﬁ\measured in the Li-norm and EOC for Example @ using EG21 g, ET(?QLO,
EGQLO,OQ and EGQ]__0,0.Q at t = 1.

Res. Error in u,v EOC

EG21 EG2 EG21,0,0.2 E/\G21.0,0.2 EG2; EG2;, EG21.0,0.2 E/\G21.0,0.2

64 254 x107% 254 x 1074 249 x 107% 250 x 1074 — — — —
128 3.19 x 107° 3.19 x 107 3.13 x 107° 3.15 x 107° 2.9926 2.9915 2.9932 2.9923
256 3.98 x 1076 3.99 x 107% 3.91 x 1076 3.94 x 10~% 3.0004 2.9998 3.0001 2.9997

B.3 Approximation of Discontinuous Solution Structure

Figure E shows the results for Example @ at t = 0.5. The performance of the methods that
compute the evolution formulas using numerical integration is approximately the same as that
of those employing exact integration.
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Figure 7: Approximation of the stationary vortex using a grid with 64 x 64 (top) and 128 x 128
(bottom) cells at t = 100 with an AF method using EG21 o (left), EG21 ¢ (center left), EG2; 0,0.2

(center right) and ]E/C‘}\Zl.o’O.Q (right).
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Figure 8: Approximation of discontinuous solution at ¢ = 0.5 on grids with 64 x 64 (left),
128 x 128 (middle) and 256 x 256 (right) cells using the AF method with EG2; o (first row),
EG21 (second row), EG21 902 (third row) and EG2; 92 (fourth row).
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